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THE present yolume of the “CircuE or THE Sciences” contains a serios of Treatises 
upon Elementary Mathematics. In this we comprise Arithmetic—including Algebra, 
Geometry, and Trigonometry ; and of each of these we propose to say a few words. 

Arithmetic is the science of numbers, and therefore treats of the yarious combinations 
ef which numbers are susceptible, and of the relations existing between symbols that 
express numbers. The symbols employed to denote numbers may bo either particular, 
as 5.6.7..., each of which cxpresses a certain determinate number; or general, as 
a.b.¢...., cach of which may express numbers, but not necessarily the same number 
in two different operations. In the former casc the science is termed Arithmetic, in 
the restricted sense which is generally given to that word; in the latter case it is 
termcd Algebra, or, more accurately, Arithmetical Algebra. Considered speculatively, 
the latter is antecedent to the former, the rules of Arithmetic being founded, as special 
cases, on the demonstrations of Algebra ; and in our present volume the treatises on 
Arithmetic and Algebra may, in some degree, be considered as of corresponding scope ; 
the ono treating of certain classes of questions concerning numbers, by means of rules 
and particular symbols; the latter treating of similar classes of questions, by means of 
demonstrations and general symbols. 

The science of Algebra admits of many developments besides those contained in the 
treatises above referred to. Some account of theso generalizations will be found in the 
treatise on Scries and Logarithms, of which a word must be said. This treatise consists 
of two parts,—an algcbraical part, discussing the properties of ccrtain Series, and an 
arithmetical part, containing an exposition of the mode¥ of calculating Logarithms, 
and rules for using them when calculated. In this treatise the speculative order is 
observed, the rules of the arithmetic of Logarithms being deduced from algebraical 
demonstrations. The same order could not be observed in tho earlier part of tho 
volume, since a man’s mind cannot entertain speculative views of the science of num- 
bets till it has obtained some familiarity with their more elementary combinations ; s0 
that it is necessary to teach Arithmetic ompirically. It will be observed, that in 
discussing tho question of Series it has been no further dealt with than was 

necessary for treating the subject of Logarithms with sufficient fulness, 
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of Series from running to an interminable length; for, strictly spcaking, the subject 
of Serics is endless. M. De Morgan very justly observes, that ‘The theory of Scries 
is both difficult and incomplete. So far from being an isolated branch of Algebra, 
it igs an infinite subject, in which cvery question answered will point out questions to 
ask.” 

In regard, then, to the arithmetical part of this volume, we may say that it con- 
tains Fractional, Decimal, and Logarithmic Arithmetic, with a full description of the 
principles on which they rest. 

The treatisc of Geometry is founded on Euclid’s Elements ; the first Four and tbe 
Sixth Books, together with the Tract on Plancs, being very nearly the same as in 
Euclid’s treatise. The Fifth Book of Euclid’s Elements has been replaced by a tract 
on Proportion, the object of which Mr. Young has fully explained. It is to be observed 
that Arithmetic, and the science of Geometry as treated by Euclid, differ cssentially ; 
since the conception of equality employed in Geomctry is quite different from the 
conception of cquality employed in Arithmetic. In the former case two magnitudes 
are considered equal which can be so adjusted as to coincide, or fill the same space ; 
in the latter, two magnitudes are considercd as equal which contain the same number of 
units. In consequence, these two sciences admit of entirely independent development. 
To what extent this independent development might be carried is doubtful; but 
certainly to a fur greater cxtent than is usual in our treatiscs on Geometry ; as it is 
found that the more difficult questions in Geometry are solved with greater case by 
employing algebraical symbols to represent geometrical magnitudes, than by the process 
of reasoning conducted after Euclid’s method, In the present volume the tract on 
Proportion, like most of the propositions in the treatise on Mensuration, is an instance 
of this application of Algcbra to the discussion of gcomctrical questions. 

The difference betwocn Gcometry and Algebra may be very conveniently expressed by 
saying, that Geometry is ascience of construetion ; Algebra (or Arithmetic) of calculation. 
Thus, when certain sides and angles of a triang.c are given, we may by rule and 
compass construct that triangle; whercas, if we treated the san:c question algebraically, 
we should, after representing the sides and angles numcrically, calculate the remaining 
sides and angles. And it is to be observed, that a determination by the latter means is 
very far more accurate than by the former. Jn obtaining the means for such process of 
calculation there arc considerable difficulties to be overcome in arriving at a satisfactory 
mode of measuring angles, The mode actually adoptcd is to mcasure angles by certain 
straight lines, or ratios of straight lines, relatcd in a certain fixcd manncr to the angles. 
These are calicd the sines, tangents, &c. of the angles. Their relations and axes are 
discussed in the treatise on Plane Trigonometry, which contains :—1. A view of the 
relations between the sines, &c., of the same and of diffcrent angles, 
Y which part of the subject is often called the arithmetic of sines, and \S 
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the expressions for the chicf relations between tho sides and angles of triangles :— 
2. A somewhat full view is given of the mode of constructing tables that give for 
fixed intervals, e.g. of 1’ or of 10’, the sines, &c., of every angle from 0° up to 90°, and 
the logarithms of those sincs, &c; this part of the subject being completely analogous to 
the treatise on Series and Logarithms :—3. A full account of the application of the 
formulas of 1, by mcans of tables calculated as explained in 2, to the actual calculation, 
from certain data, of the sides and angles of triangles. 

The treatise on Mensuration may be regarded as an Appendix to that on DPlane 
Trigonometry. It contains a considerable variety of questions on the detcrmination of 
heights and distances, of areas, of surfaces, and contents of solids—of nearly all such as 
are likely to occur in practice. ‘I'he results in this treatisc are always given as formulas, 
which, it is thought, are morc casily remembered, and more readily reduced to numbers 
than rules—though in several cases, where a rule seemed to possess any advantage, it is 
stated, as well as the formula on which it is founded ; ¢.g., in the case of the arca of a 
surface bounded by an irregular curve. 

The treatises on Spherical Geometry, Spherical Trigonometry, and Practical 
Geometry, scarcely require any special mention,—the authors of the respective articles 
having stated everything that appeared essential. 

The present volume, treating only of Elementary Mathematics, contains no general 
discussion of questions involving the idea of a limit, or any general investigation of the 
properties of conic sections; however, in a few cascs it has been found necessary to 
overstep the boundary thus imposed on the writcrs. Wherever any reasoning about 
a limiting valuc is introduced, it is of so simple a kind as to present no serious difficulty. 
Moreover, the gencral conception of a limit has been stated explicitly in page 330. 
Certain questions depending on conic sections are sometimes of practical importance ; 
and some of the determinations in the treatise on Mensuration, presume a knowledge of 
their more clementary properties.: These properties have becn proved at the end of 
Mr. Jardine’s Troatise on Practical Geometry, where they occur as demonstrations of 
the constructions for which he gives rules. They also supply everything that is 
requircd for the complete understanding of pages 376 and 377, and of pages 398 and 399. 

Before bringing our Preface to an end, we must offer a few words of advice to our 
readers who ure inclined to study Mathematics earnestly. The reador will find 
several hints given in the body of the work which he will find useful, as in the 
introduction to Arithmetic (page 1), the remarks on Euclid’s First Book (page 68), 
and elsewhere. We may here observe, that those parts of the subjects which are 
distinct problems, as distinguished from those which are instruments of further 
investigation, do not require so much labour in the acquiring as the latter. The 
parts of the present volume which the student may look upon as 
instruments of investigation, without a thorough knowledge of which w 
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further advanccs is Mathematical Science are simply impossible, are these :—Frac- 
tional, Decimal, and Logarithmic Arithmetic. The Elementary processes of Algebra, 
the firat part of Trigonometry (pages 292 to 329), and the six books of Euclid’s Geometry, 
the earnest student ought not merely to understand, but to be thoroughly familiar 
with—as familiar as he probably is with the common operations of Arithmetic. He 
will find, in these parts of the subject, a variety of exercises, all of which we strongly 
recommend him to perform, and to test his knowledge of the text by writing out from 
memory—and that more than once—the substance of articles above indicated. This may 
secm rather stern counsel, but it is mecessary. Self-examination by wrtting is the 
only way in which real knowledge of any kind can be tested; and it is specially 
needed in Mathematical Science, in which the least vagueness is not partial knowledge 
but ignorance. 

‘In regard to the other parts of the volume—that is, in the exposition of the mode of 
constructing tables of Logarithms—it is not so essential that the studcnt should always 
have that ready at hand to refer to on a moment’s notice. It is sufficient that he do 
not leave it till he thoroughly understands the method of investigation. 

It is also to be observed, that the student should always make a point of forming a 
distinct conception of cvery proposition he reads; otherwise he can never really ander- 
stand his subject. Perhaps one of the most valuable results of Mathematical studies is, 
that they compel the student to form clear conceptions of things that can be clearly 
conceived; and from this circumstance they derive their name of Mathematical, that is, 
disciplinary studies. The value of tho mental training derived from obtaining a 
thorough mastery of even as much as the first six books of Euclid, can hardly be 
over-rated. Compared with this, the practical applications of tho scicnce, which are 
themselves by no means unimportant, are of trifling value. Of course, to obtain this 
benefit the student’s powers must be employed actively. He must think, as well as 
attend ; and must exercisc care and judgment in ascertaining whether he has really 
understood what he has read. There are comparatively few people ready to undergo 
this labour, and this circumstance at one time made us feel doubtful whcther the 
mathemathical volumes of the ‘ CrrcLe oF THE Sciences ” would mect with so favour- 
able a reception as some other departments of our work. The inercased sale of the 
later numbers, however, has proved our fears to be unfounded, and scems to show that 
we havo a large number of readers who are ready to accompany us through the morc 
abstruse sciences. 


THE EDITOR. 
Amun Cornnzr, October, 1854. 


; | & 


fin) 
we, 


a 
a4 
> 





b 


S74 
ata 


Lo 


pa elit a cence 


CONTENTS, 





—— 
Pacr PacE 
ARITHMETIC introductory to Geometry 2'| Pranes, embracing the Eleventh 
Uses of the Science ‘ 8 Book of Euclid » 2h 1250 
The Ten Figures, and their local alae 6 | SprenicaL GromeETRy . . 25] 
The Simple Rules of Arithmetic . 7—18 
The Compound Rules . . 21—% | Locanirums 261—291 
FRACTIONS : . 26—30 | Permanence of Equivalent Forms. . 261 
Proportion, and Rule of Three. . 31, 33 | On the Theory of Indices . 262 
DECIMALS . . 36—88 | On Impossible Expressions . . . 262 
Extraction of the quate Root : 38 | The Convergent and Divergent Series 
Table of Factors . Ai 264, 263 
The Binomial Theorem . 266, 269 et seq. 
GromETRY, PLANE . . . 43] On the Calculation of Logarithms . . 275 
Elements, &:c., of Euclid . 48—48 | Calculation of the Arithmetical Values 
Propositions of Book I. . 48-—68 | of Quantities expressed a Infinite 
Commentaries on, and Exercises . 69, 85 Series » « 299 
Propositions, &c., of Book TT. . . 87-92 | How Logarithms facilitate. Calcula. 
_— of Book IIT. . 97—112 tions : ; . 276, 277 
of Book IV. . 116—124 | Practical Waventaais of Calculating 
The Quadrature of the Circle ~ 126 Logarithms to the Base . 10, 278 
Exercises in the First Four Books of How every number has a Calculable 
Euclid c. jess « «428 Logarithm . . . 270 
Provortion, intended as a Substitute How Value may be derived from the 
for Kuclid’s Fifth Book ae es Logarithmic Series . 270 
Propositions, &c., of Book VI. . 144-158 | The Numerical Value of Logarithms 281 
Use of a ‘lable of Logarithms. . 288, 2s4 


. 16] 
. 166, 168 


AccEnra ; its general Principles 
Addition and Subtraction . 


Multiplication and Division . . 179, 187 
Kxponents, Roots, and Surds . 191 
Evolution . 198 
FRacTIoNns . . 196—201 
Equations . . . 201—217 
Ratio and Prdpotion ; . 218 


Arithmetical and Geometrical Pro- 

gressions . 220—224 

Extraction of Square Roots . . 228—282 
To Extract the Cube Root of 


Compound Quantities. . 285 


Method of Finding ihe Characteristic 28% 
To Find the Logarithm of a Number 


not given in the Tables » 286 
Various Problems for Finding Loga- 
rithmic Numbers . 266-288 
Method of Finding any Power of a 
Number , 289, 293 
PLANE TRIGONOMETRY . . . . « 202 
On representing Lines and Aaigles by 
Numbers 292 


Definition of the Suisse ‘ 29 
The Circular Measure ofan Angle 298 & 


we, 


Gy 


i 
Au 


LA 


i 


} 
t 





CY 
a 





a 


Cis 000- 
‘2 Viil CONTENTS. G 
Paar PAGE 

Definitions of the Trigonometrical The Distance between two Points . . 369 
Sines and Ratios . 294, 298 | The Mensuration of Areas S71 
The Use of the Negative Sign to To find the Arca of a Rectangle 37] 
denote Position ‘ . 298 | Of a Trapezoid . 372 
Extension of the Definitions of Augies Areas of Trapeziums and Polygons . 873 


and Trigonometrical Ratios . 298, 300 
On the Magnitudes of the Trigo- 
nometrical Functions of Angles. . 301 
Angles which have the same Sine or 
Cosine ‘ - . 308 
The Tysgohiemeliical Bunetions of dif 
ferent Angles 
Methods of .proving the different For- 
mulas ‘ . 805, 308 
Relation between the Four Funda- 
mental Formulas or Expressions . 309 
The Sines and Cosines of Multiples of 
given Angles . 310 
Ambignities arising from the use of 
Formulas . . S11 et seq. 
Numerical Value of Sines, Cosines, &e. 315 
Trigonometrical Ratios of Angles 316, 317 
Formulas connecting inverse Trigono- 


. 304 


metrical Ratios . . 318, 319 
The Use of Subsidiary Angles. 320, 32] 


Relation between the Sides and Angles 
of Triangles . . . . Lok 


32 
Deduced and Derived F auuilas 323 
Formula for aa Caleulation $25 


OS 

Theorems ‘ B26, 3:20) 
On Trigonometrical Serics and 

Tables 8380—N30 


Method of checking the Calculations . 


351 

Calculation of Tangents and Cotan- 
gents, ce. . 302 
Tables of Natural Sines . 858 


Tables of Logarithmic Sines. . 2. 355 
Logarithmic Sines of small Angles 357, 349 


Delambre’s Method . 360 
Numerical Solution of Light-angled 
Triangles . 361 —366 


MENSURATION . ; 

On Heights and Distances 

On determining the Ieight af 
a Tower. 367, 568 


on™ 


367 | The Parabola 
867 | The THyperbola 


To determine the Area of a Circle and 


its Seements . 374, 875 
Of an Ellipse . 376 
Of a Parabola . 8r7 


378 
_ aig 


Of a Plane Figure sitndea = a ‘Gur 
Of a Curvilinear Figure 
Of a right Prism, of a Cylinder, aad of 
a Cone . . 380, 88] 
Of the Surface of a Sphtre: . 382 
The Mensuration of Solids 388, 884 
The Kquality of Parallelepids 385, 3886 
Volume of Prism ‘ . 887 
Volume of the Pyramid . . 888, 389 
Volume of a Frustum of a right 
Prism . . . . 389-391 
Volume of a Prismoid . . 39) 
To Find the Solid Content, of a Rail- 
way Cutting . 393 
Of a Military Pavinork . aot 
Volume of Frustum of a right Cone . 395 
Volume of a Sphere » 897, 898 


SPuERtwaL TrRroNnomeETRyY » . 40) 
Sines of the Angles of a Spherical 


Triangle : » 402 
Fundamental Formulas ~ 408 
To prove the Formulas . 406 


Napier's Analogies 2. 2. 1... 

The Solution of Right-angled Spleri- 
cal Triangles 

Pracrican GEOMETRY 

Instruments for Use 


Conic Srcrions 


Properties of the Mllipse . 
Construction of an Oval 


The Cycrorp 








amy 

aT highs \\, 4 | 
ON PY 
ho ir f/ LE 


‘ Ws Bond sie ‘ 
Veh h 
Ut 


naan nd 


CA 





THE MATHEMATICAL SCIENCES. 


Introductory.—Tue present volume is to be devoted to that branch of study implied 
in the term Maruematics,—a term which comprchends onc of the most extensive and im- 
portant departments of human knowledge. By most people, it is considered also as one of 
the most dificult departments; and many, with time and talents for the task, are deterred 
from entering upon a study which would amply repay the expenditure of both, by this 
mistaken prejudice. Every scicncc, no doubt, has its hard and knotty points; and in no 
intellectual pursuit can distinction be attained without labour, thought, and perseverance ; 
yct if there be one subject of scientific inquiry which, more than any other, is distin- 
guished by the simplicity, certainty, and obviousness of its fundamental principles,—by 
the irresistible evidence by which position aftcr position is established,—and by the sys- 
tematic gradations by which layer after layer of the intellectual structure is completcd,— 
that subject is Mathematics. 

In other topics of research, there is generally more or Icss of hypothesis, or conjec- 
ture: there are obscure recesses, into which tho light of truth and demonstration cannot 
penctrate, and where fancy and imagination are sometimes permitted to guide our steps. 
But there are no perplexities of this kind in mathematics,—no ingenious theories to 
mislead, and no conflicting opinions to bewilder; our progress here is exclusively under 
the unerring direction of Truru herself; and it is her torch alone that lights up the path. 

Whatever, therefore, may be the difficulties connected with the study of mathematics, 
it is plain that they do not arise from our having to grope our way in darkness and 
uncertainty ; the asperities of the road are as clearly revealod before us as the level and 
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unobstructed track ; and all that the carnest student requires, is some fricndly hand, to 
aid him in surmounting these in the carlier stages of his progress. 

It is this sort of aid that we here propose to supply. We do not undertake to conduct 
the scientific inquirer through the entire regions of mathcmatical research—ours is a far 
less ambitious aim: we write for the young—for the selftdopondent—the solitary—and, 
perchance, the unfricnded student. The office we here take upon ourselves will be per- 
formed, if we succeed in tho endeavour to assist him. This is the only object at which 
we now aim, and we think it right thus explicitly to declare it, in order to forewarn 
those who may desire information on the more rccondite researches ef scicnce, that the 
present volume is not intended for them. 

It may be proper to mention, howover, that although-we now propose to limit our 
labours to an exposition of the elementary principles of mathematical ‘learnings, and 
to economize space as much as possible; yct, within the bounds prescribed, we shall 
take care that every subject receive a full and fair elucidation, and that it bo discussed 
to an extent amply sufficient for the purposes of general cducatian. We hope, too, by 
avoiding all attempts at mavisterial dignity of style, and addressing our readers in the 
familiar languaze of social intercourse, to secure their attention, and win their confidence ; 
and that we may be fortunate enough, by clearness and simplicity of explanation, to 
awaken in some a genuine love for scicnce, and a desire to prosecute their researches 
in writings of wider scope and highcr pretensions: we shall endeavour to gratify such 
desire in a subsequcnt volume. 


We have thought it advisable to commence our work on elemcntary Mathematics with 
a preliminary treatise on Arithmetic—the groundwork upon which the cntire system, with 
the exception of pure geometry, ultimately rests. Books on arithmetic, however, arc so 
numerous, and so casily aceessible, thet we intght have been hold excused from imtrodue- 
ing so hackneyed a subject into a work which, though confesscdly of the most clomentary 
character, is, nevertheless, intended to embrace a range of topics beyond the ordinary limits 
of a school-boy course. But it unfortunat ly so happens, that books on arithmetic, with few 
exceptions, are little more than mre depositories of practical rnles and mechanical oper- 
ations; and arc, therefore, but ill-suited to prepare the younr for that lugher kind of exertion 
—hizher, because morc intellectual—which science, properly so called, always demands. 

A boy who has gono through his “ Walkiugame,” und who, as matter of course, is 
then introduccd to “ Euclid,” is naturally enough bewildered by the total dissimilarity of 
the two authors—not from difurence of subject, but of manner of cxposition: the former 
has abundantly supplied him with svles, but no reasons; the Jatter gives him seasons, but 
no rules: the one has loaded his memory, and employed his fingers; while the other 
appcals to his judgment, and excrcviscs his understanding. 

To make, in this way, the passage from arithmetic to geometry, an abrupt transition 
from the mechanical to the intellectual, we conccive to be a capital defect in educational 
training. Arithmctic is as much a science as geometry: there is not a rule in the one, 
any more than there is a theorem in the other, that is not founded on reason, and demon- 
strably truc. And cven vicwing arithmetic mercly in refcrence to its practical utility in 
commercial affairs, to the demands upon it in the counting-house and the shop,—we still 
contend that its principles should be rationally taught—not authoritatively declared, inas- 
much as that which has engaged the understanding, and been received from a conviction 
of ita truth, is more securely retained in the memory than what is committed to it by rote. 
Rules, unsupported by reasons, are hard to learn, and hard to remember; but, when the 
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aie rer is associated in the mind with the theorctical principle on which it de- 


pends, we learn and remember with ease and satisfaction ; tor, instead of words, we get 
knowledge. 

These considerations have prevailed with us; and have determined us to render this 
course of elementary mathematics complete, by commencing at the very foundation. It 
must.be borne in mind, however, that our design is not to oxhaust here any subject of which 
we treat: it is rather to excite an appctite for knowledge, than to satiate it. It will not 
bo expected, therefore, that our treatisc on arithmetic is to be co-extensive with what, under 
that name, is usually put into a schoolboy’s hands; the bulk of such books arises, in a 
great measure, from tho system of instruction-condomned in the preceding observations ; 
the object of which system secms to be to inculcate a knack of readily applying rudes, by 
experimenting upon numerous cxamples, undcr the guidance of the prescribed directions. 
This, as the rcader has already been madc aware, is not our object ; we propose to explain 
principles, and to furnish the rcasons that justify tho rules; persuadcd that, if the former 
be thoroughly apprehended, there need be but little anxicty felt about the mere verbal 
memory of the latter. : 


The subjects to be treated of in the present volumo aro as follows :—Arithmctic, 
Geometry, Algebra; Logarithms and Scrics; Probabilities, and the Principles of Life 
Assurance; Trigonometry, Conic Scctions, Mensuration, Differential Calculus, Integral 
Calculus; Applicatious of the last two subjects to Mechanical and Physical inquiries ; and 
a short trcatisc on the Theory of Equations, 

Tt would ext nd these introductory remarks far beyond the space that can be allotted 
to thom, to cntor into any detailed account hore of tho several particulars to be introduced 
under the above-mntioned heads; but we cannot conclude them without a few words 
more especially addressed to those who have resolved to place themselves under our 
instructions. 

Itisacommon thing with young students in ssionee to be frequently making in- 
quiries as to the wse of what they are learning. ‘ What is the vse of this?” 13 a question 
put at-every tuen; generally to the annoyance of the teacher, and often to the discredit 
of the learner. 

The use of any intellectual pursuit—cmploying the term wse in its higher and more 
honourable si:nification—is to be realised in the mental satisfaction and the mental elo- 
vation it. communicates. You do wrong to estimate science solcly and cxclusively in 
proportion as it visibly contributes to our animal wants and cnjoyments; there is an in- 
tellectual pleasure in the very process of acquiring knowledge, while the conscious posses- 


sion of it raiscs the human being in the scale of ercation, and thus enables him to 


contemplate its wonders from a more exalted position. It is in this way that knowledge, 
like virtuc, to which indced it is allicd, is said to be its own reward; for the study of 
science is accompanied with gratifications of the purest and loftiest kind ; and is produc- | 


tive of advantages to the student, altogether distinct from the benefits conferred by its | 


applications to the practical purposes of life; it invigorates and enlarges the faculties— 
refines and elevates the desires—and advens and dignifies the entire character, with- 
drawing our thoughts from what is mean and degrading, and inclining them to 
the noblest and worthiest of a the love and veneration, and therefore to the 


practice, of Truru. 


These advantages, though uisonasetea with outward and tangiblo results, are surely 
too precious to be entirely overlooked in any correct estimate of the value of scientific | 
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pursuits. When, in the course of these, you find yoursclf engaged in an inquiry that may 
secm to have but little relation to the things of sense, and arc, on this account, disposed 
to ask—what is the tse of it? just reflect whether the intellectual exercise has not been 
combined with intellectual gratification ; and whether there be not an abstract beauty in 
the result arrived at, that awakens pleasurable feelings, practically realised, though hard | 
to be described. We think the reflection will, in general, suggest an answer to the 
inquiry in some measure satisfactory. 

These tranquil and purely intellectual enjoyments have prompted and encouraged the 
efforts ef the wisest of men—have cheered and sustained them amidst penury and neglect ; 
and, under the persecutions of power, wielded by ignorance, have supplied a consolation 
second only to that which Divine revelation affords ; and they have finally been regarded | 
as no mean reward for a life thus tried, and toils thus endured. ‘They were considered as 
compensation sufficient for the labours even of Newron,—many of whose discoverics in | 
science would, in all probability, never have been given to the world but for the urgent 
interference of private friends. 

We are anxious that you should be influcneed by considerations such as these ; and that 
you should regard science as something morc than a ministering agent to our animal com- 
forts, or even to our social gratification and convenience. The practical benefits of science 
—and more especially of those departments of it connected with the subjects of the present 
volume—are in little danger of being overlooked or under-valued; they are spread pro- 
fusely around us; and are felt and enjoyed by all. And there thus secmed to be all the 
more need for directing your attention to collateral advantages—lcss palpable and strik- 
ing, and therefore less likely to be duly appreciated. 

We shall now proceed to the business before us; we shall assume no knowledge at all 
on your part in reference to the topics to be discussed ; and, in even so simple a subject 
as ARITHMETIC, we shall begin at the beginning. 


—4-——- 


Arithmetic.— Arithmetic is that branch of knowledge that teaches us how to 
perform calculations by mcans of numbers. The rules which direct the various operations 
constitute the art of arithmetic: the rcasons and principles on which these are founded 
belong to the theory of arithmctic, and the theory and practice united, form the seience of 
arithmetic. It is this that I am now going to explain. You arc aware that the symbols, 
or marks, employed in this subject are called figures, and that they arc as follow: 1, 2, 3, 
4, 5, 6, 7, 8, 9, together with the mark 0, called nought, or cipher, or zero, and which 
stands for nothing. This 0 is also called a yigure, so that there are ten figures in arith- 
metic: the number of units, or ones, which cach stands for, is here written,— 


eR ga ee en a aE RC ee 


nothing, one, two, three, four, five, six, seven, cight, nine. 
0 ] pl 8 4 Hf) 6 7 8 9 


Each of thesc figures is also called a mwmber : but the word number has a wider meaning. 
Thus, 26, 43, 57, &c., are all numbers, each of which consists of two figures ; the first 
number is twenty-six, the second forty-three, the third jifty-seven, and so on; so that, you 
see, the 2 in the first stands for two tens, the 4 in the second for four tens, and the 5 in 
the third for five tens. In like manner 368 is a number of three figures. The first figure, 
3, stands for three hundred; the second, 6, for stz tens, or stxty; and the third, 8, for 
eight ones, or untts: the number itsclf standing for three hundred and sixty-eight. 
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You thus perccive that a figure which, when written singly, stands mcrely for so 
many untts, changes its mcaning, or valuc, according to the piace it occupics in a number 
of scveral figures. If it occupy the last, or right-hand place, it still stands for units; but 
if it be in the next place, to the left, it stands for so many tens; if in the place next to 
that, for so many hundreds; and if it occupy the fourth placc from the end, it stands for 
so many thousands: the number 7362, for instance, is seven thousand three hundred and 
fifty-two. 

Figures thus have a local value, that is, a value depending upon the places they 
occupy ina number. The following is a number of twelve figures; and when the local 
values of these figurcs are written against them, it supplies what is usually called the 


NUMERATION TABLE. 
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And this number is read thus,—two hundred and forty-six thousand cight hundred and 
seventy-three MILLION, one hundred and fifty-nine Tiovsanp, four hundred and thirty- 
cight. 

A person beginning to learn arithmetic will be enabled, by means of the above table, 
to read any number,—that is, to express its value in words. In a large number like that 
here given, the casicst way to proceed is this. Cut off the dest three figures, then the 
next three, then the next, and so on; thus dividing the figures into sects of three as far as 
possible. <A glance at the table shows that the leading figure of cach set is hundreds ol 
something ; that of the first sct, on the right, is hundreds of units, or simply hundreds ; 
that of the next sct is hundreds of thousands; that of the next, hundreds of millions; and 
soon. And by thus finding out the Jocal valuc of the Icading figure in cach pertod, as it 
is called, you may read the number with case. For example, the number 68547329, 
when divided into periods, as here proposed, is 68,547,329: pointing to the 3, you say 
hundreds, and passing to the 5, hundreds of thousands; the incomplete period, 68, must 
therefore be 68 millions ; and the entire number 68 million, 547 thousand, 329; or, 
expressing the value wholly in words, it is sixty-cight million, five hundred and forty- 
seven thousand, three hundred and twenty-nine. In a similar way we find the number 
42638572613, or 42,638,572,613, to be 42 thousand 638 million, 572 thousand, 613. 
If you wished to put this wholly into words, all you would have to do would be to write 
forty-two for 42, six hundred and thirty-cight for 638, five hundred and seventy-two for 
572, and six hundred and thirteen for 613. The leading figure of a complete period, you 
know, is always jundreds ; and when you have found by the table what these hundreds 
are, or from practice can recollect what they are, you can have no difficulty in reading 
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the number. When any of the figures are noughts, a little extra care is, however, neccs- 
sary. ‘Thus, the number 460305007, which, divided into periods, is 460,305,007, is read 
four hundred and sixty million, three hundred and five thousand, and seven. 

From what has now been said, you clearly see what is meant by the local value of a 
figure. If it occupy the place of units, its valuc is so many ones; if it be in the place of 
tens, its valuc is tn times as many ones, that is, it represents so many tens; if it be in 
the place of hundreds, its value is ten times as muny tens; if in the place of 
thousands, it is ten téimes as many hundreds; and so on. So that, as you advance 
a figure, place after place, towards the left, you increase its valuc tenfold at every 
remove: thus, 8 is simply cight oncs; 80, whcre the 8 is now in the second place, 
and nothing, or nought, in the first place, is eighty, or fen tines cight; 800, where the 8 is 
in the third place, and noughts in the first and second places, is eight hundred, or ten times 
eighty; andsoon. This tenfold increase in the value ofa figure, when it is removed 
one place from right to left, explains why our system of numeration is called the decimal 
system; the word decimal being derived from a Latin word, meaning fen. Jt was a 
beautiful contrivance thus to give a local, as well as an absolute value, to the symbols, or 
figures, used in the notation of arithmcetic.* You sce that by this happy idea we are 
enabled to express all numbers whatever by the help of only fen different marks, or 
symbols: whether we owe it to the Arabs, or to the Grecks or Romans, is a question on 
which there is still some doubt. 

It ought, perhaps, to be mentioned, that although the numbers considered above do 
not extend beyond twelve figures, numbers with more figures than these may occur, and 
that there are words to express the additional periods. If the number have thirteen 
figures, the leading figure on the left would stand for so many billions ; and if' a complete 
additional pcriod were joined to a number of twelve figures, making a number of jifteen 
figures, then the Icading figure on the left would, of course, be dundreds of hillions. But 
billions, trillions, quadrillions, &c., are names so seldom cmployed or wanted, that the 
numeration table need not be encumbered with them. It may be worth a passing notice, 
too, that no distinct ideas are conveyed by any of these terms; beyond a very modcrate 
extent our notions of the value of numbers become confused. The number of ones in a 
million, even, is hard to conceive: it is a thousand thousand, and would take you more 
than twenty-three days to count, though you kept at it for twelve hours a-day, and 
counted one every second. Our ten figures, or digits, as they are often called (digitus being 
Latin for finger, and our icn fingers suggesting the wordt),—our ten figures thus enable 
us accurately to express on paper, without the error of a single unit, numbers too great 
to be even conccived or imagined. 

Before concluding these remarks on numeration, it may be as well to show the 
beginner how a number expressed in words may be translated into figures. This is not 
quite so easy as to translate figures into words ; the plan is as follows :— 

Write down a row of noughts, or ciphers, and, as if these blanks were numbers, mark 


off the periods: then, commencing at the first cipher on the left, put under each the — 


proper figure in the number proposed, taking care that it be in its proper place: if any 
vacancies appear under the corresponding ciphers, fil them up with xoaq/ts. Thus, let it 
be required to put into figures the number five hundred and six million, thirty-four 
thousand, and forty-cight. We know that the pleee of millions has sc places to the 
* The marks, or symbols, made use of in ary science, constitute the nofation of that science, 
+ Names frequently throw Highton the origin of things: it ix interesting to notice that the name 


dinit is plainiy significant of the craly rude method of connting on the fingers; and that the name 
calculation as plainly refers to the primitive practice of reckoning with pebbles (calculus, a pebble). 


SIMPLE ADDITION. 7 
right of it; we therefore put a nought for the millions, and write six nonghts after it, 
and, as wo scc, from hundreds being the leading word in the written expression, that the 
first period will be a complete period, we prefix two noughts more. ‘Tlic requisite row of 
noughts, divided as proposcd, is as in the margin, aud under these 
we now have to write, in their proper places, the figures 5, 6, 3, 4, 000 000 000 
4, 8, and then to fill up the gaps with noughts; we thus find 9806 034 O48 
the number, when written in figures, to be 606,034,048. The learner 
will be able to do without such helps as these after a little practice; he should accustom 
himself to express in words the numbcrs he uses, when these are of moderate extent, 
and not content himself with merely looking at them. 

T shall now proceed to the four fundamental opcrations of arithmetic : these are addi- 
tion, subtraction, multiplication, and division. There are no calculations, however long and 
intricate, that are not composed of one or more of these four. 

Simrle Addition.—Addition teaches us how to add numbers together, and so to 
find the swm of all. Itis called simple addition, when tho numbers to be added cither 
have no reference to particular ¢Ainys or odjects, or when the things referred to arc add of 
the same denomination: thus, uf 24 pounds, 37 pounds, 82 pounds, &c., were all to be 
added together, the opcration would be that of simple addition; but if 24 pounds 7 
shillings, 37 pounds 2 shillings, 82 pounds 12 shillings, &e., were to be added, then, as 
pounds and shillings are different things, the operation would not be simple, but compound 
addition ; one of the first set of things being called a simple quantity, and one of the 
other set a compound quantity. The rule for performing simple addition is as fol- 
lows :— 

Ruye.—Arrange the numbers to be added one under another, so that the first column 
of figures on the right may be ws, the next column tens, the next hundreds, and s0 on. 
This is nothing more than preserving cach figure in its proper placc. Add up the units’ 
column: if it amount to a sum expressed by only one figure, put this figure down under 
the units’ column. But if it be a number of more than one figure, the ast figure only of 
that number—the wits’ figure—is to be put down, and the number expressed by what is 
left, after rubbing out the figure thus put down, is to be carried to the next, or tens’ 
column, and added in with that column. 

If the sum of the tens’ column be a number of a single figure, it is to be put down 
under that column ; but if it be a number of more than one figure, then, as before, only 
the last, or units’ figure, of that number, is to be put down, and the number which. is 
expressed, after the figure put down is rubbed out, is to be carricd to, and added in with, 
the figures in the next eolumn, and so on; observing, that when the last column is | 
reached, the entire sum of that column is to be put down. Suppose, for example, the 
following numbers are to be addod together, —numely, 246, 357, 26, 148, and 6 ; : 
then, writing the numbers, one under another, a3 im the margin, so that the jirs¢ 246 | 


column on the right may be a column of wets, the next a column of texs, and the od 
. . ol » . ag 9 

next a column of haadreds, we proceed, under the direction of the rule, as follows: 26 
» . 9 Orr » rye ORer =. 148 
6 and 8 are 14, and G are 20, and 7 are 27, and 6 are 333 there are, therefure, mn 6 
the first column, 33 units; that is to say, 3 fers, and 3 watts: the 3 units wo pul. = 

, . 4 ror 
of course, under the column of units, but we carry the 3 fers to the next, 183 


or tens’ column, and say,—3 and 4 are 7, and 2 are 9, and 5 are 14, and ! 
4 are 18; that is 18 tens: the 8 we put down, but the number left, after rubbing 
this out, namely 1, we carry to the next coluinn, as il is clear we cught to do;_ 
for this 1 is one moro place to the left; it stands for one hundred, and therefore 
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belongs to the hundreds column: any figure next, on the left, to a figure that stands for 
tens, must, from the principles of numeration, stand for hundreds, Carrying, therefore, 
the 1 to the hundreds’ column, we say, 1 and 1 are 2, and 3 are 5, and 2 arc 7; that is, 
1 hundreds: so that the sum of the proposed numbers is 783; that is, seven hundred and 
eighty-threc. From this operation you sce that the figures of the sum are all carefully 
put in their proper places, so that cach has its own local value; the numbcrs carried 
from one column to the next, are so carricd because they really belong to the place, one in 
advance, to the left. As a second example, let the numbers 8462, 873, 758, 4702, and 
7003 be added together. Arranging these numbers one undcr another, as before, 
taking care not to disturb thcir local positions, we proceed thus: 3 and 2 are 4, oF 
and 8 are 13, and 3 are 16, and 2 are 18; 8 and carry 1: 1 and 5 are 6, and 7 "58 
are 13, and 6 are 19; 9 and carry 1: 1 and 7 are 8, and 7 are 14, and 8 are 23, 4702 
and 4 are 27; 7 and carry 2: 2 and 7 are 9, and 4 aro 13, and 8 aro 21; therce- 7003 
fore the sum is 21798: that is, twenty-one thousand seven hundred and ninety- “21798 
eight. It is plain, from the foregoing illustrations, that the rule for addition is 
in strict accordance with the system of notation and numeration already explained, and 
that it must always lead to the correct result. Thcero is no figure higher than 9: ten, of 
any denomination (hundreds, thousands, &c.), is one of the next higher denomination ; so 
that in adding up any column of figures, all of the same denomination, for every ten in 
the suin, one must be carried to the next column; and, thereforc, as many ones as tens. 
You have already secn that the marks uscd in the notation of arithmetic are jiyures : 
besides these, other marks are frequently employcd to indicate operations with thesc 
figures, and to express relations among them: thus, instead of saying 2 and 5 are equal to 
7, the form 2+ 5==7, is used to express tho same thing: the mark-++ being the sign for 
addition, and the mark==the sign for equality: this must be borne in mind: + is called 
plus; so that 2+5—=7, may be read 2 plus 5 equals 7, or 2 plus 5 are equal to7. ‘The 
following, therefore, are statements in symbols, instead of in words, which you will at 
once understand: 2+5-+-1==8; 3+4+4+2=—9; 655+3+1=15. A few examples 
in addition are here given under this form. You will have to arrange the numbers in 
them in columns, a3 in the two examples worked above ; and, if the results of your addi- 
tion be correct, they will be found to agree with the numbers to the right of the sign of 
equality :— 
(1.) 821464842014 16=1214. (2.) 86-1 320-4708 1-174 3- 1081, 
(3.) 56844810 +7006-+809-+S24= 14165, 
(4.) 20065-8473 | 751492083 +06 14. 92=122028, 


Simple Subtraction.— Subtraction tcaches us how to subtract the smaller 
of two numbers from the greater, or to find their difference, which is culled 
the remainder. The operation is called simple subtraction when tho numbers refer to 
things of the same denomination, as in simple addition. The rule for simple subtraction 
is as follows: 

Rurzr.—Put the smaller number under the greater, taking care, ; 
as in addition, that ugits shall be under units, tens under tens, and go on. From 68504 

ee ; Subt. 384572 

Then, beginning at the units, subtract cach figure in the lower row 
from the figure above it, if the lower figure be not the greatcr of thetwo, = Rem. 34022 
and put the remainder underneath (see the operation in the margin, 
where 34572 is subtracted from 68594, and the remainder found to bo 34022). 

But if you come to a lower figure, which is greater than the figure above it, add 10 
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to the upper figure, and then subtract, putting down the remainder as before, and taking 
care to carry 1 to the next figure of the lower row. 

For example: let it be required to subtract 27385 from 64927 ; then, From 61927 
placing the former number below the latter (as in the margin), we pro- Subt, 27385 
ceed thus: 5 from 7, and 2 remain: 8 from—not 2—but 12, ang Sn, ieee 
4 remain; carry 1: 4 from 9, and 5 remain: 7 from 14, and 7 remain; Ameo, 
carry 1: 3 from 6, and 3 remain. 

All that requires explanation here is the carrying, as in the former rule. In the 
preceding example we see that the 8 cannot bo taken from the figure above it, because 
this is only 2: we, therefore, add 10 to the 2, converting it into 12; but the adding 10 
to any figure is simply putting 1 before it; that is, it is adding 1 to the preceeding figure, 
which 1, by carrying it to the next lower, or subtractive figure, is taken away again at 
the next step. In like manner the 4, in tho uppor row, is converted into 14, and the 1 
thus prefixed to it is afterwards taken away, by 1 being carried to the next lower figure, 
and 3 subtracted instead of 2. It is plain that in subtvaction the carrying can never 
amount to more than 1. 

As another example, Iect 86025704 be subtracted from 130741392 : From 130741392 
then, having arranged the numbers as in the margin, we proceed Subt. sGU25704 
thus: 4 from 12, 8; carry 1: 1 from 9, 8: 7 from 13, 6; carry 1: — 
6 from 11, 5; carry 1: 3 from 4, 1: 0 from 7, 7: 6 from 10, 4; tem. = 44710688 
earry 1: 9 from 13, 4: therefore the remainder is 44715688. 

There is a sign for subtraction as well as one for addition: it is the little mark — 
placed before the number to be subtracted; it is called minus: 5—2 is therefore 5 minus 
2, that is, 5 diminished by 2; the remainder, or difference, is of courso 3: s0 that 5—2 
Reacts 5 By help of the plus ne minus signs, we can easily connect together in a single 
row a set of numbers, of which some are to be added, and others to be pantucted: > thus, 
1+6—5—2 means that 4 and 6 are to be added, and 3 and 2 are to bo subtracted ; so that 
4+6—-3—2—=5. Instead of subtracting first 3 and then 2, we may, of course, subtract 5 
at onec ; 80 that the above is the same as 10—5==5; and whenever addition and sub- 








traction operations are indicated in this way, it will always be best 125 O84 
to find first the sum of the additive quantities, then the sum of the sud- ee ly 
tractive quantities, and then, as in the foregoing example, to find the Peli “uy 
difference of the two results: in this manner the result of 125 1 427— 789 
6844-237—14, is computed as in the margin, and found tu be 90. So O00 

that 125-44: 27084-42371 590. eae 


Y shall here add a few examples to be worked in a similar manner: 


(1.) 3614+483-~246—179=419. 

(2.) 573—1844 602.-67=924. 

(3.) 86243+721—649-—70-+ 13—9=86319. 

(4.) 12064 +700628~109641+-637 - 2604=601084. 

(5.) 23596 —-625-}-72311075—13758~ 385062.:546879-=68820882. 

In order to prove whether subtraction is correctly performed, add the remainder to 
the number which has been subtracted,—that is, to the lower of the two proposed numbers ; 
the sum will be the upper number, if the work be correct: thus, in cach of the two 
examples above, we have 


Subtractive number 27385 86025704 
Remainder . . . 37542 44715688 


Upper number . . 64927 180741392 


| 
| 
| 
| 
| 
| 
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Simple Multiplication.—Multiplication is the method of finding the sum of 
any number of equal quantities, without the trouble of repeating them, one under another, 
and adding them up; it is a short way of obtaining the results of addition, when the num- 
bers or quantities to be added are all egual. When the quantities are not only equal, but 
all of onc denomigation, the operation is called sémple multiplication. 

To perform this operation readily, a tude, called the multiplication table, must first be 
learnt; and the result which ariscs from multiplying one numbcr by anotlicr, provided 
neither be greater than 12, must be committed to memory ; it is onc of the few operations 
in arithmetic where the memory of rules is indispensable. 

The number by which another is to be multiplicd, is called the multiplicr ; the number 
which is multiplied, the meudtiplicand ; and the result obtained, and which, as just stated, 
is the same as would be got by writing down tho muliiplicand as often as there are units in 
the multiplicr, and adding all up,—this result is called the product. The multiplication 
table shows what the product is in every case in which neither multiplicand nor multiplier 
exceeds 12; and, by knowing this table, the proluct may always be found, whatever num- 
bers be proposed as multiplicand and multiplicr. It may be as well to mention here that 
the numbers called by these names, when spoken of together, are generally called factors 
of the product, as they make or produce it: thus, 2 and 3 are factors of 6, since 3 taken 
twice, or 2 taken three times, make or produce 6. 


MULTIPLICATION TABLE. 
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That the product in any case is really what the table states it to be, the learner can 
easily prove for himec!!; he has only to take the multiplicand as often as there «re units in 
' the multiplier, aud, by addition, to find the sum of all; thus, the table states tiat 3s times 
| 6 are 45, which is truc, because 6, written cight tines, and all added, produce 48, that is, 


P64 64 6- 


fhe 0 = 0 PG Oo Se Aa, 
, end so of any other pair of feetors within the linuts of the table. 
T. When the Mullislier is not yreater than 12. 
Tvie.—Put the multiplier under the multiplicand, units under units; and, by aid of 
the table, multiply cach figure of the iultiplicand, commencing at the units’ figure, by 
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the multiplier. Set down the right hand figure only of the product when it is a number 
of more than one figure, and carry as in addition. 
For cxample: multiply 6432 by 4. The multiplicr 4 being 
Multiplicand 6432 placcd under the multiplicand 6432, as in the margin, we proceed 
Multiplier 4 thus: 4 times 2 are 8: 4 times 3 are 12; 2 and carry 1: 4 times 
aon 4 arc 16, and 1 arc 17; 7 and carry 1: 4 times 6 are 24, and 1 
Product . 25725 =. aro Dd. 
A beginner, with the table before him, can casily perform opera- 
tions of this kind ; but he must learn to work them without looking at the table. It is as 
well to show hiin the time and trouble saved, by actually exhibiting the work 
6482 of such examples by addition, as here annexed. The following, worked like 
6432 the example above, require no further explanation :— 





6432 78326 9073214 57387 964135 
6432 8 9 10 12 
20728 626608 81658926 573870 3169620 


The multiplication by 10, a: in the third of these examples, requires, in fact, no actual 
work, or reference to the table. You know that a number becomes ten times as great by 
simply putting a 0 after the figures; this causcs cach figure to advance a place to the 
left, so that its local value is increased tenfold. In like manner, a number becomes mul- 
tiplicd by 100 when two 0’s are added to it ; by 1000 when three are added, and so on, 
as is evident from numeration. The cipher, though in itself of no valuc, thus plays an 
important part in our notation; by filling up what would otherwiso be gaps between 
figures, it keeps them in their proper places, and preserves their local values; and by 
being put after a number, it has the effect of multiplying that number by 10, 100, &., 
according as it is written once, twice, &e. 

The sign for multiplication is X placed between the factors, thus: (1.) 846 7 = 2422. 
(2.) 6047 K 5 = 380285. (3.) 246053 K 6 = 1476318. (4.) 538274 K 800 = 42619200. 
In working this fourth example, the plan is to consider 8 only as the mul- 589714 
tiplicr, and to put the ciphers to the right of it, as in the margin, annex- 
ing them afterwards to the product by 8. (6.) 470629 K 11 = 5173619. 

(6.) 875842 XK 12 == 4510104. 426019200 


Il. When the Multiplier is greater than 12. 


Ruie.—V lace the multiplicr undcr the multiplicand, units under units, tens under 
tens, &c. 

Commencing with the units’ figure, multiply by each in succession, and arrauge the 
several rows of results, so that the first figure on the night in cach row may be directly 
under the multiplying figure that produced it. Add up all these products, and the sum 
will be the complete product. 

For example, if we have to multiply 426 by 384, we place the 34 under the 


26, and proceed thus: 4 times 6 are 245 4 aud carry 2: 4 times 2 are 8, and — 
2are 10; 0 and carry 1: 4 times 4 are 16, and Lare 17. The first row is now oe 
completed, and we begin anew, with the next figure, 3, as mulliplicr, taking 1704 
care to put the first figure we get in the new row directly under this 3. 3 limes 1278 

G are 18; 8 and carry 1: 3 times 2 are 6, and 1 are 7: 3 times tare 12. The any 


rows are now completed, so that, drawine a line aud adding up, we find the 
product to b+ 14484, 
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You sce from the local position of our second multiplier, 3, that it is in 1704 
reality 30, and 426 X 30==12780: adding this product to the former product, 12780 
that given by the 4, as in the margin, the whole product by 34 must neces- 
sarily be the result; and you sce that it agrees with that above. 

If our multiplicr had becn a number of three figures, as 534, then, to the partial 
products above, we must have added the product due to the 5; which, having 





14484 





regard to its local valuc, is 500; and if we rctain the noughts, the whole opera- a 
tion would be as here annexcd. And it is plain that we may always omit 
the noughts, provided we take care, as the rule directs, to put the first figure 4704 


of each partial product directly under the multiplying figure, which supplies 12780 
that product. It is worthy of notice, too, that the product will always be the #18000 
samc, whichever of the two numbers be regarded as the multiplicr: you 017484 
may casily satisfy yourself that 426 multiplied by 534, is the same as 534 mul- 

tiplied by 426. To bo convinced that this principle is perfectly gencral, you have only to 
assure yourself of the fact within the limits of the multipli- 











cation table, which you may do by replacing multiplication by 2047 B56 
addition, as shown in tho first example, p.11; that is, proving aha 2047 
to yoursclf that 3 times 7 is the same as 7 times 3; that 5 times 1DRR2 9492 
8 is the same as 8 times 5, and so on, as the table declares: be- 13235 1424 
cause, whatever be the two factors, the multiplication of one by = 741 2136 
the other is made up only of multiplications within the limits §=——— “2 


942352 





of the table. It is in general most convenient to take that for 
the multiplier which gives the fewer partial products, or rows 
of figures. (Sce the operations in the margin.) The learner may now exercise himeclf 
in the process, by showing that the following statements are truc :— 

(1.) 4214 & 24 = 101136. (2.) 658 & 243 159891, 

(3.) 3826£ 2300 == 7507200. (4.) 13607 K 809-4 = 48288058. 

(5.) Show that 243% 616=9xK 9X ILXS8X7X 38. (6.) Show that 2018 K 1936==64 x 
121 K 32 K 16. 

When the multiplier consists of two figures, forming a number greater than 12, there 
are two partial products, or rows of figures, to add up; but, with a little 


942332 


address, the product may be written down at once, whenever the multi- 2378 
plier does not exceed 20. Suppose, for instance, it were 16, then, if we 16 
multiply by the 6, and, as we go on, add in not only what we carry me 


A80A8 


from any figure of the multiplicand, but also the immediatcly pre- This is the 


ceding figure of the multiplicand, the complete product will be obtained 





same as | 
in one line, as in tho margin; the operation being carricd on thus : 0378 
6 times 8 are 48; 8 and carry 4: 6 times 7 arc 42 and 4 are 46 16 
and 8 are 04; 4 and carry 5: 6 times 3 are 18 and 5 are 23 and 7 oe 
are 30; 0 and carry 3: 6 times 2 arc 12 and 3 are 15 and 3 are 18: ee ) 


8 and carry 1: 1 and 2 are 3. It will be advisable for the learner to ie 
practise this short way with the multiplicrs, 13, 14, 15, 16, 17, 18, 88048 
19. Multiplication, which is thus performed in one line, is called 

short multiplication ; when there are more lines, it is Jong multiplication. 


Method of proving multiplication by casting out nines. 


T shall here mention a useful method of trying whether the product of two numbers is correct ; but 
I must postpone the explanation of the principle of the method till you arrive at Algebra. I can only 
mention here, that if any number be divided by 9, the remainder will be the same as would arise from 
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dividing the sum of the figures in that number by 9: for 10 is equal to once 9-4-1 ; 100 is equal to 12 times 
9+1; 1000 to 111 times 9+1; and 80 on: that is, the remainder arising from dividing 1, followed by 
any number of noughts, by 9, is always 1. Consequently the remainder arising from dividing 2, or 3, or 
4, &c., followed by any number of noughts, is 2, or 3, or 4—the same as the figure preceding thenoughts. It 
therefore follows, that whether we divide a number, such as 4326, which is of course 4000430042046, 
by 9, or simply divide 4-3--2+6, that is 15—theeum of the figures —by 9, we must, in each case, get 
the same remainder. This property, taken in connexion with the principle referred to above, and to be 


- proved in Algebra (sce the multiplication of compound quantitics in Algebra), suggesta the following 


rule :— 

Ruie.—Add together the figures of the multiplicand, not counting any 9 that may occur, rejecting 
also 9, whenever, in adding up, the sum amounts to 9 or more: when all the figures are added, the 
result will therefore be less than 9: note this result. Proceed in like manner with the figures of the 
multiplier ; noting the result. Multiply the two results together ; rctaining, as before, only what is 
left after the rejection of all the nines the new result contains. Do the same thing with the figures of 
the product; and compare this third result with that just found: if the two be the sume, the work 
may be presumed to be correct ; if they differ, it is certainly wrong. 

The usual way of noting the four results is to make a croas, to put the firstin the left hand opening; 
the second in the opposite opening; the third above, and the fourth below. If the upper and lower 
results are the same, the work is most likely correct, but otherwise it is wrong. 

Let us proceed in this way to test the accuracy of the work at page 12. Commencing 
at the right of the multiplicand, we say 7 and 4 are 1], therefore rejecting 9, 2 und 6 
are 8 and 2 are 10: the first result, therefore, rejecting 9 from this 10, is 1, which we 
place in the opening of the cross to the left. ‘aking now the multiplier, we say 6 and 
5, 11; 2 and 3, 5, the second result, which we place opposite the former. The product 
of the two is 5, with no 9 to reject: this is the third result, to be placed above. Lastly, 
taking the product, we say 2 and 3 are 5 and 3 are 8 and 2 are 10: ] and 4 are 5; which is the fourth 
result, and, as it agrees with the preceding, we conclude the work to be correct, 

It is plain, however, that if any of the figures in the product were made to exchange places, the 
agreement of the third and fourth results would remain, though the product would be wrong ; as would 
also be the case if one figure of it were increased and another diminished, by the same number : all, 
therefore, that we can safely infer, is, that the agreement spoken of must have placc if 
the work be correct; so that if it fail the work is wrong. Suppose, for instance, that 
we had made 73084163 x 7581==551270592192; then, applying the test, we get, from the 
first factor, the result 5; from the second, the result 6; and from the product of these, 
the result 3: but, from the above-stated product of the two numbers, the result is 4: 
this product, therefore, is incorrect; and, upon revising the multiplication, we find 
that the 3, after the nought, should have been a 2. 








Simple Division.—The operation by which we find how many times one number 
or quantity is contained in another number or quantity of the same kind, is called division. 
It is also the operation by which we find the 4th part, the 5th part, &c. of a number or 
quantity. The number or quantity divided is called the dividend; that by which we 
divide it, the divisor ; and the result obtained, the guotient. 

You must not fall into the common mistake of considering the quoticnt to express 
always how many times the dividend contains the divisor: the 4th part of a mere number 
tells us how many times that number contains 4; but the fourth part of a guantity—a 
sum of moncy, for instance—is just the fourth part, and nothing elsc :—it is itself also a 
sum of money. The division is called simple when the quantities concerned aro of but 
one denomination; when you come to the division of compound quantities, you will find 
somo further remarks on the true nature of division in general; at present both dividend 
and divisor, and therefore the quotient, are to be regarded as mere numbers. 


I. When the Divisor is not greater than 12. 


Ruz.—Place the divisor to the Jeft of the dividend, with a mark of separation, thus ), 
between the two. 








i 
i 


pwd 
poy 
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Draw a line beneath the dividend, and, by the multiplication table, find how many 
times the divisor is coutained in the first figure of the dividend, or in the vamber expressed. 
by the frst deco figures, or cven in the number expressed by the first ¢Arce figures, should 
the nuniber given by the first, end even by the first two, be smedicr than the divisor; and 
write the quotient under the line, taking cere to aiaenee what is ever, as the divisor 
may be contained a certain nun.ber of times in the number expressed by the leading 
figure or fleures, and leaye something orer. 

Procecd to the next figure of the dividend; regard what was over, if anything, 
to be preficed to it; and find how many timcs the divisor is contained in the number 
you thus get; paltiun the quotient dows, and, as beforc, carrying what is over to the 
next figure of the dividend, to which you must regard it as prefixed. And in this way 
figure after figure of the complete quoticut is to be found, till all the figures of the divi- 
dend have been used. Should there be anything over at the end, this is called the 
remainder: it is to be written beside the quotient figures, with the divisor placed under 
it, and a line of separation between them. 


Suppose, for example, we have to divide 25602 by 3, then placing divi- 3)25602 
dend and divisor (3) as in the margin, we proceed thus :—3 is contained in 
2, 20 times; so that nothing is to be placed under the 2: 9 is contained 1125, Sout 


8 times and 1 over; 8 and carry 1: this 1, regarded as prefied to the G, 
@iVes Cae migaber 19: we therefore say: ot 16, 6 times and 1 over: 6 ni 10, 5 times 
and lover: 3 in 12, 4 ae Therefory, the qnotiont is $0015 and Cais Is the cou plete 
quotient, as there is no remainder. 

Again, suppose it were propesed to divide FOOLGI3 Dy 5, we should 
sayoin 7, 13 tad 2ovyers 4 1. 28, oy. ond 2 overs ah GO Gs aT SYTSO1GIS 
4,0: Sta 15,2; and Lover: Otn i2, 25 and Dover: din Bh, $5 endo 
over. As there is here a retiahid ro, we annex if, with the divie r 1500024% 
Sumer Ht, to the fieures of the quotient, aud call 15000219, the con- 
plete guint. 

The principle upon which the foreroimne operation depends is pretty evident: the 
Jeadinge fizure in the divicend above is 7900800: the fifth part of this is 10090000 and 


2000999 over; that is, with the local value of the neat figure 8, 2500G00; the fifth part 


of this is 500950, and 390909 besides; the fifth part of which is 60000 : the fifth part of 


the 4000—the local vdue of the next fieurc- -is 0 thousands, and 4899 over; this, with 
the loral valuc of the 6, is 4600; of which the fifth part is 900, and 100 over; this, 
with the 20, is 120; the fifth part of which is 20, and 20 over; and Jastly, the fifth part 
of the remaining 23 is 4, and 3 over; and, to imply that this 3 still remains te be divided, 
if is put down with the 6 stadlerneath: because one number, placed in this way undcr 
another, is a form frequently used to denote that the wpper number is to be divided by the 
lower. Hence the fifth part of the proposed number is 1560924, and the fifth part of 3 
besides: this quoticnt being made up of the several parts which arise from taking a fifth 
of cach of the above-mentioned component portions of the number. 

The sign for division is --, which stands for the words divided by: thus, 6 — 2 = is 
a short way of stating that 6 divided by 2 is equal to 3. As noticed above, there is an- 
other way of indicating division, namely, by putting the dividend above and the divisor 
below, a short line separating the two: thus, {==3 expresses the same thing as the 
notation above. The learner may exercise himsclf in the rule just explained by proving 
by it the truth of the following statements expressed in one or other of the forms of 
notation here adverted to: 





er mee 
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C1.) 2185095 ~ 3 = 728365, —. - ; 
(2.) 2208184 = 8 -= 276023, 

(3.) 47051412 = 6 = 7841909, 





462508 
(4) ~<-— = 115697. | 

83-465 | 
(5.) ~ ss 189214, 

13900424 
(6.) 7 7 = 19887748. 

2375920 

(Fy = a = 2159928. ! 

46285439 : 
(8.) oo == s007 119714 
ees GOBSB0I0 oes aac | 
D.) i= = O528202z%6 : 


It is plain that division by 10 requires no work: the quoticnt is always the dividend 
itself, wanting the last figure, which is the remainder, and which, therefore, written as in 
‘ple, with the divisor underneath, completes the quotient. Jn a similar way, 
simply to cut off tro figuvss from the dividend for remainder ; 


this last exa: 
to divide by 100 we hive 
to divide by 1000, to cut of three figures; and so on: thus,— . 

| 


ma 1G loaned ‘ 
COIL a A816 
Toga ° ir. yea ’ eo gt aS ihe ane &e. 
iO 1Q.0 | 
AN this is Gbvisus, because 
ToaiG — (E509 -) 4H - TID - GG, &e 


ET. Wien the Pier i. grcater than 12, 

Reve.—Plhice the divisor to the left of the Gividaad as in the former case, and to the 
right mark off a place for the heures of the quotient. 

Find how many times the deadng Ayre of Gio Aivisor is contained im that of the 


dividend, or m the number expressed by the fieet fore ficures, if the Jeading fleure of 
p) oo D ao 
uu put the figure expressing the 


the dividend be smaller than that of the divi.or; 
number of times mn the quotient’s place. 

Multiply dhe divisor by this first quotioni-fsure, and subtraet the product from the 
munber formed by the leadme figures of the div iden, and to the remainder annex the next 
figure of the dividend. The mamber thus formed will be a new dividend, and the num- 
ber of times it contains the divisor—to be found as before —will be tle sccond quoticnt- 
figure, the product of which and the divisor, being subtracted from the new dividend, will | 
give a second remainder, to which the wert figure of the original dividend is to be 
joined, and the operation continued till all the figures of the dividend have been used. ! 

| 


An example worked at length will explain the operation better than any verbal rule. 


Let it be required to divide 256438 by 546. 


Placing the divisor on the left of the dividend, and marking offa 316)256438 (741 


place for the quoticnt on the right, we look at the lcading figure of eas 


the divisor and also at that of the dividend, with the view of seeing 1423 | 
whether the lattcr contains the former, which it does not, 3 being 1384 

preater than 2: we therefore commence with the number 25, formed "398 

by the first ¢vo figures of the dividend, and sccing that 3 is con- 346 
tained in 25, 8 times, we should put 8 for the first quotient figure; a 


but bearing in mind that, when the ehole divisor is multiplied 
by this 8, we must attend to the carryings, we perccive that 8 
Nissi ate iced etek eta eee ea nn eee 





eel 





se get wo hes, wl 7 tes 34 ob 26H, « me a A | 
shove it, so that we can obey the and eubirent: the remainder is | 
Sim Wale: Weak Go Sask feud 46 Ee Gstaad 1 eth oe cos We | 
now take this aa a dividend; and, locking only at deading Agures in this new dividend and 
i the drier, we ao that che Teter will gs ns it is clled, 4 times; we Sheree pot & 
for the xosond quotient-figure ; Se ee 
ronaainder ; and, by bringing dowa another figure, 308 for a new dividend : the 
ous into this once; so that the quotient is 741, and the final remainder 53 : etal 
ws in the former case, must be annexed, with the divisor underneath, to the quotient- 
Agures ; a0 that the complete quotient is 741y5a,, which is the 346th part of 256438, Of 
the truth of this you may convines yourself by observing that 256438 bas been cut up 
into portions, and the #46th part of each portion found; for the work 
above is nothing eles but that hers annexed, with useless repetitions shad rr 
suppressed, Apoording to this arrangement it is at oneo seen that ae 
700 is the 46th part of 242200, that 40 is the 346th part of 18640, 846) 14288(40 
| and that 1 is the 346th part of 346, and that of 52, the 346th part, 18840 
mtill remains to bo taken, Now, 242200 -+- 18840 +- 846 +- 62 =x 346) 306(1 
256438 ; consequently 741, together with 44, is the 846th part of 346 
the number proposed. P — 

It must be noticed that if any dividend, formed by a remainder 52 
| and a figure brought down, ahould be ise than the divisor, that the 472) 48165 (108 
divisor will go no times in thet dividend ; so that a 0 will be the cor- 472 
responding quotient-figure; and that then a escond figure must be om 


| brought down, as in the operation here annexed ; where the complete * 4 
quotient is 1024),. ibis 
There is ancther thing also to be attended to. Sometimes the 21 


divisor ends with zeros or noughts: when such is the case, the best 

way is to cut the ciphers off, and entirely to disregard them in the shad tastes 
division, cutting off, however, at the same time, as many figures from — 

| the end of the dividend, which latter figures help to form the final 2826 
remainder; you will see by operating on the eame example first 2700 
with the ciphers retained, and then with the ciphers dismissed, that = pam 196 
nothing is omitted but useless ciphers: the complete quotient being, 

by either way, 612A/, In thus completing the quotient, by means —_27,90)1648 28(61 
of the final remainder, you must, of course, take care to restore the 162, 

} ciphers that were temporarily out off from the divisor : in some boaks 7 
om arithmetic this has been forgotten. The following examples are mete 
| aulijpined for practice :-—~ Rem, 128 


(3) een Ld 

(4) 7R0087 + 3700 = 21198h, 

8.) “Tee 77 008sake 

(0) s0ad0eeed] + 6899 % S717 phy | 
‘Yo ern whather the quotion, fn any eae Ie coxepet, om barn only to mii 





‘hte Bae H 1 ab povlineh WB | BY Va-thie SNAand, 1 the be peo ok, 
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Chat sytsher of times the divisor thal aisha the dividend, Ta thas «72 
yciring Asis X thecs ss inde, sin old ls tomatadee = 7 


prot» tp pp OGL aad cadad: ok ital a om 
marghy; sind on the is the same. es the dividend, we may bemire 
that the quotient is right. 


. = ee Dele 3 eegen e ea jecunione 


ie jess di prong inefepee ey 12. If sty divisor 
be Wek Ss te the wadudk of Accs cok ot Aid Goes aah eal. ‘linsit, the 
division may be performed by successive applications of the shotterrale: for you may | 
divide first by one factor, then the quotient by another factor, the new quotient by « 
third factor; and so on, till all the factors have been used. 

Tt it possible that the division by the first factor may leave a remainder; if so, it 
must, of course, be preserved: the division by the second facto: may aleo leave a 
remainder; if s0, you mast multiply it by the jret divisor, and add in the former ro- 
mainder; the result will be the complete remainder as far as the operation has bem 
carried: if there be a third division, and a third remainder, you nst multiply it by both 
the first and seoond divisots, adding in the former complete remainder; and se on, till all 
the divisions are completed. For example, suppose we have to 
divide 38214 by 63: then sinse 632=79, we may operate as in 7) ‘88214 
the margin: the final quotient being 660%9. In like manmer, if gy 6459...1 
we have to divide 24611 by 126; then, since 126==3 x 6 x 7, the ee 
operation, by short division,’ is that here annexed: the remainder 606...86r0m. 
from the first division is 2; that from the second is 1; and this 1, 3) 24611 
multiplied by the first divisor 8, and the former remainder being pam 
taken in, gives 5 for the complete second remainder: the remainder 6) 8268...2 
from the third division is 2, which multiplied by 3, and by 6, doth 7) 1387...5 
the former divisors, that is by 18, gives 36; which, with the pre- Bee 
ceding remainder 5, makes 41;—-tho final complete remainder : 195...41 70m. 
hence the complete quotient is 193,4),. 

The method here described of obtaining the final remainder, and thenee completing 
the final quotient, cannat be clearly explained till some knowledge of Jractions is ac- 
quired: parte of a whole, as onc-half, one-third, two-fifths, &c., and which are denoted 
by 4 hy B &e., are called fractions : when you are a little acquainted with the manage- 
ment of these, you will plainly soe the reason of,the foregoing diroctions. 






‘ 





has procéded, they have been applied only to what are called abstract numbers, 
any reference to particular objects or articlos. It remains to show the application 

Mame principles $0 concrote quantities; that is, to real commodities, or thingy—se ta money, 
safc te iret, Aad, in onder to this, a few Table: connected with, thage aphittors | 


Upon the principles now delivered depend all the operations of arithmetic. mn | 
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is too great, we therefore try 7, and find 7 times 346 to be 2422, a number /ess than 2564 
above it, so that we can obey the direction of the rule and subtract: the remainder is 
142, which, when the next figure of the dividend is brought down, becomes 1423. We 
now take ¢hts as a dividend; and, looking only at leading jigures in this new dividend and 
in the divisor, we sec that the latter wil] go, as it is called, 4 times; we therefore put 4 
for the second quotient-figure ; and multiplying and subtracting, we get 39 for the second 
remainder ; and, by bringing down another figure, 398 for a new dividend: the divisor 
goes into this once ; so that the quotient is 741, and the final romainder 52: this remainder, 
as in the former case, must be annexed, with the divisor underncath, to the quotiont- 
figures ; so that the complete quotient is 741,£3,, which is the 346th part of 256438. Of 
the truth of this you may convince yourself by observing that 256438 has been cut up 


into portions, and the 316th part of each portion found ; for the work 





abovo is nothing else but that hcre annexed, with useless repetitions 346)256438(700 
suppressed. According to this arrangement it is at once seen that ae 
700 is the 346th part of 242200, that 40 is the 346th part of 13840, 846) 14238(40 
and that 1 is the 346th part of 346, and that of 52, the 346th part, 13840 
still remains to be taken. Now, 242200 + 13840 + 346 + 62 = 3 46) 398(1 
256438 ; consequently 741, together with £3, is the 346th part of 346 
the number proposed. — 

It must be noticed that if any dividend, formed by a remainder 52 
and a figure brought down, should be Jess than the divisor, that the 479) 48165( 109 
divisor will go o times in that dividend ; so that a 0 will be the cor- (2) 472 5¢ 
responding quotient-figure ; and that then a second figure must be — 
brought down, as in the operation here annexed ; where the complete a 
quotient is 102.3). Pasi 

There is another thing also to be attended to. Sometimes the 21 
divisor ends with zeros or noughts: when such is the case, the best 
way is to cut the ciphers off, and entirely to disregard them in the 2700) rea 
division, cutting off, however, at the same time, as many figures from 
the end of the dividend, which latter figures help to form the final 2826 
remainder: you will see by operating on the same example first 2700 
with the ciphers retained, and then with the ciphers dismissed, that Rem. 126 


nothing is omitted but useless ciphers: the complete quotient being, 
by either way, 61.4%%,. In thus completing the quotient, by means 
of the final remainder, you must, of course, take care to restore the 





97,00)1648 ,26(61 
162 


ciphers that were temporarily cut off from the divisor: in some books - 
on arithmetic this has been forgotten. The following examples are feaes 
subjoined for practice :-— Rem. 126 
13801 
(1.) rT as 283, 
(2.) 159894 = 658 = 248, 
278643 


(3.) —ge- = 7961x%. 
(4.) 780967 + 3700 = 211A Ys. 


36326599 
(5.) 13 5 = 27069, cq. 
(6.) 





8939040647 + 6889 = 571787 aHyo. 


To prove whether the quotient, in any casc, is correct, you have only to multiply it 
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and the divisor together: the product will be the dividend, if the operation is correct, 
as is obvious; for the object of division is to find a number such, that 


that number of times the divisor shall make the dividend. In thus 472 
proving division, if there be a remainder, you add this remainder to =04 

the product of the divisor and quotient-figures. For example: to prove 944 
whether the work at page 16 is correct, we multiply and add as in the 472 
margin; and as the result is the same as the dividend, we may be sure at Rem. 
that the quotient is right. 48165 


III. When the Divisor is composed of Factors, none of which exceeds 12. 


The operation just explained is called Jong division, to distinguish it from the shorter 
process of the preceding case, where the divisor is not greater than 12. If any divisor 
be found to be the product of factors, each of which does not exceed this limit, the 
division may be performed by successive applications of the shorter rule: for you may 
divide first by one factor, then the quotient by another factor, the new quotient by a 
third factor; and so on, till all the factors have been used. 

It is possible that the division by the first factor may leave a remainder; if so, it 
must, of course, be preserved: the division by the second factor may also leave a 
remainder ; if so, you must multiply it by the jirst divisor, and add in the former rc- 
mainder; the result will be the complete remainder as far as the operation has been 
carried: if there be a third division, and a third remainder, you must multiply it by both 
the jirst and second divisors, adding in the former complete remainder: and so on, till all 
the divisions are completed. For example, suppose we have to 
divide 38214 by 63: then since 63==7 X9, we may operate as in 7) 38214 
the margin: the final quotient being 6063§. In like manner, if 9) 6459...1 
we have to divide 24611 by 126; then, since 126=—=3 x6 x 7, the eee 
operation, by short division, is that here annexed: the remainder 606...36rem., 
from the first division is 2; that from the second is 1; and this 1, 3) 24611 
multiplied by the first divisor 3, and the former remainder being 
taken in, gives 5 for the complete sccond remainder: the remainder 6) 8203...2 
from the third division is 2, which multiplied by 3, and by 6, both 7) 1367...5 
the former divisors, that is by 18, gives 36; which, with the pre- oe 
ceding remainder 5, makes 41;—thce final complete remainder : 195...41rem. 
hence the complete quoticnt is 195,44. 

The method here described of obtaining the final remainder, and thence completing 
the final quotient, cannot be clearly explained till some knowledge of fractions is ac- 
quired: parts of a whole, as onc-half, onc-third, two-fifths, &e., and which aro denoted 
by }, 3, #, &c., are called fractions: when you arc a little acquainted with the manage- 
ment of these, you will plainly sce the reason of.the foregoing dircctions. 





Upon the principles now delivered depend all the operations of arithmetic. In what 
has preceded, they have been applicd only to what arc called abstract numbers, without 
any reference to particular objects or articles. It remains to show the application of the 
game principles to concrete quantities; that is, to real commoditics, or things—as to money, 

~weights, measures, &c. And, in order to this, a few Zad/es connected with these matters 
must first be given. 


| 
| 
| 


| 
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TABLES OF MONEY, TIME, WEIGHTS, AND MEASURES. 


L— Money. 
Gold Coins. 
Name. Value. Weight troy. 
s. @. dwt. gr.* 
Sovereign (one poun - . 20 0 ~ »« & 8 
TA So Ct a si a> cer’ ce. oe OO we as a 
Guinea t ee ee ee ee ee! |, ~ « 6& 9 
Half-guinea e e e e . 10 6 ry e 2 16. 
Silver Coins 
Value. Weight troy. 
8s. @. dwt. gr. 
Crown . . . 26 « . 6& 0 ‘ 18 
Half-crown .. a 1M 2 6 : 9 3 
Shilling a 012 . . . 8 
Sixpence eo « «, & O 8. « «€° « 1 19 
Fourpenny-piece F : : . Oo 4 - « 21 6 
Threepenny -piece ~ «. 08 ae 21 
Pence Table, 
s. a 8. d. 8. Jd. 
4 farthings make 0 1 | 50 pence make 4 27) 100 pence make 8 4 
12 pence me 1 0} 60 oe 5 01} 108 i : 9 0 
20 45 ” 1 8 | 70 99 ‘ 5 10} 110 - . 9 2 
24 5s 2 0 | 72 ; : 6 0/| 120 2 10 0 
80 98 2 6 | 80 ‘4 6 8] 180 . . 1010 
86 OC, ‘ . & 0 84 _ : 7 0}; 182 mi » Ll Oo 
40 5, 9 . & 4; 90 i < 7 6{ 140 re . 11 8 
48 ,, 5 . 4 0196 is ‘ 8 0! 144 ‘3 . 12 ~°0 


A farthing,—that is, one-fourth of a penny,—is represented thus, jd.; 2 halfpenny, 
thus, }d.; and three farthings, thus, $d. ‘lo express a fraction of a farthing, the letter fis 
put against the fraction: thus, }f means half a farthing ; 3 f, three-fifths of a farthing, &e. 


i],—Timg. II.—Avorrpurois WEIGHT. 
60 seconds : ; make 1 minute. 16 drams (dr.) ‘ make 1 ounce. 
60 minutes : ; »  . bour. 16 ounces (0z.) ; » 1 pound. 
24 hours . ; . » 1 day. 28 pounds (Jb.) : 33 1 quarter. 
7days . : ; » 1 week. 4 quarters(gr.),orl12Ib. , 1 hundredwt. 
52 weeks 1 day, or 365 days ,,_ 1 year. 20 hundredweight (cwt.) ,, 1 ton. 
366 days ee » sy I deap year. 
1V.—Troy WEIGHT. V.—APOTHECARIES’ WEIGHT. 
24 grains (gr.) ‘ make 1 pennywt. | 20 grains (gr. : . make 1 scruple. 
20 pennyweights (dwt.) » 1 ounce. 3 scruples . - «+ gy i dram. 
12 ounces (0z.) : » 1 pound. 8 drams (3 . : : » Ll ounce, 


12 ounces (oz.,or 5) . « yy 1 pound. 


VI.—MeraAsures oF LENGTH, OR LonG MEASURE. 
12 inches : make 1 foot. 


3 feet . : » lvard. : 

6 feet . ; » 1 fathom. ee 

5k yards. » lrod, pole, or perch, | 24 inches . «  modke I nail. 

4perches, or]00Jinks,, 1 chain (22 yards). | 4 nails : ‘ » qr. of a yard. 
40 poles é - oy 1 furlong. 5 quarters. : » 1 English ell. 

8 furlongs . - 5, 1 mile. 3 quarters . : » 1 Flemish ell. 

3 miles : - vy Lleague. 


* The mark dwt. stands for pennyweights, and gr. for grains: see the table of Troy weight. 
The learner can scarcely require to be informed that £ stands for pounds, s. for shillings, and d. for 
pence. 

_ + The coin guinea has been long abolished, but the name is still retained for 21s. The name pound 
is given to 20s., because the quantity of silver in this sum originally weighed a pound troy. 
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Vi..—Merasunes of Susrace, os Square MEASURE. 


‘144 squareinches . . . « «  « make 1 square foot. 
9 square feet o 18 eh lel ogy)S A square yard. 
80} square yards . 2. .« «© « - ys 1 square rod, pole, or perch. 
‘ ‘ é » lLrood. 





40 square perches . .  . 
4 roods, or 160 square perches ‘ » acre. 
10 square chains, or 100,000 sq. link »  L acre. 


640 acres . : ‘ . : .  « J square mile, 
100 square feet : : . de » 1 square of flooring. 
272} square feet a re ne » 1 square rod of brick work. 


VIII.—Mzasuzes or Soxips, on Cusic Measvre.* 
make 1 cubic foot. 


e a e e ry 
~ 
y 


1728 eubic inches : - ‘ r ‘ , 3 
27 cubic fect. F P : , F : ‘ . 6 » 1 cubic yard. 
IX.—MsEAsuRzES For Liquip anD Dry Goons. 
4gills . . .  . make 1 pint. 4pecks . a . make 1 bushel. 
2 pints . ; ‘ ‘ » 1 quart, 8 bushels : : ‘ » 1 quarter. 
| 4 quarts , : , : »  1L gallon. 2 cwt. of coals : : » 1 saok, 
2 gallons ‘ ; ; » 1 peck. 10 sacks . ; ; ‘ » 1 ton. 
{ 


«*» It may be well to notice here, that the avoirdupois pound contains 7,000 grains, of ; 
which 5,760 make a pound troy; so that 144 pounds avoirdupois are equal to 175 pounds / 
troy. The ounce troy erceeds the ounce avoirdupois by 424 grains. The gallon contains | 
10 pounds avoirdupois of distilled water, and its solid measure is 277 cubic inches and 


274 thousandths of an inch. 
Reduction.—Arithmctic is now to be applied to concrete quantities, such as those 


named in the foregoing tables: hitherto its operations have been confined to abstract num- | 
bers. The name reduction is given to the methods by which quantities are changed to others | 
of the same values but of different denominations; as, for instance, the changing, or reducing, | 
pounds to shillings, pence, to farthings, yards to miles, minutes, hours, &. to years,— | 
and so on. There are two rules for such reductions: the one applying when the quantity | 
is to be converted from a higher to a lower denomination,—as, for instance, from pounds | 
to pence; and the other applying when the change is to be from a lower denomination to , 


a higher, as from pence to pounds 


I. To reduce a Quantity to one of Lower Denomination. 


Rvu.te.—From tho table sec how many of the next lower denomination make 1 of the | 
higher; multiply by this member: the product will be the : 





number of quantities of the next lower denomination. If Lad 

any of the lower denomination be connected with the 136 8 48 

proposed quantity, the number of these must be added in 20 | 

with the product. : fe : 
Suppose, for example, we have to reduce £136 8s. 43d. to ee numb.ofshillings. 


pence. Then, as 20s. make £1, we multiply the number136 __ 
by the number 20, adding in the number 8: tho product 32740 numb. of pence. 
4 


is 2728, the numbcr of shillings. Again, since 12 ponce | 





make 1s. we multiply this last number by 12, taking in the —jg9963 numb. of farthge. | 
4: the product is 32740, the number of pence. And lastly, 
multiplying this by 4, because 4 farthings make 1d., and 
taking in the 3, the number of farthings, we get 130963 for the number of farthings required. 

| 


* A cube is a solid of six equal square faces, like a common die. If the edge of this figure be Linch, . 
the solid is a cubic inch, while each face isa squareinch. In a similar solid, of which the edge is | 


1 foot, there are 1728 of the smaller cubes, or cubic inches. 
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20 REDUCTION. 


You perceive here that, although we have been dealing with concrete quantities, yet, 
after all, our operations are performed entirely with abstract numbers. We do not 
multiply £136 by 20, because we should then get £2728 for the product; much less do 
we multiply by 20 shtlings (as some books direct us to do), for to attempt to multiply 
by shillings is to attempt an absurdity: “20 shillings times 136 pounds,” is a mode 
of expression as ridiculous as it is meaningless. 

As a second example, let it be required to reduce 217 days 14 hours and 36 minutes 

to minutes. Since 24 hours make one day, we multiply the number 
ad. h, m. 217 by 24; and in adding in the 14, we include the swntts in the units’ 

217 14 36 amount of the product,—that is, in the first result of the first partial 

24 product,—and the ¢ens (1) in the first result of the second partial product. 
We thus get 6222, the number of hours; this number we multiply by 60, 

















872 








435 because 60 minutes make 1 hour, and we add in the 36,—units with 
units, and tens with tens, as before. and we thus find the number of 

5222 minutes to be 318356. 
ssi Sometimes we have to multiply by a fraction, as, for instance, when 
313356 perches of length are to be reduced to yards; for you sec by the table that 


5} yards make 1 perch: also, in reducing square perches to square yards, 
we have to multiply by 304, the number of square yards in 1 square perch. Now, to- 
multiply by 4 means simply to take half the multiplicand, that is, 
to divide it by 2; and to multiply by 3, means to take a fourth part, Linear perches. 
or to divide the multiplicand by 4. This is certainly a departure 2) 248 
from the primitive meaning of the word multiply; but it is sanc- 5} 
tioned by common practice. It is customary to speak of two- 1240 
and-a-half times this, or three-and-a-quarter times that; and so 124 for 4. 
on: thus, two-and-a-half times 4 we know to mean 10; and two- ae: 
and-a-quarter times, 9. The way to introduce such fractional parts 1364 yards. 
in the arithmetical operation will be sufficiently seen from the two Square perches. 
examples worked in the margin; the first being to reduce 248 4) 248 
linear perches to linear yards, and the second to reduce 248 square 30 





perches to sguare yards. If the number of perches had been 249, 7440 

the multiplier 4 would have given 124}, and the multiplier 4, 62}. 62 for 2. 
By aid of the tables, which ought, indeed, to be committed to — 
memory, you will easily be able to show the truth of the following 7502 aq. yds. 
statements, namely :— 

(1.) 18s. 4d. = 160d. (2.) £32 1s. 6d. = 7698d. 

(3.) £5 12s, 44d,=4914 farthings. (4.) 27 cwd. 2 qr. 221b. = 3102 Ib. 

(5.) 17 1b. 6 0z, 14 dwt. troy = 4214 dwt. (6.) 131 mls, 3 fur. 10 per. 8 yds.= 231278 yds, 
(7.) 29 days 3 hours 21 min.=41961 min, (8.) 387 acres 3 roods 12 perches = 183078 yds, 
(9.) 2893 gals, = 7664 gills. (10.) 327 square perches = 9891} sq. yards. 


(11.) 268 tons 18 cwt. 3 qr. 21 1b. =591211 Ib. 


7 To reduce a Quantity to one of Higher Denomination. 


Rutz.—Find by the table how many of the given denomination mako 1 of the next 
higher, and divide by this number; the quotient will express how many of the next 
higher denomination are in the proposed quantity. In like manner, divide by the 
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number expressing how many of the new denomination make 1 of the next higher to it; 
and so on, till the required denomination is reached. Suppose, 
for instance, we had to find how many pounds there were in 4) 2640897 
2640397 farthings. Dividing the number of farthings by 4, 
we get the number of pence—namely, 660099, and ono 12) 660099...id. 
farthing over. Dividing the number of pence by 12, we get 2.0) 55008 bd 
the number of shillings—namely, 55008, and three pence over; gift a 
and lastly, dividing by 20, we get the number of pounds — £2750 8s, 3id. 
namely, 2750, and 8s. over. Consequently, in the proposed 
number of farthings, there are £2750 8s. 33d. 

Again: let it be required to convert 591241 lb. into tons, ewt., &c. As 28 1b. make 

1 qr., the next higher denomination to pounds, we divide 

7) 591241 first by 28, or by 7 and by 4, the two factors of 28, as it is 
better to use short division: we thus get 21116, the 








oe number of quarters, with 211b. over. This number, 

4)21116...21 Ib. divided by 4, gives the number of cwt.—namely, 6278 

oe and 3 qrs. over: and lastly, dividing by 20, the num- 

ao) Oe 1B qrs. ber of cwt. in 1 ton, we get finally 263, the number 

263t. Scwt. 3qr.211b, of tons: so that there are 263 tons 8 cwt. 3 qr. 21 Ib. in 
691241 lb. 


All this is so easy and obvious that I am suro I noed not occupy space with any more 
worked-out examples. I shall merely give one cautionary direction—it is this: that 
when you have to divide by 54, bring both this divisor and the dividend into halves ; 
that is, double both; making the divisor 11, instead of 5}; but remember that the 
remainder will be so many Aalves. In like manner, when you have to divide by 303, 
bring all into quarters ; that is, divide 4 times the dividend by 121, which is 4 times 30}; 
remembering, however, that the remainder will be quarters ; so that a 
fourth part of the number, which is the remainder, will be the number Square yards. 
of wholes. See the operation in the margin, where the factors of 121, ei 
viz., 11, 11, arc used to get the quotient by short division. This 3 
quotient shows that there are 81 square perches, and 51 quarter-yards 11) 9802 
over; that is, 123 square yards: tho result would therefore be written, 11) 885..7. 
81 square perches, 122 square yards. ) sal 

The examples given at page 20 may be employed for exercise in this 81...51 
rulo, by taking in each the quantity on tho right of the sign of equality, 
and converting it into that on the left; but two or threo others are added hore :— 
(1.) 28635 seconds=7 h. 57m, 15sec. (2.) 10085760 gr.=1761 Ib. troy. 

3 633600 inches=10 miles. (4.) 397024 yds.=225 mi. 4 fur. 26 per. 1 yd. 
5.) 91476 sq. ft.=2 ac. Ords. 16per. (6.) 100000 cubic in.=2 cub. yds, 3 ft. 1504 in. 

The four fundamental operations of arithmetic may now be applied, i in order, to com- 
pound quantities ; that is, to concrete quantities, of several denominations. 

Addition of Compound Quantities.—To add together a set of concrete quan- 
tities of different denominations, the rule is as follows :— 

Ruux.—Arrange the quantities to be added one under another, so that all in the same 
vortical column may be of the same denomination. 

Add up the quantitics of Jowest denomination: find how many of the next denomina- 
tion are contained in the sum: put the remainder under the column, and carry the 
quotient to the next column. 
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Proceed in this way, from column to column, till all have been added up. 

The principle of this rule is too obvious to require any explanation ; 
£os. a. the carryings merely transfer the quantities of advanced denominations to 
17 9 33 the columns in which those denominations are arranged, just as in the 
a : ‘ addition of abstract numbers. 

7 9 ob Thus the sums of money in the margin are arranged so that the deno- 
1 18 10 mination farthings forms one column, the denomination pence the next, 
entice shillings the next, and pounds the next. The sum of the farthings’ column 
85 14 6) is 10 farthings, in which arc contained 2 pence, and there are 2 farthings, 
or 3 over; this } is therefore put down, and the 2 pence carried to the 
pence column; the sum of this column is 30 pence, that is, 2s. 6d.: the 6d. is put 
down, and the 2s. carried to the shillings’ column, the sum of which is 54s., that is, 
£2 14s.; we therefore say 14, and carry 2; and this 2 added in with the pounds’ 
column, makes the amount of that column £85; therefore the sum of the whole is £85 
Ids, 64d. 

Tt may be noticed that in adding up the shillings’ column of an account, the best way 
is to disregard the tens in that column till all the wits have been added; then, having 
reached the top unit-figure, to procced downwards taking in every ten that appears. 
Thus, in the present example, the sum of units’ column of shillings is 24; 


“~ 


so that, proceeding downwards, taking in cach ten as we mect with it, a 53 si 
we say 34, 44, 54; so that the sum is 543., or £2 14s. 910 13 
Two other cxamples are here annexed; the one in Avoirdupois weight, 4 6 9 


and the other in Zime. In the formerthe sum of the drams is found to 11 “ y 
be 56dr.; by reduction, we find that in these drams there are 3 oz. 8 dr., : 

we therefore put down 8 dr. and carry the 3 oz. to the next column, which 4114 8 
gives 46 oz., or 2 lb. 140z.; writing down the 14 oz., and carrying the 

2b. to the column of lbs., we get 41 1b. for the sum of this column: therefore the 
whole sum is 41 1b. 14 oz. 8 dr. 


d. bh. m. 8. 
3413 9 15 In the next example the column of seconds amounts ta 110 
ae sr i — seconds, that is, to 1 minute 50 seconds: the 50 seconds is put down, 


141893 4 and the 1 minute carried to the next column, the amount of which is 79 
10 7 14 16 minutes, that is, 1 hour 19 minutes, 19 and carry 1: the hour column 
13142119 amounts to 83 hours, or 3 days 11 hours; 11 and carry 3 to the day’s 
column, the amount of which is 119: thereforo the whole amount is 
119 days, 11 hours, 19 minutes, 60 seconds. 

Subtraction of Compound Quantities.—The subtraction of concrete quan- 
tities, of different denominations, is cffected by the following rule: 

Ruuze.—Place the less of the two quantitics under the greater, arranging the denomi- 
nations as in addition. 

Commence withsthe dowest dcnomination, and subtract, if the upper number he 
sufficiently great; if not, increase it by as many as will make 1 of the next deno- 
mination, and then subtract, taking care afterwards to carry 1, as in 
subtraction of abstract numbers: and proceed in like manner with cach Los ad 
denomination till tho subtraction is finished. 124 16 $ 

In this way the difference between £124 16s. 93d. and £75 19s. Ha 3 
34d. is found, as in the margin. Since 3 farthings cannot be taken 458.17 62 
from 2 farthings, we increase the 2 farthings by 4 farthings, or 1d., and 
say 3 from 6 and 8 remain, that is, 3d.: carry 1: 4 from 9 and 5 remain: 19 from 36 


119 11 19 50 
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(increasing the 168, by 20s.*) and 17 remain; carry 1: 6 from 14 and 8 remain; carry 1: 
8 from 12 and 4 remain: therefore the difference is £48 17s. 53d. 

Again, suppose we have to subtract 24 miles, 6 furlongs, 21 perches, 2 yards from 48 miles, 

1 perch, l yard. Then, having placed the quantities as in the margin, 

m. fur. per. yd. and seeing that the 1 yard is too small, we increase it by 1 perch, that 

an : a ; is by 54 yards, and subtract 2 yards from 6} yards, we thus get the 

remainder 44 yards; and carry 1: and as 40 perches make 1 furlong, 

18 119 4$ we subtract 22 from 41, and get 19 fur remainder: carrying 1 to the 

6 we subtract 7 from 8—the furlongs in 1 mile—and get 1 for re- 

mainder: and carrying | to the 4, it merely remains to subtract 25 from 48: the com- 
plete remainder is therefore 18 miles, 1 furlong, 19 perches, 43 yards. 

If tho complete remainder in an operation of this kind be added to the compound 
quantity immediately above it, that is to tho subtractive quantity, the sum will be equal 
to the upper row, that is, to tho quantity which has been diminished: so that we may 
prove in this way the corroctness of the subtraction. The following examples, if thus 
worked and proved, will afford exercise both in subtraction and addition :— 


(1.) Subtract £374 11s. 81d. from £920 17s. 74d. 

(2.) Subtract £173 9s. 48d. from £200. 

(3.) Subtract 8tb. 40z, 23 gr. from 231b. lloz, 21 gr. 

(4.) Subtract 342 mls. 6 fur. 4 per. 4 yds. from 687 mls, 3 fur. 1 per. 
(5.) Subtract 324 gallons 2 quarts 1 pint from 570 gallons 1 quart. 
(6.) Subtract 3 roods 7 perches 23 yards from 2$ acres. 

(7.) Subtract 121 aq. yds. 7 ft. 132 in, from 237 sq. yds. 3 ft, 101 in. 
(8.) Subtract 18¢ yds. 37 ft, 211 in. from 47 c. yds. 13 ft. 73 in. 





Multiplication of Compound Quantities.—From the nature of multiplication, 
it is plain that a concrete quantity can be multiplicd only by an abstract number ; in- 
deed, whatever be the multiplicand, the multiplier, which simply denotes how many 
times the former is to bo taken, must necessarily be a mere number. Strange to say, 
however, books on arithmetic, of the most recent date, are to bo found, in which the 
multiplication together of conercfe quantities is insisted upon, and pretended to be taught. 
People have disputed over and over-again about the product of £19 19s. 114d., multiplied 
by itself! They might as well have disputed about the multiplication of Cheapside by 
Lombard Street; or, as Mr. Walker pithily expresses it, about multiplying “ dlbs. of becf 
by 3 bars of music.” ¢ This last operation, palpably absurd as the thing is, the arith- 
incticians referred to would not for a moment hesitate to undertake, provided the beef and 
music occurred in a rule-of-three question, as indeed they very well might; for they 
refer to the rulc-of-three in justification of such a process.~ Is it not ridiculous 
19 appeal to a rie instead of to rcason and common sense, in a subject which professes 


© Instead of thus increasing the upper term by the unit of next higher denomination, the learner 
will find ita little cusier to subtract ut ence from this unit, expressed in the lower denomination, and 
to add the remainder to the term above : thus we may say, 19 from 20, 1; and 16 make 17. 

+ ** Philasophy of Arithmetic,” p. 58. : 

t Paganini was a very wonderful performer on the violin. Many people would have given a good 
deal of beef fora few bars of his music. Suppose, in time of need, he had exchanged 1] bars for 5lb., 
how many |b. might have been exchanged, at the same rate, for 5 bars? This is a rule-of-three ques- 
i and there ure plenty of books (Walkingame, for instance) that would direct the following 
stating :— 

Bars ss pale lb. of beef, bars of une Ib. ay beef. 
§ « 


And to get this 1 4-11 Ib. of beef, they would direct the beef and the music, in the second and third 
terma, to be multiplied together! The nuthor of this, when learning arithmetic (/), would have pro- 
ceeded to incorporate the beef and music, without the slightest compunction. 
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to be founded on rational principles, and supported by demonstration? I wish to 
Warn you earnestly against this: receive no rule in any department of mathematics, 
the truth of which is not evident to your own understanding; and, therefore, in strict 
accordance with common sense. Multiplication is merely a short way of doing addition, 
and addition may always replace it: you have only to write the multiplicand down the 
proposed number of times, and to add all up. The sum is what in multiplication is called 
the product ; but how could a sum of money be written down £19 19s. 113d. times? 
Even in common reduction, similar absurdities are to bo met with in the books. If you 
wish to convert pounds into shillings, you are told to multiply the pounds by 20, and 
sometimes, which is worse, to multiply them by 20s. But if you multiply pounds by 20, 
you get—not shillings—but 20 times as many pounds, as is obvious: what you really do, 
is to multiply the number denoting how many pounds by 20; becauso there must be 20 
times that numéer of shillings. 
The following is the rule for multiplying a compound quantity by a number :— 


Rue l.— When the Multiplier is not greater than 12. 


Put the multiplier under the quantity of least denomination: multiply that quantity 
by it, and divide the product by the number that expresses how many of such quantitics 
make 1 of the next denomination: put down the rematnder, and carry the quotient to tho 
product arising from the multiplication of the next term,—and so on till all the terms have 
been multiplied. 

When the multiplier is greater than 12, and is yet such as to admit of being formed 
from factors, multiply by cach favtor in succession, as in short multiplication. 

The table of factors at the end will be found very useful in enabling us to tell at a 
glance whether any number not cxcecding 100,000, can be decomposed into factors, 
within the limits of the multiplication table; and if s0, what the factors are. 

Multiply £23 14s. 734. by 7. Putting the multiplicr 7 under the farthings, and 

multiplying them by the 7, the product is 21 farthings ; and dividing 21 

if ‘a i by 4, the numbcr of farthings in a penny, we get 5 and 1 over; so that 

in 21 farthings there are 5 pence and 1 farthing: we put down the one 

aon eenee under farthings, and carry the 5 pence to the 49, the penco product ; 

166 2 6} which gives 54 pence, or 4s. 6d: we put down the 6d., and carry the 

4 to tho shillings’ product, and thus get 102 shillings, or £5 2s.; and 

putting down the 2s., we carry the 5 to the pounds’ product. The complete product is 
thus £166 2s. 63d. 

Suppose the multiplier had been 105, then, seeing by the table that 


te 
wka 


a] 








105 == 7 X 5 x 3; after the multiplication by 7, as above, we should i 14 ss 
have again multiplicd by 5, and then by 3, a3 in the margin; from ; 
which we sec that 105 times £23 14s. 73d. is £2491 173. 93d. Saar 
166 2 ° 
Rue I.— When the Multiplier excecds 12, and is not divisible into 
Jactors, each tess than 13. ~ 830 12 73 
3 


Take that number in the table which is earest to the proposed mul- : ets 
tiplier, whether greater or less, and use the factors of this number. To 2491 17 0§ 
the final product add, if the number bo ss, and subtract from it if tho 
number be greater, the product arising from multiplying the givon quantity by the 
difference between the multiplicr and number taken from the tablo: the rcsult will 
obviously be the complete product required. 
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For example, if the multiplier of the sum above had been 107 instead of 105, we 
should still have taken 105, and have used the factors of it, as just 
shown; but to the product by these factors, we should have added twice FA vi . “$ 
the multiplicand; we should thus have got 105 times the sum and 3 
twice the sum, that is 107 times the sum as proposed. Ifthe multiplier ———-——. 
had been 109, then from 112 times, that is from 8 x 7 x 2 times, we 18917 2 
should have subtracted 8 times tho original multiplicand asin the margin, =? 
and should thus have found £23 14s. 73d. x 109 = £2586 16s. 43d. 1329 0 2 
The following statements are left for the learner to verify after the 2 
manner now shown :— 


oe | 
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(1.) £3 188. 6d. x 6 = £53 11s. Od. 71 3113 
(2.) £148 7s. Old. x G = £1335 3s, 2}d. 
(3.) £148 7s, Od. x 63 = £9346 2s, 83d. _ 258616 4% 


(4.) 6s. 104d. x 97 = £38 62. 103d, 
(5.) 15 mil. 3 fur. 2 per. 4 yds. x 75 = 1163 mil. 6 fur. 4 per. 3 yds. 


Division of Compound Quantities.—Division of concrete quantities may be 
viewed under two aspects, accordingly as the divisor is itself a concrete quantity or 
merely an abstract number. 

If you have to divide by a concrete quantity, your object is to find how many times 
the smaller quantity—the divisor—is contained in the larger—the dividend. But if you 
have to divide by an abstract number, you then scek to divide the proposed quantity into 
as many equal parts as there are units in the divisor. These, you sec, are two different 
objects; and precision and accuracy of thought require that you should bear in mind the 
distinction. When you divide one concrete quantity by another, your quotient is, of 
course, an abstract number: but when you divide a concrete quantity by an abstract 
number, your quotient is also a concrete quantity of the samc kind. You will remember 
that I am not here writing a book on Arithmetic exclusively with a view to mercantile 
practice. I am endeavouring to prepare you for a course of mathematical study; and I 
therefore wish you to cultivate habits of thought and reflection—to know what you are 
actually about, and not to feel contented by mercly following a rude. I shall not insist 
upon any marked departure from the customary forms of expression, in the practical 
directions for working an example; but I do insist upon accuracy of thought, whatever 
want of precision in language custom may authorize. 

To divide a compound quantity by a number, the rule is this :-— 

Rutz.—Commence with the highest denomination, and take the proposed part of it ; 
reduce what is over to the next denomination, and carry the result to the next term of 
the dividend; take the proposed part of the sum, reducing what is over, and carrying as 
before ; and so on, to the cnd. 





Thus, if the 7th part of £22 15s. 9d. bo required, we find it £3. a. 
as in the margin: the 7th part of £22 is £3 and 20s. over: this, ()22 a 9 
carried to the 15s., gives 35s.; the 7th part of which is 5s., and 3 I 


there is nothing to carry: the 7th part of 9d. is 1d.; and 2d., or 
8 farthings, over; the 7th part of which is 1 farthing, and } of a farthing; hence, the 
7th part of the proposed sum is £3 5s. 13¢.+4/. 

If the divisor exceed 12, we must proceed, upon the same principle, by long division, 
unless the divisor can be decomposed into convenient factors; whon the operation need 
to consist only of successive steps like the single step above. 
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When the divisor, instead of being an abstract number, is a concrete quantity, of the 
same kind as the dividend, the rule is as follows :— 

KvuLe.—Reduce both dividend and divisor to the lowest denomnation found in either, 
and then perform the division exactly as in the case of mere numbers: the quotient will 
denote the number of times the smaller quantity is contained in the greater. 

For example, Ict it be required to divide £63 7s. by £13 2s. 3d. Then, as pence is the 
lowest denomination that occurs, we reduce doth quantities to pence, and then divide as in 

the margin : the quotient shows that the smaller sum is contained 


Ee 3 « re ~ in the larger between 4.and 5 times: it is contained in it 4 times 
Tf) 20 and a fractional part of a tine, represented by $434, which is nearly 
ee another time, but not quite. You may shorten the work a little by 
5 a reducing the two quuantities—not to pence, but to three-pences—as 


pee ee shown below; observing, that as 4 three-pences make 1 shilling, 
3147) 15204(4 we multiply the number of shillings by 4, and take in the 1 three- 
12088 pence. From this mode of working, we should conclude that the 
dividend contains the divisor 4 times and a part of a time, denoted 
by the fraction +472,, which differs from the former fraction only in 
appearance—not in value; for if we wish to express that one number is to be divided by 
another, we may, as you are awarc, do so by writing the latter eg oe 
below the former, or by writing twice, three times, &c. the latter i323 63 7 
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below twice, three times, &c. the former; as is pretty obvious, 20 20 
since the quoticnt of dividend and divisor is the same, whatever a 87 
number both be multiplied by; and you see that the upper and = "4 4 
lower numbers of the first fraction are only those of the second, cach —_ ae 

' multiplied by 3. 1049) — 5068(4 
There is no room in this treatise for many examples. I shall 4196 
here give you two. The first is toshow that £33 15s. 6d. divided by “$72 


13 gives £2 11s. 6d. for quotient ; the second is to show that the 
same sum divided by £13 pives 2234 for quoticnt. In working the second cxample, 
you had better reduce to sizpences, not to pence.* 

Fractions.—What has preceded sufficcs to convey a general, and, I hope, a pretty 
accurate notion of the arithmetic of zvtegral quantities. Iam now to show how the funda- 
mental operations are to be applied to fractions. I have found it impossible to avoid all 
allusion to fractions in the foregoing part of the subject, becauso they force themselves upon 
our notice even when operating upon wtegers ; but the arithmetic of fractions remains to be 
explained, aud, indeed, the formal definition ofa fraction to be given. In strictness, a 
fraction is a part of a whole—that is, it is éess than the quantity of which it is said to be a 
fraction. Thus, 3, %, 4%, &c., are strictly fractions—proper fractions. The first denotes 
a third part of unit, or 1, the second a fifth part of 2, the third a forty-third part of 26, &e., 
each part being dcess than onc whole. But 4, 4, 94, &c., are also called fractions, though 
four-thirds, seven-fifihs, sixty-four forty-thirds, &., arc all greater than one whole, as is 
plain; fractions such as these, whcre the upper number, called the numerator, is not less 
than the lower, called the denominator, ara said to be tmproper fractions. You will readily 
see why these terms, numerator and denominator, are, so applicd: the upper number 
enumerates, or states the number of parts of that particular denomination indicated by the 


* For a great variety of instructive examplee in all the rules of arthmetic, as well as for a 
comprehensive vicw of the theory, see the ‘‘ Rudimentary Treatise on Aritimetic,” published by 


Mr. Weale. 
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lower number. Thus, # means three of the parts called fourths: if it were 2 of £1, then, 
since one-fourth is ds., three-fourths, or 2, would be 15s., and so on. Instead of reading 
this fraction three-fourths, we may, if we please, say three divided by four. Three pounds 
divided by the number 4, is evidently the same as three-fourths of one pound; and any 
fraction may be viewed in either of these two ways—thus it is mattcr of indifference 
whether you call 4, five-sevenths, or 5 divided by 7: a moment's reflection will convince you 
that five-sevenths of anything, is the same as a seventh part of five such things ; for a 
seventh part of one of them added to a scventh part of another, then again this sum 
increased by a seventh part of another, and so on, till a seventh part of cach of the five has 
been taken, and all these seyenths added,—I say it is plain, that in this way we get 
5 times a 7th part of one—that is, five-scvenths of it—as the result of all five divided 
by 7. 

The fractional notation is perfectly general—any number may be expressed in it; a 
whole number, or an indeger, as well as a traction properly so called. Thus 6, 8, &c., may 
be written §, 2, &c.; and it is somctimes convenient to write integers this way. Here 
the denominator is wnt, or 1; but you may express an integer in the form of a fraction 
with any denominator you please. Thus, if you choose 7 for denominator, the two num- 
bers, 6, 8, may be written 42, 59, as is evident: you have only to multiply the number 
by the chosen denominator, and to place the factor, thus used as a multiplier, underneath 
—that is, as a divisor. The numerator and denominator arc called the terms of the frac- 
tion; and when an integer is united to a fraction, the whole is called a mized number. 
Thus, 24, 33, &c., are mized numbers. 


‘To reduce a Mixed Number to an Improper Fraction. 


The rule isthis: multiply the integer by the denominator of the fraction; add the prodact 
to the numerator, and put the denominator underneath. Thus, 24==4, 38%; for 2 is 
evidently §, and §+4==3%. In like manner 3 is 3), and 33 +4==%$; andsoon. Here 
are other examples: 53==%8; 42 == 39; 713 %P; 12,8, 149, &e. &c. To accomplish 
the contrary purpose—that is, 


To reduce an Improper Fraction toa Mixed Number, 


You have only to perform the division indicated by the denominator, and to annex to the 
quotient tho fractional correction as in common division, Thus, %%=- 5}, %p=4q, 
if = 84, and go on. 


To reduce Fractions with Different Denominators, to others of the same Tarue with Equal 
Denominators. 


This is one of the most important operations in the arithmetic of fractions; for till 
fractions appear with a common denominator, they can neither be added to nor subtracted 
from one another: the reduction of fractions to a common denominator is thus a prelimi- 
nary indispensably necessary to the application to them of tho first rulcs of arithmetic. 
The operation is also uscful in enabling us to discover at a glance which of = fractions, 
however nearly equal, is really the greater. Thus, of the two fractions, 7} 5, #3, we sce 
in a moment which is the greater, because their denominators are the samo ; but you could 
not 80 readily and confidently state which is the greatcr of # and y4; yct the former are 
only these reduced to a common doupminator—the values are the samo, 

The rule for reducing fractions to a common denominator is as follows :— 
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Ru.z.—Multiply each numerator by the product of the denominators of all the other 
fractions ; we shall thus get the numerators of the changed fractions. 

Multiply ai the denominators together; the product will be the common denominator 
belonging to cach changed numerator. 

For example: in order to reduce the fractions 3, 4, #, to others of the same vane with 
the same denominator, we proceed as follows :— 


2X5xX7= 70 

1xXx3x7= nthe new numero 
3X3xbh= 46 

3xX5xX7=105 the common denominator ; 


therefore the equivalent fractions, changed in form as required, are 74%, sts) hts. 

If you compare these with the original fractions, you w'll sec that they each ariso 
from multiplying numerator and denominator of the former by the same number. Thus, 
ae . at and it is obvious that one number divided by another (in this case 2 by 3), 
is the same as 35 times the former divided by 35 times the latter, or any number of times 
the former divided by the same number of times the latter. Ifyou have any doubt of 
this, just consider, if you had to divide 2s. among 3 people, whether the share of each 
would not be the same asif you had to divide 35 times 2s.—that is, 70s.—among 36 times 
3 people—that is, 105 people. It is plain that, in cither case, cach would get a third part of 
23., or two-thirds of 1s.; or, to view the matter more generally, it is self-evident that if 
you multiply any quantity by a number, and then divide by the same number, you virtually 
leave tho quantity, as to valve, untouched; for multiplication and division by the same 
number, are two opcrations which mutually neutralise one another: we may, therefore, 
always multiply numerator and denominator of a fraction by any number, without 
changing the value of the fraction. 

The rule just given will always effect the object proposed by it; but not always in the 
shortest way. In particular cases it will be desirable to proceed differently. Thus, if the 
fractions 2, 4,3, are to be changed into equivalent ones with a common denominator, you sce, 
by looking at the denominators, that the thing may be brought about without interfering 
with the middle fraction at all: you have only to multiply the terms of the first fraction by 
2, and those of the third by 3,to get the desired result—the changed fractions being found in 
this way to be 4, §, 3. If you had applied the rule, the new fractions would have been 
#4, 49, 44, forms far less simple than those above, although the same in value ; they would be 
got by multiplying the terms of the simpler fractions, cach by 6. In bringing fractions to 
® common denominator, you should always be on the look out for the simplest multiplicr 
of the terms of cach that will accomplish the object, and use the rue only as matter of 
necessity—that is, only when simplcr multiplicrs than the rule supplies do not present 
themsclves. Suppose you had 3, 4, 3, do you not sec, from a glance at the denominators, 
that if the first be multiplied by 3, the second by 4, and the third by 8, that the products 
will be all alike? Multiply, then, the terms of the first fraction by 3, those of tho second 
by 4, and those of the third by 8, and you will get the following—viz., 3%, $9, §$, for 
equivalent fractions with a common denominator. The rule would have given you thesce— 
fis) +22, 224, which, although cqual to, aro far less simple than the former. 

The emallest number that can be a common denominator of a row of fractions is 
evidently the smallest number that is divisible by each of the given denominators: it is 
called the east common multiple of those denominators. There is a rule for finding the least 
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common multiple of a set of numbers ;* but you see that it may often be discovered, 
without any rule, by a little reflection. I shall give you but one more instance here, 
since the reduction of fractions to a common denominator, as observed above, will form 
a necessary preparation for addition and subtraction. Let the fractions be 3, §, }, #: 
here you see that the first two are brought to a common denominator by merely multi- 
plying the terms of the first by 3; so that these two fractions are §,§. Again, the last 
two are brought to a common denominator by merely multiplying the terms of the fourth 
by 3; 80 that these two fractions are 4, 2. We havo, therefore, now only to find the least 
number which will divide by 9 and 6; and it requires but little thought to discover that 
18 is that number: so that we reach the desired result by the following steps :— 


% 6% 6h UF 
or, $ # % # 
or, +4, 28, + tH 


where you see that a fraction in either of the lower rows is merely-that above, with its 
terms multiplied by the same number. If you had applied the rule to the first row of 
fractions, you would have got 3X 9 x 6 x 2==324 for a common denominator, instead of 
the more simple number 18. 

Addition and Subtraction of Fractions.— Ruiz.—Reduce the fractions te equi- 
valent ones, having a common denominator: then add or subtract the numcrators, as 
proposed, and put the common denominator under the result. 

For instance, let the fractions be § and #: these, reduced to a common denominator, 
are 34 and 34, therefore 34+ }§=—= 48), their sum: 28—14= 11, their difference. 

Again, let it be required to find the value of 3-+-%—}. Here the second and third 
fractions will have a common denominator, if the terms of the third are multiplied by 
3: the differing denominators will then be 5 and 9; that is, we shall have 3+ %— §= 
}—}; that is, by the rule for the common denominator, 34 — 4== 3%. 

Suppose the value of 1 — ~4,— 28; were required. It is easy to see that the denomina- 
tors will be made alike if the first be multiplied by 4 and the second by 3; s0 that, 
multiplying numerators, as well as denominators, we have 1 — 24 — 3§-==1~— 38=—-$9— 

And in like manner are the results following obtained :— 

(L) 34422 (2) dat (8) 2494+ 92H. (L) Hae (5) 
63—5f= 14. (6.) 119+8%—948 = 10444 

In the subtraction of mixed quantities, it sometimes happens that the fractional part 
of the subtracted quantity is greater than the fractional part of the other: when this is 
the case, it is better to convert a unit of that other into a fraction, and to incorporate it 
with the fractional part: we shall thus have an improper fraction, from which the 
subtractive fraction may be taken; thus, if we had to take 3§ from 53, we sec, when the 
fractions are brought to a common denominator, by multiplying the terms of the first by 
4, and those of the second by 3, that the subtractive fraction $9 is greater than 3%, the. 
other fraction; wo therefore fractionize a unit of the 5, considering 5 to be 4%4, and 
therefore 5}, or 5x4, to be 4¢}; so that the work stands thus: 6g —-33=5,%—. 


® The rules for finding the greatest common measure, and the least common multiple, of a set of 
numbers, are seldom uctually employed in the management of fractions. The investigation of these 
rules, too, is generally long and troublesome : the simplest investigation of them, to which I can refer, 
is to be found in the ‘‘ Rudimentary Treatise on Arithmetic,”’ published by Mr. Weale; and in the 
Key to that work a shorter method of arriving at the common measure will be found than any other 
book furnishes. 
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Multiplication and Division of Fractions—Multiplication.—-If we have to 
multiply a fraction by a whole number, the product will, of coursc, be as many times 
that fraetion as there are units in the whole number: thus, 3x 3==§; that ia, 3 times 
two-fifths : the denominator is not operated upon, because this merely states the denomina- 
tions, nat the number of them. If, instead of 3, the multiplier had beon only a fourth 
part of 3, that is 3, then only a fourth part of the above product, $, could have resulted. 
A fourth part of ¢ is 44, because a number (in this instance '6) divided firat by 5, 
and then again by 4, gives the same result as a single division of it by 20. We know, 
therefore, that $x 3=-,4,; that is, itis the product of the numerators, divided by the 
product.of the denominators. 

The same reasoning evidently applics, whatever be the fractions to be multiplied 
together: the product of the numerators, divided by the product of the denominators, is 
the product of the fractions. 

Division.— Let us now try to discover how fractions are to be divided; and first let 
us consider the case in which the divisor, like the multiplier, in the foregoing instance, 
is 'a whole number. 

If wo have to perform the operation 4-3, we see that the quotient of 2:by 5 is 
to be divided by 3: but this we know, from simple division, is the same as the quotient 
of 2 by 15; for, if anything is divided by 5 and then the quotient by 3, the result is 
the same as we should get by dividing that thing at once by 5x3 or 15; therefore, 
i3= fy 

But if, instead of 3, the divisor wero 3, that is, only a fourth part of 3, it is plain that 


the quotient ought to be 4 times as great; namely, +; so that 3--3==,8,; the same | 


result as wo should gct by inverting the divisor 3, and multiplying, instead of dividing ; 
for #X ¢==,%. And as the reasoning evidently applies, whatever be the fractions ehosen, 
we infer that division of fractions may always bo convertcd into multiplication by 
inverting the terms of the divisor; that is, in fact, by turning the divisor upside down. 
Thus, 4+ $=3xX4=44. We arc thus lead to the following rules, viz. :— 

RvuiE.— for multiplication.—Multiply the numerators together for the numerator of 
the product. 

Multiply the denominators together for the denominator of the product. 

RuLz.—For division.—Invert the terms of the divisor, and then proceed as in multi- 
plication. 

It is desirable that fractions which appear in the results of any operations, should 
be reduced to their lowest terms; that is, that both numerator and denominator should 
be divided by whatever number rl! divide them. Thus, in the instance above, where 
the product of # and 3 was found to be 34, the result should be freed from the factor 
2, common to both numerator and denominator; that is, we should divide both terms 
by 2, and write the result in the more simple form, ¥4,. Thc division of both terms by 
the same number cannot altcr the value of the fraction, otherwise the multiplication of 
the terms of a fraction by the same number would alter its value, which we know to be 
not the ease. 

In multiplication and division, we may often prevent the entrance of these super- 
fluous factors in the result; and it is of course better to do so than to allow them to 
onter, and then to remove them : thus, in multiplying % by 2 we foresee that, as 2 occurs 
in a numerator and 4 in a denominator, 2 will also occur in both numerator and denomi- 
nator of the product, unless we previously prevent its entrance: this we should do by 
regarding the proposed fractions as }, 3; the product of which is ,4,. You should always 
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suppress, in this way, all the factors that enter alike into numerators and denominators, 
for you then get your product in the simplest form at once, without being at the troubl: 
to reduce it to lower terms. 1 shall here give an example or two of this: 
(1.) Xf EX =H. (2) eX Pex dew (3.) PH tx =p x ge}. 
(4) HSH HNX GH YP KFHHHK 1H. 6.) BPH BX FH YP XKIHH. 
In this way the entrance of common factors into the numerator and denominator of 
each result in the following examples is to be provided against :— 


(1) EX44==H. (2) EBM. (3) ee eee. (4) $a F. (B.) HEH 
=ly. (6.) Xf. 

In these examples, the rules are applied to pure fractions. If we have to deal with 
mixed quantities, then we must reduce them to improper fractions before using either 
rule : 


Proportion.—Four quantities are said to be in proportion when the first divided by 
the second is the same abstract number as tho third divided by the fourth: thus, the four 
numbers, 6, 3, 8, 4 are in proportion, because $==%; and of any two equal fractions the 
four terms are in proportion. 

The quotient which arises from dividing one quantity by another of the same kind, is 
called the ratio of the former to the latter: thus, the ratio of 6 to 3 is 2, and the ratio of 
8 to 4is 2; ratio being only another name for the quotient of two quantitics of the same 
kind. A proportion is thus said to be an equality of ratios: ratio implies two terms ; 
proportion, four. The first term of a ratio (the dividend) is called the antecedent, the 
second (the divisor) its conseguent. Instead of writing the antecedent and consequent as 
the numerator and denominator of a fraction to express the ratio, the same thing is indi- 
cated by simply putting two dots between them; thus, 6: 3 is the same as $; ed 8:4 
the same as 4; so that the proportion above may be expressed in this way, 6: 3 =8:4; 
but, instead of the sign of cquality, itis more common to usc four dots, and to write the 
proportion thus: 6 :3::8:4, which is read, 6 is to 3 as 8 is to 4; a form of expression 
intended to imply that 6 is rclated to 3, in point of magnitude, just as 8 is related 
to 4. This idea of relative or comparative magnitude, which is essential to the 


correct notion of proportion, forbids our considering the term ratio in the same unrc-, 


stricted sense as the term quotient: the two terms arc to be regarded as meaning the samc 
thing only when dividend and divisor are quantitics of the same kind: ratio ts always an 
abstract number ; but the name quoticnt, as we have secn, is applied not only to abstract 
numbers, but to the concrete quantitics that arise from taking the third, fourth, fifth, &. 
part of conercte quantitics. Be carcful to observe this distinction ; and to remember that 
the ratio of an antecedent to its consequent alicays has reference to the number of times, 
and parts of a time, which the former contains the latter: so that it would be absurd to 
speak of the ratio of one thing to another of a different kind ; as, for instance, of the 
ratio of £6 to the number 3, or of 8 cwt. to £4, &e. 

It thus appears, that if four quantitics, ranged in order as above, form a proportion, 
the first and second must neccssarily be of the same kind; and also that the third and 
fourth must be of the same kind: thus the following are proportions ; aa express equal 
ratios, the ratio in each case being the abstract number 2— 


£6: £3:: 8 ewt.: 4 ewt.; 6 yds.: 3 yds.:: 8 ou.: 4 07. 


From what hes now been said, you sec that the essential condition, and the only 
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condition which four quantities must fulfil, in order that they may form a proportion, is 
this, namely— 

First term. Third term 

Second term Fourth term 
each of these fractions being an abstract number. If two fractions are equal, we know 
that two equal fractions will also result from inverting their terms, so that from the 


above we may infer that 
Second term Fourth term 


First term Third term , 

These being abstract numbers, we may multiply eny quantity by either: the results 
will, ‘of course, be equal, whichever we take for multiplier, since they themselves are 
equal. Let us multiply “Third term” by each: the results will be 

Second term. 
x Third term = Fourth term. 
First term 

You can have no doubt about the second result, as you know that divisor, multiplied 
by quotient, gives dividend; and the fraction above, on the right, denotes the guotient of 
the division of “ Fourth term” by “ Third term.” 

It appears, then, that in order to find the fourth term of a proportion, when the first 
three terms are given, we have only to divide the sccond by the first, and to multiply 
the third by the abstract number furnished by the quotient. Now, ifthe first and second 
terms are concrete quantities, you know that you cannot divide one by the other, and thus 
get the abstract number here spoken of, till the quantities are reduced to the same 
denomination (sec p. 26). When, however, this is donc, you may entirely disregard 
denomination, and consider the resulting numbers to be abstract numbers ; for the quotient 


is the same in both casos: thus = is the abstract number 2; and go is = or oo or 


3 yds. 
This, though a very obvious, is yet an important fact; a8 we learn from it that, when 
the first and second terms of a proportion are reduced to the same denomination, we may 


: , _ Second term 
consider both numerator and denominator of the fraction fnmttem @ abstract num- 


bers, as well as the fraction itsclf; and therefore that, without violating any principle 
of arithmetic, we may write the above equality, namcly— 


Second term 
————_—. x Third term = Fourth term 
First term 
in the form, 
Second term x Third term 
== Fourth term 





Firat term 
which is often the more convenicnt in practice ; that is, after the reduction to the same 
denomination, as spoken of above, we may multiply the third term by the second 
(regarded as a xumber), and divide the product by the number denoting the first term. 
We have thus established the general principle of what is called the Rule of Three, 
the abject. nf which is. when threc terms of a proportion are given, to find the fourth. 
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Rule of Three.—1. Write the three givon terms in a row, taking care that the 
third term is @ quantity of the same kind as the required fourth term; and also taking 
care that, according as this fourth term is to be greater or less than the third, so may the 
second of the given terms be greater or legs than the first. This is called stating the 
question. 

2. Having thus properly stated the question, bring the first and second terms to the 
samc denomination; and regard the results as abstract numbers, the denomination being 
suppressed. 

3. Multiply the third term by the second, which is now a number ; and divide the 
product by the first, which is also a number: the quotient will be the required fourth 
term, in the same denomination, of course, as that in which the third term was used. 

You may sometimes simplify this operation : for the first and second terms may each | 
be divisible by the same number; in which case you may employ only the quotients 
instead of the quantities themselves, on the principle that a fraction is not altered in 
value by discarding factors common to numerator and denominator. You may, also, in 
like manner, divide the first and third terms, when possible, on the same principle ; and 
I would recommend you, in rule-of-three operations, to be always on the look-out for 
these means of simplification. 

I shall now show the application of the rule to an example or two. 

1. If 16 cwt. cost £42 8s., how much will 26 cwt. cost ? 

As the answer or fourth term of the proportion is to be £8. £ 3. 
money, the £42 8s. given in the question must be the third 7. a ee oo 8: 68 16 


term. — 
As the greater the number of cwt. the greater will be the cost, 848 
we must arrange the first two terms of the proportion, so that ax 
the second may be the greater ; consequently, the stating will be 844 
16 cwt.: 26 cwt.:: £42 8s.: the required fourth term. But, 848 


as the first and second terms are already in the same denomi- 
nation, namely, cwt., no reduction of them is necessary ; we, 8)11024s. 
therefore, in the stating, entirely disregard this common deno- 2,0)137 8s. 
mination, and insert merely the abstract numbers, 16 and 26, 
isin the margin. But, a glance at these two numbers shows £68 18s. 
that each is divisible by 2; we, therefore, replace them by the quotients 8 and 13; and 
it now only remains to multiply £42 8s. by the number 13, and to divide the product 
by 8, to get the sum of money required. For convenience, we reduce the given sum to 
shillings, and thus bring out the answer or required fourth term in shillings, and then 
convert these into pounds, and when the work is finished, as here annexed, we complete 
the proportion, in the stating, by putting the result, viz., £68 18s. for the fourth term. 
You seo that, by dividing the first and second terms in the stating by 2, we have 
effected a little saving of figures in the work: but we might have simplified further, and 
have shortened the operation still more, by dividing the third term and the reduced first 
term both by 8; so that, having regard to the utmost attainable 








simplicity, we should have proceeded with the preliminary statings 4. 96:: i § 
as here annexed, and thus have reduced the subsequent work to the 8: 18 

small amount of figures here shown; 13 times 6s. is 78s.; that is, 1; 18:: 6 e 
£3 18s.: putting down the 18s., and carrying the £3, we have 13 

times £5== £65; and the £3 carried makes £68. Here is another £68 18s. 


example : 
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2.. If 28 perssus reap a harvest in. 36 daya, how many will be required to resp it in 


21 days ? . 

As the anzwer is to be number of persons, the 28 persons Persons, Persons. 
given in the question must be the third term of the pro- 2): 36:: 28 : 48 
portion; and as the fewer the days the greater must be the ‘ : : ie. 
number of workmen, wa arrange the first two terms of the tags 12 
proportion so that the second may be tho greater; the stat- . = 
ing is, therefore, 21 days: 36 days:: 28 persons: the 48 persons. 
number of persons required. 


But, as the first two terms are in the same denomination, we suppress denomeneation, 
and use only the abstract numbers 21:36. These we see have a common divisor, 3; we 
therefore replace them by the quotients 7: 12; but the 7 and the 28 in the third’ term 
will divide by 7; we thus get the stating in the simple form 1: 12: : 4 persons; and 
then proceed as in the margm. 

One example more must suffice. 

- A mass of 106 Ib. of Australian gold, found in July 1851, sold at the rate of £3 6s. 8d. 
per ounce: how nruch did it fetch ? 








Stating the question as in the margin, putting . S§sd 8&8 
the greater weight in the second term, because the box: oH Ib. 2: a 6 8: 4240 
ereater sum must be in the fourth, we see that the eon «ated 
first and second terms differ in denomination ;' wo 127% 66 
must, therefore, reduce the second to ounces, before 800-12 
we can regard the stating in the proper form for 12)1017600 800° 
working with: it then becomes 1 oz. : 1272 oz. : : pana 
£3 68. 8d. 2.0)8480,0 





The common denomination ounces is now sup- 
pressed, and, for convenicnce, the money is redueed 
to pence, the denomination in which the required fourth term must therefore appear: we 
have then merely to multiply 800 pence by the abstract number 1272; and the required 
value comes out 1017600 pence ; for, as the first term is 1, thero is no division. 

Instead of making 1272 the multiplier of 200, we make 800 the multiplier of 1272, 
for convenience ; as we know that the swmber, turmished for the product, is the same in 
ome case as the other; this zmber, therefore, is so many pence ; which, when reduced to 
pounds, is £4240. 

The following are 2 few examples for exercise :-— 

(1.) If 57 ewt. cost £216, what will 95 ewt. cost ?>—Ans. £360. 

(2.) If 148 gallons cost £119 10s., how many gallons will £89 12s. 6d. buy }— 

111. 


£4240 


(3.) What is the value of 2 qr. 24 1b. at £5 7. 4d. por cwt. —Ans. £3 16s. 8d. 

(4.) What is the income of a person who pays £22 7s, 5d. for income tax, at the rate 
of 7d. in the pound >—Ans. £767. 

(5.) 443 guineas used to be coined out of 1 Ib. of standard gold: how many sove- 
reigas are now coined out of this weight ?>—Ans. 4638. 

(6.) 6@s. exe coined out of 1 Ib. of standard silver: what ie gained in coining £100 
of silver, if the price of the silver be 6s. 2d. per 0z.?—Ans. £6 9xha, 

The Double Rule ef Three.—The double rule of three is so ealled because 
there are at Icast two single rule-of+three atatings implied in it. The following ia an 
example, namely ~~. 
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If 12 horses plough 11 acres in 5 days, how many horses will plough 33 acres in 
18 days? 

This may be divided into two single rule-of-three questions: thus—l1st. If 12 —— 
plough 11 acres, how many will plough 33 acres in the same time? By the former rule, 





11; 83:: 12 horses: 12 - 33 horses = 86 horses. 


2nd. If 36 horses can perform a work in 6 days, how many can perform the same in 
18 days? By the former rule, 


18: 5:; 36 horses: a horses = 10 horses, 


It is plain that by these two single rulc-of-three operations, the correct answer to 

the questionis obtained ; but it is more readily obtained by the following arrangement :— 

: 33 12 x 33 x 5 

. ; 5 :: 12 horses a 

The fourth term of this compound proportion, as it is called, being got by multiplying the 

third term by the product of the conseguents, and then dividing by the product of the 

antecedents ; and it is by the same multiplications and divisions that the final result is 

arrived at in the two distinct statings above. This more compact form of working is 
described in the following rule :— 

Rviz.—Put for the third term that one of the given quantities which is of the 
same kind as the quantity sought, just as in the single rule of three. 

Phen taking any pair of the remaining quantities like in kind, complete the stating, 
as if for the single rule of three, paying no regarid to the other quantities, or rather con- 
sidering them to remain the same. 

Then take another pair, ike in kind, as a new antecedent and consequent to be 
placed under the former pair; these, with the third term above, completing a second 
single rulc-of-three stating. And procecd in this way till all the pairs are used. 

Multiply the third term by the product of all the consequents, and divide the result 
by the product of all the antecedents, and the answer will be obtained. 

Fach given anteccdent and consequent is of course to be regarded as an abstract 
number. It is convenient to tndiezte merely the several multiplications, at first, to place 
the divisor under the dividend, in the form of a fraction, as in the above example, and 
then, before performing the operations, to expunge factors common to numerator and 
denominator. 

Examprr.—lIf £15 12s. pay 16 labourers for 18 days, how many labourers will 
£35 2s. pay, at the same rate, for 24 days ? 

As the answer is to be 2 certain number of labourers, the given 16 labourers is to be 
the third term; then taking days for the first antecedent and consequent, and money 
for the second antecedent and consequent, attending to whether either consequent should 
be greator or less than its antecedent, asin the formor rule, the operation is as follows :—— 


Ph 125. a 28. i :: 16 labourers: 27 labourers. 
20 20 


horses = 10 horses. 


$12 702 
16 x18 x 7 102 ab ex mixx 351 ab, == 


94 B15 lab. = 27 lab. 


therefore 
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The 18 is placed in the second term, because fewer labourers are required for 24 
days, the work being the same, than for 18; and the £35 2s. is placed in the second 
term, because more labourers can be paid for that sum than for £15 12s., the time being 
the same. Ifthe question had been worked by two single rule-of-three statings, we 


should have had 
16 x 18 lab. 


Ist. 24:18 ::16 lab.: ea" 


: 8 te lab. gale = 27 lab. 


2nd. 312: 702 : eee 
24 x 312 





You see, therefore, that the double rule of three merely compounds the several single 
proportions into one; it is thus called compound proportion. 

T add two examples for exercise in this rule :— 

1. If 8 persons can be boarded for 16 wecks for £42, how long will £100 support 
6 persons at the samc rate ?—Ans. 5082 weeks. 

2. Ifa family of 13 persons spend £64 in butcher’s meat in 8 months, when meat is 
64. per lb., how much money, at the same rate of consumption, should a family of 12 
persons spend in 9 months, when meat is 64d. per lb. ?—Ans. £72. 

In this example, there would bo three separate statings, if the question were worked 
by the single rule of three; these are here to be compounded into one. 

Decimals.—It was observed at the commencement of this treatise, that in our 
system of arithmetic numbers are expressed in the decimal notation, and the reason for 
this designation was stated :—it is simply this—namcly, that the unit of any figure in 
@ number is always ten times the unit of the figure in the next place to the right. Thus, 
in a number consisting of unit-figures—as for instance, in the number 1111—the second 
unit, beginning with right-hand one, is 10 times the first, the third 10 times the second, 
the fourth 10 times the third, and so on; or beginning with the first on the left, the 
second is the tenth part of the first, the third the tenth part of the second, and so on 
till we come down to the last unit, which is merely one. Now, we may evidently 
extend this principle still further; and, on the same plan, may represent one-tenth or 
one, one-tenth of this, or one-hundredth of one. one-thousandth of one, and so on, by 
simply putting some mark of separation between the integers and those fractions. The 
mark actually used is a dot, thus: 1111:1111. The unit next the dot, on tho left, is 
1; the unit one place from this on the left is 10; the next is 100; the next, 1000; and 
soon. In like manner, the unit one place from the 1 on the right, is py, the next 45, 
the next sy45, and so on. This being agreed upon, it is easy to interpret such a number 
a8 36°427 : it is 36 + +4 + yaa + ro50; cach figure, to the right of the point, being a 
fraction of known denominator; the denominator being 10 for the first figure, 100 for 
the second, 1000 for the third, and so on. The eum of the fractions represented by the 
decimal °427, above, is obviously +44; in like manner, the fraction expressed by ‘2643 
is ~it45; and in general the denominator of the equivalent fraction is always 1 fol- 
lowed by as many zeros as there are decimal places, the numerator being the number 
itaelf, when the prefixed dot, or decimal point, as it is called, is suppressed. You will 
thus easily see that the following are so many tdentities—namely :— 

24°6 == 24,8,; 136°54 = 136454,; 73°641 = 73yo445; 2°07 == Aygy, ke. 

Any decimal may therefore be converted into its equivalent fraction at sight ; it will 
be shown presently how any fraction may be converted into its equivalent decimal, 
though not with the same rapidity. 
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lt is pretty evident that whatever whole number be prefixed to a decimal, the same 
may be prefixed to the numerator of the fraction which replaces that decimal: thus, 
taking the values above, we have 
24°6 == 349; 136°54 = 19854 ; 73°641 = Yad? ; 2°07 = 392, &e.; 
for this is only reducing the foregoing mixed quantities to improper fractions. 


To reduce a Proper Fraction to a Decimal, 


Rvuxiz.—Annex a zero to the numerator, and then actually divide by the denomina- 
tor: if there be a remainder, annex another zero, and continue the division, still 
annexing a zero, either till the division terminates without remainder, or till as many 
decimals as are considered necessary are obtained; the quotient, with the decimal point 
before it, will be the value of the fraction in eis 

For example: letit be required to express fin decimals; theope- 83000 
ration is that in the margin. That $ = °376 1s easily proved; for 3 375— 
= 3288 ; consequently, dividingnumeratorand denominator by 8, we 3 
have 3 == 4445 = 375, from the very nature of decimals. Ifan ¢mproper fraction had been 
chosen, the operation would clearly have becn just the same, only 
there would have been an integer prefixed to the decimal: thus, the 8)19-000 
operation for 49 would have been as here annexed, showing that 9.375 
19 == 2°375. We nced not take the trouble of actually annexing 
the zeros, as here: it is enough that we proceed as if they were inserted, as in the mar- 
ginal work, for reducing x4 to a decimal; where it is plain, from 
the roinainders that 54 would recur continually; so that +4 is 11)6 
equal to a recurring decimal; tho recurring period being 54. As 65454, &e. 

a final example, let it be required t) convert $y into a decimal. ’ 
When onc 0 is annexed to the 8, tho divisor 113 will go xo times ; therefore, the first 
decimal place is to be occupied with a0. Annexing now asecond 113)8 (07079, &c. 
0, the next decimal figure is 7, and the work procecds as in the 791 

margin: the noughts boing suppressed, though conceived to be 


annexed to the 8, and brought down ono at a time, as in ordinary 791 
division. The quotient shows that .#,=='07079, &c.: the decimals = 
may be carried out to any oxtent; but if we stop the work here, Hae 

the error cannot be so great as ‘00001; that is, it is less than eu 
rodeos: but it is obvious that, by continuing the work, we can 78, &c. 


make the error as small as we please. 
The following are a few examples for exercise :— 


(1.) 48=1°875. (2) yig="4875. (3.) 33=°275. 
(4,) yg="08125. 5.) yby="076923, &c. —(6.) yoga = "00488, &c. 
Addition. Subtraction. 
Addition and Subtraction of Decimals.—The rules 23°628 14-705 

for these fundamental operations are in reality the same as ae 39281 
those for integers. We must here be careful not only to place 0042 -10°7760 
units under units, tens under tens, and so on, but also to placo 75 
tenths under tenths, hundredths under hundredths, &c.: that is, the ——— 1°34 
decimal points must all range under one another in the same 28'5015 0657 
vertical line. This attended to, the operations are just the same 1°2743 
as those with integers. See the operations in the margin. 
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Multiplication of Decimalsa.—Multiplication requires no special rule. The 
multiplier is to be placed under the multiplicand, just as if both were integers, no 
regard being paid to the decimal points. The only thing to be attanded to is the 
marking off the proper number of decimal placcs in the product; and this is a very 
easy matter. We have seen that a number involving decimals is, in fact, a fraction 
with that number, the decimal point being suppressed, for numerator, and 1, fol- 
lowed by as many ciphers as there are decimal places, for denominator. Two such 
fractions multiplied together, being the product of the numerators divided 


by the product of the denominators, will therefore be a fraction of 23-462 
which the denominator is 1, followed by as many ciphers as there arc in 17°31 
both factors. Consequently, in the multiplication of decimals, as many 53462 
decimal places ere to bo marked off in the product as there are decimal 70386 
places in doth factors. 1641234 


The example in the margin will suffice for illustration. As thors are eee 
three decimals in the multiplicand, and two in the multiplier, yire are 4095-12722 
marked off in the product. 

Division of Decimals.—Tlus operation, like that of multiplication, is the same 
for decimals as for integers; and the way to cstimate the number of decimal places in 
the quotient is sugecsted by the plan adopted in multiplication. 

All the decimals employed in the dividend, iucluding, of course, whatever ciphers 
may have been added to it to carry on the divisivn, are to be counted. Wo have then 
only to provide so many in the quotient, that when added to the 
number of them in the divisor, we may have just as many as in the 2°39) 23°621 (10-0515 
dividend. oe 

If the quotient figures, though ali be considered as decimals, be 





121 
too few in number to make up, with those in the divisor, the number 175 
in the dividend, then ciphers sufficient for this purpose arc to be 35 
prefixed to the quotient figures, and the decimal point to be placed 035 


before them. See the second example in the margin. In the first 
of these examples, six have been used in the dividend, and as there IL! 
are two in the divisor, there must be four in the quotient, which is il 
therefore 10°0515. ‘The last decimal, 5, is a little tuo great, but it 





we t 


a 


~I 


824)'86 (-0265 
is-easy to see that if we had made it 4, the error in defect would have 648 
exceeded the present error in excess; and in limiting the number of eG 
decimals, we always mako the Jast figure as near the truth as pos- fant 
sible. In the second example, five decimals have been used in tho Shoes 
dividend; and as thero is but ove in the divisor, four are required in 176 
the quotient; and to make up this numbcr, a cipher is prefixed. 1620 
The quotient is, therefore, (0265, as far as the decimals have been 14)” 


carried: that is, to four places. 
The following examples will serve for exercise in theae two rules :-— 
(1.) -821096%-2465 = 079150164. (2.) 464°3x-00521 = 2°419008, 
(8.) 56°10833 — 17-371 = 8°23. (4.) 2419008 + 464-3 = -00621, 


Extraction of the Square Root.—if a number be multiplied by iteclf, the 
product is called the second power, or the square, of that number. If this alao be 
multiplied by the same mumber, the product is called the third power, or the ewe of 
that number: and so on for the fourth power, fifth power, &o. This raising of 
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powers, which is also called involution, is thereforo nothing more than the multi- 
plication together of equal factors, and is casy enough. But the reverse operation— 
that is, to find the factor which, involyed in this manner, shall preduce a given number 
—is a problem not so readily disposcd of. The factor roferred to is called the 
root of the power; so that the reverse problem spoken of is the problem of tho 
extraction of roots. ‘To extract the syyare root of a given number, is to finda numbcr 
which, when squared, or raised to the second power, or, which is the same thing, 
when multiplicd by iteelf, shall reproduce the given number. The rule for this opera- 
tion is as follows :— 

Rvure.—Commencing at the units’ figure, cut off two figures, then two more, and so 
on, thus dividing the number into periods, as they are called. 

If tho number of figures be even, we shall therefore have two figures ia every 
period; but if odd, the first period, on the left, will have but a single foams, 

Take the square root of this first period, or find the root of the nearest square to it, 
which nearest square is not, however, to be greater than the number forming the first 
period. The root thus found will be the leading figure of the root of the proposed 
number, and the square of this leading figure is to be subtracted from the first 
period. 

To the remainder annex the second period: the resulting number will be the jirst 
dividend, and the divisor for it is to be found as follows :— 

Put tavice the root-figure, just found, in the divisor’s place; the leading portion of 
the complete divisor will thus be obtained. This le: adings portion, as in common divi- 
sion, is cnough to suggest the corresponding quotient-figure, which is now to be found, 
and annexed to the former root-figure, and a/sv to the leading portion of the divisor 
employed in finding it. the divisor will then be completed; so that proceeding as in 
common division, a second remaindcr will be obtained, to which the next period beiny 
united, a second dividend will result. 

To find the corresponding divisor, put twice the number, of two jigures, now in the 
root's place, in the divisor’s place: we shall thus have the leading portion af the com- 
plete divisor, by aid of which a third root-figure may be found; which, as before, is to 
be annexed to the former root-figures, and also to the incomplete divisor, in order 
to complete it; and the work is to be then carried another step, as in common division ; 
and so on, till all the periods have been brought down, and annexed, stcp after step, to 
the successive remainders, thus supplying the successive dividends. If there be a 
remaindcr aftcr all the periods have been brought down, the operation may be con- 
tinued by annexing successive periods of ciphers to the successive remainders, or 
successive pcriods of the decimals in the given number, should any bo there: in 
either case, the root-figures become decimals from the time that ciphers or decimals are 
annexed. 

As the root multiplied by itself produces the criginal number, the decimal places in 
the root must, of course, always be just half as many as have been employed in deter- 
mining it. And the root is only to be regarded as an approszimation to the truth, 
whenever a remainder is left at tho step where the work tertninates. As in division of 
decimals, the departure from strict accuracy may be made as minute as we please by 
extending the decimals of the root. 

Here follow three examples, worked by these precepts : the first is to find the squaro 
root of 459684, the second to find the square roet of 31640625, and the third to find the 
square root of 3°65, 


40 SQUARE ROOT. 
(1) 4596,84(678 (3.) 8 -85(1-910497, &ec, 
127)996 29)26E 
889 261 
1848)10784 381)400 
10784 381 
(2.)  31,64,06,25(5625 38204)190000 
25 152816 
106)664 3820893718400 
686 8438801 
1122)2806 3820987)27959900 
2244 26746909 
11245)56225 1212991, &c. 
56225 


The symbol for the operation of the squaro root is /; which is no doubt a degc- 
nerated form of r, the initial letter of the word radiz, or root: it appears from the 
foregoing operations that 

/459684 = 678 ; /31640625 = 5625; +/3-65 = 1910497, &c.; 
the last root being true as far as the sixth decimal place. 


By the same process it is found that 
(1.) 478256 = 687936. (2.) +784:375 = 280067. (3) 11 = 3°316625. 
(4.) 3236068 = 5688645. (5.) V7944 = V794-2 = 2818155425. 


I here terminate this introductory treatise on the general principles of arithmetical 
computation. The plan of the present work has precluded the possibility of any cxten- 
sive application of these principles to the various particular objects usually considered, 
under special heads, in books entircly devoted to Arithmetic. But I believe nothing 
has here been omitted which can be considered as essential to the Glear understanding 
of these practical inquiries; for a comprchensive view of which, in moderate compass, 
the learner is referred to the work mentioned at page 29; and, for further remarks on 
the philosophy of the subject, to Professor De Morgan’s “ Elements of Arithmetic.” 

Those who wish to inquire into the early history and progress of Arithmetic, should 
consult Peacock’s elaborate article in the “ Encyclopedia Metropolitana,” and De Mor- 
gan’s “ Account of Arithmetical Books ;” also, Leslie’s ‘‘ Philosophy of Arithmetic,” and 
Delambre’s “ Arithmétique dcs Grécs,” or the Review of it in No. XXXYV. of tho 
“‘ Edinburgh Review.” 

To those especially who regard the literature of Arithmetic, this latter work, and tho 
able review of it to which I have alluded, will afford matter of the highest interest ; 
since the Greeks were ignorant of our system of decimal notation, and marked their 
rumbers by the letters of their alphabet. 

The explanation of the proccss above given, for the extraction of the square root, 
Will be found in the ALGEBRA—the department of science to which the investigation of 
the principle of it properly belongs; and it is to this subject that the learner must refer 
for the necessary particulars respecting the cube-root. 
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A TABLE 


OF THOSH FACTORS OF THE COMPOSITE NUMBERS FRoM 75 TO 10000, WHICH PALL 
WITHIN THE LIMITS OF THE MULTIPLICATION TABLE. 














No. Factors. No. Factors. No. Factors. 

75 5 5 8 405 9 9 5 1029 TO ts 8 
98 77 2 432 12 9 4 1056 1211 8 

105|¢°7 6 8 44) 97 7 1078 11 7 7 2 
112 8 7 2 448 8 8 7 1089 ll ll 9 

125 5 6 6 462 11 7 6 1125 9 6 6 5 
126 9 7 2 484 11 11 4 1134/° 99 7 2 
128 8 8 2 486 9 9 6 1152 1212 8 

135 9 5 3 495 11 9 6 1155 11 7 & 8 
147 77 8 504 9 8 7 1176 ae ae a 
154 11 7 2 §12 8 8 8 © |i 1188 1211 9 

162 9 9 2 526 7 6 & 8] 1218 9 9 6 8B 
165 11 & 8 528 1211 4 1226 7 7 6 6 
168 8 7 8 539 117 7 1232 11 8 7 2 
175 7 5 6 567 9 9 7 1296 1212 9 

176 11 8 2 576 1212 4 1323 97 7 8 
189 9 7 3 588 12 7 7 1331 11 11 11 

192 12 8 2 694 11 9 6 1344 8 8 7 8 
196 7. o4 605 ll ll 6 1372 777 4 
198 11 9 2 616 11 8 7 1375 W 56 6 6 
216 12 9 2 626 5 6 5 6&4 1386 119 7 2 
224 8 7 4 648 9 9 8 1408 11 8 8 2 
225 9 6 5 672 12 8 7 1452 12 11 11 

231 11 7 8 675 9 56 5 81] 1468 9 9 9 2 
242 1111 2 686 7 7 7 2] 1485 119 & 8 
243 9 9 8 693 119 7 1512 9 8 7 8 
245 77 ~«56 704 11 8 8 1536 8 8 8 8 
252 12 7 8 726 11 11 6 1568 8 77 4 
256 8 8 4 729 9 9 9 1575 9 7 5 6 
264 11 6 4 735 7 7 6 81\ 1584 12 12 11 

275 1l 6 6 756 1229 7 1617 1177 8 
288 1212 2 768 12 8 8 1694 1111 7 2 
294 7 7 6 784 8 7 7 2} 1701 9 9 7 8 
297 ll 9 8 792 1211 6 1715 777 6 
308 1l 7 4 825 11 5 & 8 || 1728 12 12 12 

315 9 7 5 847 ll 11 7 1764 9 77 4 
324 9 9 4 864 122 9 8 1782 119 9 2 
336 12 7 4 875 7 5 & § || 1792 8 8 7 4 
343 77°79 882 9 7 7 21) 1815 1111 6 8 
352 11 8 4 891 11 9 9 1848 11 8 7 3 
863 1111 3 896 8 8 7 2] 1875|5 56 5 5 8 
375 6-5 & 3i]| 924 1211 7 1926 11 7 5 6 
378 | 9 7 6 945 9 7 6 3 1986 1111 4 4 
384 8 8 6 968 1111 8 1944 99 8 8 
3885 | 11 7 65 972| 12 9 9 2016 98 7 4 
392 8 7 7 1008 | 1212 7 2025 99 65 & 
896 ll 9 4 1024 8 § 8 21H 2048 § 8 8 4 
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No Factors No. Factors, Factors. 
| 2058! 7 7 7 6 | 3872] 1111 8 4 | 6386] 11 9 8 8 
2079 | 11 9 7 3 | 3888; 9 9 8 6 | 6468/ 1211 7 7 
2112] 11 8 8 3 | 3969} 9 9 7 7 |! 6534] 1111 9 6 
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PLANE GEOMETRY. 
THE ELEMENTS OF EUCLID: BOOKS I.—vtI. 


In order to acquire clcar conceptions of a point, a line, and a surface, with the deii- 
nitions of which Euclid scts out, it will be best for the learner to consider them, at 
first, in connection with a solid; that is, with something that has length, breadth, and 
thickness. All external objects—things that can be scen and felt—aro solids; and 
however small the solid may be, it must have some length, somo breadth, and some 
thickness: using theso terms in their ordinary acceptation—that is, in the sense in which 
they are used in common discourse. 

The boundaries of a solid arc called the surfucc, or the superficies, of the solid; and, 
as a boundary, cannot have thickness ; because, if it had, it would be a part of the colid, 
and not a side, or face, or houndary of it: it follows that a surface can have length and 
breadth only. 

Again: the surface itself has its bowndarics, or limits: these boundarics are called 
lines: and as a boundary of a surface cannot have either breadth or thickness, since it is 
no part of tho surface, much less a part of the solid, it follows that a line has length 
only. 

Lastly, a line has its limits—a beginning and a termination: we speak of these, in 
common language, as the crds of the line. Euclid calls them potnts; and it is plain 
that a point, being no part of tho line, cannot have length; and as breadth and thick- 
ness are excluded even from the linc itself, it follows that a point has no dimensions or 
magnitude. It mercly indicates position; the position, namely, of the commencement or 
termination of a line. 

Euclid frequently speaks of taking a point 7 a linc, without meaning an ertremity 
of the line; but we may conccive a linc to be crossed, or cut by other lines, and thus to be 
divided into shorter portions. Each portion has its extremities; so that we may con- 
ceive as many points in the line as we please. We cannot represent length only to the 
eye; it is necessary, therefore, in contemplating the black marks on paper, by which 
lines are represented, entircly to disregard the dreadth of them ; and to fix the attcntion 
upon the dength alone: the eye may see breadth and thickness; the mind takes note of 
length only. a 


BOOK I. 
DEFINITIONS, 
i. 


A point has no magnitude: it has position only. 


Tl. 
A line is length only. 
pets 


A straight line is that which lies even/y between its extreme points. 
It is distinguished by uniformity of direction : a straight line is a stretched line. 
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IV. 
A surface, or superficies, is that which has length and breadth only, 


v. 
Thereforo the boundaries of a surface are lines. 


VI. 


} 
A plane surface, or simply a plane, is that in which, whatever two points be taken, 
the straight line, having these points for extremities, lies wholly in that surface. 


VII. 


A plane rectilineal angle is the opening between two straight lines, avhich meet 
together, but which do not unite so as to form one continued straight line. 


Thus the two straight lines A B, C B, mect each other in the point B, forming an opening, of 
which B A and BC are the boundaries, or limits: this opening is 
called a plane rectilineal angle, or simply an angle. aA 
The two straight lines A B, C B, in the second representation, also Pa 
meet each other; but they form 
no opening or angle; they unite 
j——______-¢ in forming a continued straight pS 
B line, AC. 
An angle is sometimes referred to by simply naming 
the letter, placed at the point in which the 








lines forming the angle meet: in this way 


A 
reference is made to the angle B, or the D 
angle F, meaning the opening between 
BA, BC, or that between FD,FE. But 
if there be two or more openings, or angles re 
penings, ’ 7 rs | ars 


at the same point, this mode of reference 

will not do: the sides, or boundaries, of the particu- 

lar one of those angles meant, must also be pointed 

out. Thus, if we wish to refer to the angle whose sides A 
are BG, BH, attention must, insome way, be distinctly 
directed to these sides; because, as there are several 


G 


angles at B, a reference to this point alone would be 
insufficient. The plan adopted is this: not only the oe 
letter (B) at the verter of the angle, as this point is ! 
called, is used, but the other two Ictters (G, H) which Cc! 
mark the sides of the angle—the former letter being m 

always placed between thesetwo. Thus GBH, or II BG, 

means the angle whose vertez is B, and whose sides are B G, BH. In like manner ABH, 
or HBA, refers to the angle whose vertex is B, and whose sides are BA, BH: but there is | 
no necessity to use three letters to denote an angle when thero are no other angles at the | 
same point or vertex. 


| 
| Vimr, 
When a straight line (A B) standing on another straight 
line (C D) makes the adjacent angles (A BC, A BD) equal to 
one another, each of the angles is called a right angle; and 
the straight lines are said to be perpendicular to each other, 
Thus the two lines, AB, CD, are perpendicular to each other. C B 
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1. 


An obtuse angle ‘is that which is 


greater than a right angle. | \ 


x. 
An acute angle is that which is less than a 


right angle. 
| XI. ™ 


A figure is that which is enclosed by one or 
_ more boundaries. 
RII. 

A circle is a plane figure enclosed by one line, which is 
called tho circumference of the circle: it is such, that all 
straight lines, drawn from a certain point within the figure 
to the circumference, are equal to one another. 


XIII. 
This point is called the cestre of the circle. 


And any line drawn from the centre to the circumference is 
called a radius of the circle. 





XIV. 
A diameter of a circle is a straight line drawn through the centre, and terminated 
both ways by the circumference. 
A radius is therefore half the diameter, or a semtdiameter. 
XV. 


A semictrele is the figure contained by a diameter and the part of the circumference 
cut off by the diameter. 


| 
! 


XVI. 
Rectilineal figures are those which are enclosed by straight lines only. 


XVII. 
Trilateral figures, or triangles, are enclosed by three straight lines. 
XVIII. 
Quadrilateral figures, by four straight lines, 


XIX, 
Multilateral figures, or polygons, by more than four straight lines. 
The term polygon, however, is often employed as a general name for reotilineal figures of all 
kinds, without regard to the number of the sides; so that the rectilineal figures defined . 
above may, without impropriety, be called polygons of three and of four sides respectively. 


xx. 


An equilateral triangle is that which has its three sides equal, 
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XXI. 
An tsosceles triangle has two of its sides equal. 
zxX0. 
A scalene triangle has its three sides unequal. \ 


XXII. 





Bees ae ee Le ieee. 


A right-angled triangle has one of its angles a right ae 


XXIV 
An obtuse-angled triangle has onc of its angles obtuse, 
or greater than a right angle. 





| 

aAXY. 

An acute-angled triangle has each of its angles acute, or Icss | 

than a right angle. \ 
EXVI1. . 


Of four-sided figures, a sgvare is that which has all its sides equal, 
and all its angles right angles. 


Ifthe four sides are equal, and only one of the angles affirmed to be right, 
the other three angles must be right, of necessity, as will be hereufter {__ _ i 
proved ; this definition is therefore redundant. 


XXVII. | | 
A rectangle is that which has all its four angles right angles, whether 
its sides b2 equal or not. 


XXVIII. | 
A rhombus is that which has all its sides equal, but ita angles 
are not right angles. 


XXIX. 


A rhomboid is that which has its opposite sides equal to one 
another, but all its sides are not equal, nor its angles right angles. 
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XXX, 


Parallel straight lines are such as are in the same 
plane, and which, being produced ever so far both ways, 
do not meet, 





XXXI. 


If each pair of opposite sides of 2 quadrilateral he pee ee aia” 
parallel lines, the figure is called a parallelogram. a / 


It will be seen hereafter that squares, rectangles, rhombuses, and rhomboids, are all 
parallelograms. 


XX-XIL. 


All other four-sided figures, besides those 
here defined, are called trapeziums. 


XXXII. 





A line drawn across a figure, joining two 
opposite corners, or vertices, is called a diagonal. 


POSTULATES, 


I 


Let it be granted that a straight line may be drawn from any one point to any 


other point. 
Il. 


That a terminated straight line may ‘be prolonged to any length m a straight line. 


HI, 


And that a circle may be described from any centre, at any distance from that 
centre. 


AXIOMS. 


I, 


Things which are equal to the same thing are cqual to one another. 


1; 
If equals be added to equals, the wholes will be equal. 
WT. 
If equals be taken from equals, the remainders will be equal. 


Iv. 
If equals be added to unequals, the wholes will be unequal. 


v. 
If equals be taken from unequals, the remainders will be unequal. 





oe eee ee 
ee ee po i 


~~ 
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VI. 
Things which are double of the same are equal to one another. 


vil. 
Things which are halves of the same are equal to one another. 


VIIl. 
Magnitudes which coincide, or which may be conceived to coincide, with one 


another, are equal, 
IX. 


The whole is greater than its part. 
Xx. 


Two straight lines cannot enclose a space. 
XI. 
All right angles are cqual to one another. 


MARES AND SIGNS USED FOR ABBREVIATION. | 
== is the sign of equality, and signifies that the quantities between which it is 
placed are equal. 
+- is the sign of addition, and signifies that the quantitics between which it is 
placed are to be added. 
— is the sign of subtraction, and implies that the quantity after it is te be sud- 
tracted from the quantity before it. 


”, stands for the word therefore, or consequently. 

Besides these marks the following contractions are also frequently used; namely, 
ax. for axiom ; post. for postulate ; prob. for problem ; theo. for theorem ; prop. for propo- 
sition ; const. for construction ; and hyp. for hypothesis, Q.E.D. stands for “ Quod erat | 


demonstrandum,” which was to be demonstrated. | 


PROPOSITION I.—PrRoBLeM. 


To describe an equilateral triangle (A B C) upon a given finite straight line (A B). 
* Post.3. With centre A, and radius AB, describe the circle BCD;* and with 
centre B, and the same radius, BA, describe the circle 


ACE. Cc 
From C, the point in which the circles cut each other, VA 
* Post, 1. draw CA, CB,* the triangle ABC shall /* 

be equtlateral. B B 
+ Def.12. Because A is the centro of the circle BCD, 
* ax. ). AC =AB,+ and because B is the centre 


of the circle ACE, BO==AB, .., AC==BC ;* s0 that AC, BC, 
AB, are equal to one another, consequently the triangle 
ABC is equilateral, and it is described upon AB, which was to be done. 


PROPOSITION II.—Prostem. 


From a given point (A) to draw a straight line (AL) equal to a given straight 
line (BC). 
* Post.1, From Ato B draw AB,* and upon AB describe the equilateral tri- 





- om 


“henna, EUCLID—BOOK I. 49 








¢ Pr. 1. ‘angle BDA.* With centre B, and radius BC, describe the circle 
+ Post. 3. CGH,+ and produco DB to meet it in K 


G. Again: with D as centre, and DG as radius, describe 
the circle GK L, and produce DA to meet it in 
* Post. 2, L;* AL shall be equal to BC. 


Because B is the centre of thecircle CGH, BC= 

+ Def. 12. BG.+ 

Because D is the centre of the circle GKL, DL= \/ L 
DG. 

¢ Const. But DA, DB, parts of DL, DG, are also equal, * <4 y 

+ Ax. 3. .’, the remainders, A L, BG, are equal ;t+ 80 mG 


that AL, BC are each equal to B G, and are, consequently, 
* Axl. equal to each other.* Wherefore, from the given point, A, a straight 
line, AI., has been drawn equal to BC. Which was to be done. 


PROPOSITION III.—Proxsiem. 


From the greater (AB) of two given straight lines (AB and C), to cut of a part equal 
to the less (C). 
* Pr. 2. From A draw AD=C,* and with 
centre A, and radius AD, describe the circle 
+ Post. 3. DE F,t cutting off AE from AB: 
AE shall be=C. 
Because A is the centre of the circle DEF, 
* Def. 12. AE=AD.* But C=AD,t..AE 
+ Const. and C are each==A D,.°.A E=C;* 80 
eee that from the greater line, AB, a 
part, AE, has been cut off, equal to the less, C. Which 
aas to be done. 





PROPOSITION IV.—Txuzrorem. 


If two triangles (ABO, DEF) have ‘two sides (AB, AC) of the one equal to two sides 
(DE, DF) of the other, each to each; that is, AB=DE, and AC=DF, and have 
likewise the angles contained by those sides equal, that ts, the angle A==the angle D, then 
their bases or third sides (BC, EF) shall be equal, and also their other angles each to 
each, namely, those to which the equal sides arc opposite, that ts, the angle B=the angle 
E, and the angle O==the angle F ; the surfaces of the triangles shall also be equal. 

For, conceive the triangle A BC to be laid upon, or applied to, the triangle DEF 

so that the point A may be on D, and the line A B 


on DE; then tha point B shall fall on E, be- 

* Hyp. cause A B= DE.* And AB thus 

coinciding with DE, AC must fall on DF, 

¢ Hyp. because the angle A=the angle D ;+ 

also the point © must fall on F, because A C= 

__* Hyp. DF.* But B was proved to coin- 
i ao. 6U°:# ¥ 


cide with E; and since B coincides with E, and ¢ 

CO with F, the base BC must coincide with the 

base EF, otherwise the two straight lines BC, EF, thus made to coincide at their 
¢ Ax.10, extremities, would inolose a space, which is impossible; f .". the dase 
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Ax. 8. BOC, cotnoiding with the base EF, ts equaltoK F.* Moreover, since the 
two lines A B, B C coincide with the two D E, KE F, the angle B coincides with the 
angle E; and since the two lines A C, C B coincide with the two D F, F E, the angle 
C coincides with tho angle F;.°. the angle B= the angle E, and the angle C = the 

*Ax.8. angic F.* And as tho triangle A BC thus coincides, in every respect, 

+ Ax.8 with the triangle D E F, the surfaces of the triangles must be equal ;+ 
.. of tivo triangles, &, Q.E.D. 


PROPOSITION V.—Turorem. 


The angles (ABC, ACB) at the base (BC) of an tsosceles triangle (ABC) are equal ; 
and tf the equal sides (A B, AO) be prolonged, the angles (D BC, ECB) upon the other 
side of the base shall be equad. 

In BD take any point, F, and from AE, the greater, cut off AG=AF, the 
* Pr. 3, less ;* and draw FC, GB. 

+Const. Because FA=GA,t and AC =A B*,.F A, AC are equal to GA, AD. 
* Hyp. cach to each; and the angle A is common 

to both the triangles AFC, AGB;..FC==GB,t+ the angle 
tPr.4 AC F =the angle ABG,t and the angie 

AFC =the angle AG B,f these being the angles to which 

the equal sides are opposite. 

Again: because the whole AF==the whole AG, and 

that the parts AB, AC are cqual, the remainders BF, CG 
* Ax.3. are equal;* and it was proved that FC = B C 

GB, .-, the two sides B F, FO, are equal to the two CG, GB, 

cach to cach: it was also proved that the angle B F C =the 
f Pr. 4. angle C GB, ,, the angle FBC = the angle GCB,t+ 

and the angle BC F ==the angle CBG. And since it was 

dernonstrated that the whole angle A BG== the whole angle D 

ACF, the parts of which, the angles CBG, BC F, arc also 
* Ax.3. equal, .°. the remaining angle AB C= the rematning angic AC B.* These 

are the anglos at the dase of the isosccles triangle A BC, and the angles F BC, GC B, 

before proved to be equal, are the angles on the other side of the base. PES the angles 

at the base, &. Q.E.D. 

ConoxLany.—LEvery egutlateral triangle is equiangular. 


PROPOSITION VI.—Tuzorgm, 


If two angles (ABC, ACB) of a triangle are equal, the sides (AC, AB) which subtend, 
or are opposite to, the egual angles shall be equal. 
For, if A B be not equal to A C, one of them, as A B, must be the 
* Pr.3. greater. Leta part BD, oqual to AC, the less, be cut off, # 
and draw DC. Thon, because in the triangles DBC, AC B, DB = 
AC, and BC common to both, the two sides D B, BC are =the two ey 
sides AC, CB, each to cach; and the angles DBC, ACB are 
* Hyp. equal;* .°. the triangle D BC =the triangloA C B,+ 
+ Pr. 4. a part to the whole, which is absurd. Therefore, A B, 
AC are not unequal—that is, they are equal; .-. if two angles, &o, B 
Q. E.D. 
Con.—Every eomiangular triangle is equilateral, 


— 
mea qs 


A 


we 
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PROPOSITION VII.—TuxoneEm. 


Upon the same base (AB), and on the same side of it, there cannot be two triangles 
(ACB, ADB), having their sides (AC, AD), which are terminated in one extremity 
of the base, equal to one another, and likewise (BC, BD) those which are terminated 
in the other extremity, 

Join CD: then, in the case in which tho vertex of each triangle is without the 
* Hyp. other triangle, because AC==AD,* the angle 
+Pr.5. ACD=ADC.+ But the angle ACD is greater C 

than the angle BCD, which is only a part of it; .. the angle D 

ADC is greater also than BCD: much more, then, is the 

angle BDC greater than BCD. Again: because BC = 

! * Hyp, BD,* the angle BDC=BCD;f¢ but it has 

| + Pr.5. been demonstrated to be greater than BCD, ae = 

| which is impossible, ... iz thie case it ts impossible that AC 
| se AD, and likewise BC=BD. 

| But if one of the vertices, as D, be toithin the other triangle, prolong AC, AD 

, * Hyp. to E,F. Then, because A C=AD* in the 

| trianglo ACD, the angles ECD, FDC, upon the other 

| +Pr.5. side of the base CD, are equal; but the 
| saxo, angle ECD is greater than BCD,* .. FDCis 
| likewise greater than BC D: much more, then, is BDC greater 
| + Hyp. than BCD. Again: becauseBC==BD,+ the 
| *Pr.5. angle BDC=BCD;* but BDC was proved 

| greater than BC D, which is impossible, .°. in this case also + 

| is impossible that AC== AD, and likewise BC= BD. 

| Tho case in which the vertex of one triangle is upon a 

| +Ax.9. side of the other, necds no demonstration.f 

' Therefore, upon the same base, &c., Q. E. D. 


PROPOSITION VIIJ.—THrorem. 

Lf two triangles (ABC, DEF) have twoesides (AB, AC) of the one equal to two sides 
(DE, DF) of the other, each to cach, and have likewise their bases or third sides 
(BC, EF) equal, then the angle (A) contained by the two sides of the one shall be cquai 
to the angle (D) contained by the two sides equal to them of the other. 

For if the triangle A BC be applied to DEF, so that the point B may be on EF, and 
BC on EF, the point C shall coincide 
*Hyp. with F, because BC =EF.* 


A p & 
And BC thus coinciding with EF, BA 
and AC must coincide with ED and 
DF; for if the base BC, coinciding with 
EF, the sides BA, AC could fall other- 
wise than on ED, DF, and havo different 
j i c & ¥F 


situations, as HG, GF, then upon the samo 

base EF, and on the same side of it, there 

could be two triangles having tho sides ED, E G, terminated in one extremity of the 

base, sm to one another, and Uihewise the sides FD, FG terminated in the ather 
+Pr.7. extremity. But this is impossible ;+.’. if the bases coincide, the remaining 
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sides cannot but coincide, and .*. the angle A must coincide with the angle D, and be equal 
® Ax.8. ¢0%t.® Therefore, tf two triangles, &. Q.E.D. 


PROPOSITION IX.—Prozrem. 
To bisect a given rectilineal angle (BAC); that is, to divide it into two equal angles. 
*pr.3, Take any point Din AB, and from AC cut off AE=AD:* draw DE, and 
+ Pr.1.  uponit describe an equilateral triangle D EF,+ 
so that the vertex F may be on the opposite side of D E to 
the vertex A. Draw A F, then AF shall bisect the anglo 
BAC. 

.* Const. Because AD=AE,* and that AF is com- 
mon to the two triangles DAF, EAF: the two sides 
DA, AF are =the two sides EA, AF, each to each, 
and the base DF =the base EF; .°. the angle DAF 

*Pr.8. scsthe angle EAF;*.", the given angle BAC 
ts bisected by the straight line AF. Which was to be done. 





PROPOSITION X.—Prostem. 


To bisect a given finite straight line (AB); that ts, to divide tt into two equal parts. 


* Pr.1. Upon AB describe an equilateral triangle ABC,* and bisect the angle 
+ Pr.9. ACB by the straight line CD;+ AB shall be cut into 


two equal parts in the point D. ; 
Because C A==C B, and CD common to the two triangles AC D, 

BC D, the two sides C A, C D are = the two C B, CD, each to each; 

and the angle AC D==the angle BCD;.°. the base AD=the 
* Pr. 4. base BD ;* .°. the given line AB ts divided into two equal Re D % 


parts in the point D. Which was to be done. 


PROPOSITION XI.—Prosrenx. 


To draw a straight line at right angles to a given straight line (AB), from a given 
point (C) in it. 
Take any point D in AC, and make CE=CD. Upon DE describe an equilateral 
* Pr.l. triangle DFE,* and draw CF; CF 
shall be at right angles to A B. 
Because D C=: EC, and that F C is common 
to the two triangles DC F, EC F; the two sides 
DC, CF are==the two EC, CF, each to each, 
and the base D F == base EF; .*, the angle DCF 
* Pr. 8 = angle E C F,* and they are adja- 
cent angles, But when the adjacent angles which 
one straight line makes with another are equal, 
t Def.8. each is called a right angle;+.°. from the given point C in the given straight line ! 
AB, a straight tine CF has been drawn at right angles to AB. Which was to be done. 
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PROPOSITION XII.—Prosiem. 


To draw a straight line perpendicular to a given straight line (AB) of unlimited length, 
Srom a given point (C) without tt. 


Take any point D upon the other side of AB, and with centre C and radius C D | 
* Post.8. describe the circle E G F* 
mecting AB in F,G: bisect FG in H,t 
+ Pr. 10. and join C, H. 3 
The straight line CH shall be perpendi- 
culer to AB. 
Draw CF, CG. Then because FH = 
* Const. GQH,* and HC common to the 
two triangles FHO, GHC, the two sides 
YH, HC are=the two sides GH, HC, 
cach to each, and the base C F = the base 
+ Def.12, CG;+.’. the angle C H F = the 
*Pr.8 adjacent angle C H G ;* each of 
them is .’.a right angle,t and consequently C H ts perpendtewar to 
Tee AOR st <. from the given point C a perpendicular C H to the given line AB 
has been drawn. Which was to be done. 





PROPOSITION XIII.—TxHeorem. 


The angles which one straight line (A B) makes with another (DC) upon one side of tt, are 
either two right angles, or are together equal to two right angles. 


For the angle A BC is either equal to A B JD, or it is not. 

* Def. & If ABC be=ABD, each tsa right angle,* But if they are not equal, 
from B draw BE at right angles to _ 

+ Pr. NU. DC:+ then the angles ae oe 
EBC, EBD are right angies, also nN 
EBC=EBA+ABC. To each : 
of these equals add EBD, .°. EBC 
+E BD=EBD+EBA + 

* Ax. 2, ABC.* Again: ABD 
=EBD+EBA. Add ABC to 
cach of these equals, .. A B D + 
ABC=EBD+EBA4+ 

+Ax.2, ABC;+ but it was demonstrated that EBC + EBD are equal to the 

*Ax.1. latter three angles, -.A BD+ ABC=EBD+EBC:®* that is, the two 
angles ABD, ABC are together equal to two right angles. 

Therefore the angles which one straight line, &. QED. 

Cor. 1.—It is manifest from this, that if two straight lines cross one another, 
forming four angles at the point of intersection, these four angles are together equal 
to four right angles. 

Cor. 2.—And moreover, that if in astraight line any point between its extremities 


D 3B Cc 


—— 
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be taken, from which any number of straight 
lines are drawn, some on one side and some on 
the other, all the angles thus made at the point 
will together be equal to four right angles; those 
on one side of the proposed line being together 
equal to two right angles, and those on the other | 
side equal also to two right angles. 





PROPOSITION XIV.—TuHxonem. 


If at a point (B) ta a straight line (AB) two other straight lines (BC, BD), upon | 
opposite sides of tt, make the adjacent angles (ABC, ABD) together equal to two right : 
angles, the two straight lines (BC, BD) shall be tn one and the same straight line. | 


For, if BD be not in the seme straight line with C B, let BE be in the same straight 
line with it. Then because A B makes, with the 
straight line C BE upon one side of it, the angles A 
ABC, ABE, these arc together = two right 
* Pr. 13, anglos.* But ABC, ABD are 
+ Hyp. likewise together =two right angles,t 
*ax.i ..ABC+ABE=ABC+ABD.* 
| Take away the common angle ABC, and there 
f dass. tomins ABE = ADD the lee ~© B 


by 


to the greater, which is impossible; .°,.BE is mot 

in the samo straight line with BC. And in like manner may it be proved that no line, 
except B D, can be the prolongation of C B;...C B, BD are tn one and the same straight 
line. Wherefore, tf ata potnt, &. Q.E. D. 


PROPOSITION XV.—Tuxroxnem. 


If two straight lines (AB, CD) cut one another, the vertical (ar opposite) angles shall be 
equal; that is, AEC== DEB, and CEB=AED. 


I 
| 
| The angles which A E makes with C D, on one side of it, are together equal to two 
| * Pr. 13. right angles;* that is, AE C+ 


AE D=two right angles. Again: the angles © . 
which DE makes with AB arc also together ———_=> B 
+ Pr. 13. equal to two right angles ;* that D 


is DEA+ D EB = two right angles; .’. 
tAx. 1, AEC+AED=DEA+DEB.+ Take away the common anglo 
* Ax. 3. AED, and there remains AEC=DERB.* And ina similar manner it 
may be proved that CEB==AED. Therefore, if two straight lines, &. Q. EH. D.' 


- 
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PROPOSITION XVI.—THEOREM. 


If one side (BC) of @ triangle be protonged, the exterior angle (ACD) shall be greater than 
either of the interior opposite (or more remote) angles (BAC, ABQ). 


* Pr. 10. Bisect AC in E* draw BE, which prolong, and make EF =equal 
+Pr3. BE:t jom FC. 
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* Const. Because AE=CE,* and EB=EF;* AE,EB are=CE, EF, cach toench; 
+ Pr. 15. andthe angle AEB==CEF;+ ..AB . 
tr. 4. ==CF,tand the angleA=ECF:} but x 
ACD is greater than ECF,..A CD ts greater 
than A; .’.if one side, BC, of a triangle be pro- 
longed, the exterior anglo AC D is greater than the 
interior angle A opposite to the side prolonged: but 
if the side prolonged be AC, the exterior angle 
will be BCG, and tho intcrior angle opposite, ABC; 3B Cc 
.,BCOG is greater than ABC. But ACD= 
«pris. BCG,* “, ACD is greater than 
ABC; and it was beforo proved that ACD is 
greater also than A, ... AC D ts greater than either 
of the interior opposite angles BAC, ABC. There- 
fore, if ane side, &. Q.E.D. 


PROPOSITION XVII.—Txerorem. 


Any two angles of a triangle (ABC) are together less than two right angles. 


Prolong one of the sides, as BC to D; then the exterior angle AC D is grcater than 
* py. 16, the interior opposite angle B.* To 
cach of these add ACB; then ACD, ACB are in 
+ Ax. 4, together greater than B, AC B;+ but 
ACD, ACB are together equal to two right 
* py, 13, angles;* .. B, ACB are together less 
than two right angles. And if BA be prolonged, it 
may be proved, in like manner, that A, Baretogcther 7 > 
loss than two right angles; or if CA be prolonged, 
that A and AC B are together less than two right 
angles. Therefore, any two angles, &c. Q. E. D. 


PROPOSITION XVITI.—Txronmm. 
The greater side of every triangle (ABC) is opposite to the greater angle. 
Tict AC bo greater than AB; the angle ABC shall be greater than the angle C. 
From AC the greater cut off AD = AB the less, n 
and draw BD. Then because ADB is an exterior 
augle of the triangle B DC, it is greater than 
*P.16, C:* but A DB=ABD,t+ ... the angle 
+ Pr. 5. ABD is likewise greater than C; much 
more, then, is the angle ABC greater than C. There- 
fore, the greater side, &. Q.E. D. B 


PROPOSITION XIX.—TuE0ReEM, 


The greater angle of every triangle (ATSC) ts subtended by the greater side, or bas the 
greater side opposito to it. 


Lt the ktieie B be greater than C; then AC shall be greater than AB. 








ain 
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For, if it be not greater, AC must either be 
equal to A B, or less than it. If it were equal, 

*pr.5. the angle B would=C;* but it is 
not, ... AC ts not==-AB. If it were ess, the angle 

+ Pr. 18, B would be less than C ;+ but it is not, .°. 
AC is not less than AB; and it was shown that it is 
not equal to AB, ... AC ts greater than A B, .”. the greater 
angle, &c. Q. EB. D. 


| 
| 
Q 


PROPOSITION XX.—Tuxonmm. 

Any two sides (BA, AC) of a triangle (ABC) are together greater than the third side (BC), 

*Pr. 8. Prolong one of the two sides. as BA, to D, and make AD == AC,* the 
other of the two sides: join D, C. 

+ Pr. 5. Because AD=AC, the angle ACD=D;+ D 
but the angle BC D is greater than ACD, ... BC Dis greater 
than D. And because the angle BC D of the trianglo D BC is A, 
greater than the angle D, and that the greater angle is sub- 

*Ppr. 19, tended by the greater side,* the side BD is 
greater than BC: but BD=BA-+AD=—BA-+ AC, .-, 
aye ts greater than BC. Therefore any two sides, &c. 


Q 
PROPOSITION XXI.—Tnreorem. 


If from the ends of a side of a triangle there be drawn two straight lines (BD, CD) to a 
point within the triangle, these shall be together iess-than the other two sides (AB, AC) 
of the triangle, but shail contain a greater angle. 

Prolong BD to E. The two sides BA, AE of the triangle ABE are together 
* Pr. 20, greater than BE.* To each of these unequals 
add EC, ... BA, AC are greater than BE, EC. Again: the 
two sides CE, ED of the triangle CED are together greater 
+ Pr. 20. than C D.t To each of these add DB,.’, 

CE, EB are greater than CD, DB. But it was shown that 

BA, AC are greater than BE, EC; much more then areB A, AC 

greater than BD, DC. Again: the exterior angle BDC of 
* Pr. 16. the triangleC DEisgreaterthanCED;* andthe 8 

exterior angle C E B of the triangle A B Eis greater than BAC:* 

much more then ts BDC greater than BAC. Therefore, if from the ends, &. Q.E. D. 


PROPOSITION XXII.—Prosiem. 


To make a triangle of which the sides shall be equal to three given straight lines (A, B,C), 
* pr. 20. cach to each, but any two of these must be greater than the third.* 


Take a straight line DE, terminated at the 
point D, but unlimited towards E, and make 

+Pr.3. DF==A, FG=B, andGH=C.t+ 
With centre F and radius FD describe the 
circle DKL; and with centre G and radius 
GH describe the circle HKL, cutting the 
former in K. Draw K F, KG: the triangle 
KF G has its three sides equal to tho threo 
lines A, B, C. 


G, 


B 


ys 


Cc 
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Because F is the centre of the cirlo DEL, FD=FK; but FD=A,... 
FK=— <A. Again: because G is the centre of the cirle LKH, GH = GK; but 
GH=C,..G@K=C; but FG=B, .-. the sides of the triangle K FG are equal 
to A, B, ©, each to cach. Which was to be done. 

Notr.—It is plain that the circles could not cut unless their radii were together greater than the 
distance between their centres: if such were not thecase, they would be wholly without one 
another. And if the distanee of the centres, together with one radius, were smaller than or 
equal to the other radius, one circle would be wholly within the other: the hypothesis pre- 
cludes both of these circumstances. 


PROPOSITION XXIII.—Prosuzm. 


At a given point (A) ina given straight line (AB) to make an angle equal to a given 
angle (C). . 
In CD, C E take any points D, E, one in 


cach, and draw DE. Make the triangle AFG, y a 
the sides of which shall be equal to those of 
CDE, namely, AF=CD,AG=CE, and FG= 
* Pr. 22. DE;* then the angle A shall be equal 
to C, 5 xe J ra 
B 


Beeause AF=CD, AG=CE, and FG= 
* Pr. 8 DK, .*, the angle A= the angle C,* ., at 
the given point, &c. Which was to be done. 


PROPOSITION XXIV.—Turorem. 


If two triangles (ABC, DEF) have two sides (AB, AC) of the one equal to two sides 
(DE, DF) of the other, each to coch, but the angle (BAC) contained by the two sides 
of one of them greater than the angle (EDF) contained by the two sides equal to them 
of the other; the base (BC) of that which has the greater angle shall be greater than the 
base (EF) of the other. 


Uf the two sides DE, D F, let DE bo the side which is not greater than the other. 
* pr, 23, Make the angle EDG=A,* and 
+Pr.3, make DG=ACorDF.+ Draw 


A D 

EG, GF, and let H bo the point where EG is | 
cut, either by DF or by DF prolonged. 

Because D E is not greater than DG, the angle 

* pr, 19. D.GE is not greater than DEG ;* 
but D H G ts greater than DEG,..DHG is 
greater than DGH, and... DG is greater than 5 c = G 

F 


+Prig9. DH;t but DF=DG, .. DF is 

greater than DH,... HGF ts @ part of DGF. 

Again: the two sides BA, AC are = the two ED, DG, each to each, and the 
*Hyp. & Const. angle A=EDG,*...BC==EG. And because DF=DG, the 
+ Pr. 5. angle DFG=DGF:+ but it was proved that DGF is greater than 


EGF, .. DFG is greater than EGF; much more then is EF G greater than EGF, .", 
in the triangle FEG the angle EFG is greater than EGF,.’. EG is greater than 


*Pr.19, E F;* but, as already proved, EG = BO, .. BOC ts greater than E F. 
Therefore, ¢f two triangles, &c. Q. E. D. 
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PROPOSITION XXV.—Tunorum. 


If two triangles (ABC, DEF) have two sides (AB, AC) of the one equal to two sides 

(DE, DF) of the other, cach to each, but the base (BC) of one greater than the base 

(EF) of the other, the angle (A) contained by the sides of that with the greater base shalt 
be greater than the angle (D) contained by the sides equai to them of the other. 

! 


For if A be not greater than D, it must be cither * » 
equal to it or less. A is not egual to D, for then 
*Pr.4 BC would bb = EF;* but it is not. 
A is not dess than D, for then BC would be lessthan [| 
tigp, EF :* but it is not.+ As therefore 
\| it is neither equal to nor less than D, A must be 5 cf 
F 


greater than D, .°. tf tevo triangles, &. Q.E.D. 


PROPOSITION XXVI.—Tuxonra. 

If two triangles (ABC, DEF) have two angics (B, C) of the one equal to two (E, F) of the 
other, each to each; and one side equal to one side, vis., either the sides (BC, EF) adja- 
cont to the equal angles, or the sides (AB, DE) opposite to equal angles in each ; then 
shall the other sides be equal, each to each, and also the third angle of the one to the third 
angle of the other. 


First let BC = EF, the sides adjacent to the 


angles that are cqual cach to each. Then if ~< 4 
AB, DE be wnegual, one of them must be the 
greater. Let AB be the greater, and make 6G 
* Pr. 3. BG=DE,* and draw GC: then 
+ Hyp. because BG=ED, andBC=EF,+ 
and that the angle B==E, .’. the angle GC B= 
* Pr. 4, F:* but the angle ACB=F,t.. 5 c O£ . 


+ Hyp. the angle GC B=ACB, the less to 
the greater; which is impossible; .. AB ts not unequal to DE, that is, it ts equal to tt, .°. 
in the two triangles ABC, DEF, the two sides AB, BC and the included angle B in 
the one, are respectively equal to the two sides DE, EF and the included angle E 

* Pr. 4. in the other, .. AC== DF, and the angle A=D.* 

Next let AB=DE, the sides opposite to equal 


angles; in this case, likewise, the other sides shall + * 
be equal, namely, AC=DF, and BC=EF; and 
also the angle BAC=D. For, if BC, EF be 
unequal, let BC be the greatcr, and make BH 
* Pr. 3. == EF.* Join A, H: then because 
BH=EF, and AB=Dk, the two AB, BH= 
“B H c &5 


DE, EF, each to each; and they contain equal 

*Pr.4, angles; ... AH=DF,* and the angle 

te", BHA=EFD: but EFD=BCA,t .. BLA=BCA, the exterior angio 
equal to the interior and opposite, which is impossible;* .-. BC is not unequal to EF, .’, 
BC=EF: and AB=DE, .’. the two AB, BC=DE, EF, each to each; and they 
contain equal angles, .., AC == DF, and BAC==EDF, .°. sf two triangles, &e. Q.E.D. 
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PROPOSITION XXVII.—Tuxonam. 


| Uf a straight line (EF) falling upon two other straight lines (AB, CD) make the alternate 
angles (AEF, EF D) equal, these two straight lines shall be parallel. 


| For, if they be not parallel they will meet, B 

when prolonged, either towards B, D, or ~ 
' towards A, C. Let them be prolonged and r G 
' mect in the point G; then GEF willben © D 


triangle, and its extcrior angle AEF must 
* Pr. 16. be greater than the interior and opposite angle EFG;* but it is also equal 
+ Hyp. to it,+ which is impossible; ... AB, CD, when prolonged, do not meet 
towards B, D. In like manner it may be proved that they do not meet towards A, ¢, .°. 
* Def. 31. they areparallel,* .:. if a straight line, &. Q. ELD. - 


PROPOSITION XXVIII.—Txeorzm. 

Lf a straight line (EF) falling upon two other straight lines (AB, CD) make the exterior 
angle (EGB) equal to the interior and opposite angle (GHD) upon the same side of the 
line; or make the tnterior angles (BGH, GHD) upon the same side together equal to 
two right angles; the two straight lines (AB, CD) shall be paraticl. 


Because the angle EG B= the angle GHD,* and EGB=AGH,+.:.AGH = 
* Hyp. GHD; and these are alternate angles, 


: Re ey AB ts paral? to CD.* F 


Again: because the angles BGH, GHD are 
together == two right angles,* and that AGH, 
* Hyp. BGH are together also = two right 
+ Pr. 18. angles +... AGH + BGH=BGH 
+GHD. Take away BGH, then AGH = 
GHD, and these arc alternate angles, .*. AB ts 
Pr. 27. parallel to CD,* .. of a@ straight line, 

&. Q.E. D. 


Norr.—Propositions XXVII. and XXVIII. elearly prove the existence of parallel 
lines, or of lines such that, however far they be prolonged, they can never meet. And 
by aid of the first of these propositions, if a straight line be given, one parallel to it may 
always be drawn (sce Prop. XXXI.) But, to proceed further in the doctrine of parallel 
lines, requires assent to a principle which must now be formally stated, and unhesi- 
tatingly admitted as true: it is the principle affirmed in Euclid’s twelfth axiom. In 
most editions of Euclid, this is placed, with the other axioms, at the commencement of 
the Book. It has been here kept out of view till it can no longer be dispensed with; 
and this has been done because, in the first place, we should not be called upon to give 
assent to what concerns anything, of the possible existence of which there may be rea- 
sonable doubt: till he has reached Prop. XXVII. (which proposition is all-sufficient for 
the construction of Prop. XXXI.) the lcarncr may fairly question whether it be possible 
for what are called parallol lines to exist: he now knows that parallel or never-meeting 
lines may be actually drawn. 

In the next place, from the property demonstrated in Proposition XVII., namely, 
that any two angles of a triangle are together less than two right angles, he knows— 
what he could not know at an carlier stage of his progress—an important particular 
respecting a pair of mecting-dines, crossed by a third line, namely, that in e pair of 
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meeting-lines the two interior angles on one side of the crossing line are together Jess 
than two right angles ; and, as a consequence (Prop. XXVIII.), that when these interior 
angles are together egual to two right angles, the lines crossed must be non-meeting, or 
parallel lines. It is the converse of the first-mentioned property that he ia now to be 
called upon to receive as true; viz., thatifastraight line, crossing a pair of lines, make 
the two interior angles, on the same side of it, together less than two right angles, the 
pair crossed shall be meeting-lines. This is the twelfth axiom, and is thus expressed 
in Euclid :— 

Axiom XIJ.—If a straight line meets two straight lines, so as to make the two 
interior angles, on the same side of it, taken together, less than two right angles, theso. 
straight lines, being prolonged, shall at length meet upon that side on which are the 
angles that are less than two right angles. 

The propositions already referred to enable us to see distinctly what it is that this 
axiom assumes, and moreover inform us that the assumption is, at least, perfectly 
consistent with demonstrated truth; and that it itself is necessarily true, must be ad- 
mitted, upon reflecting for a moment upon that peculiarity of a straight line, really 
implied in its designation, though not expressly adverted to in its definition—tts unde- 
viating sameness of direction. 

It is obvious, from this uniformity of direction, that if two straight lincs, however 
far prolonged, never meet, then, at no part of their course, can either make any approach 
* towards the other ; for if two straight lines approach one another, their continuance in 
the same undeviating directions necessitates their mecting, if indefinitely prolonged, 
We cannot doubt this, and yet have an accurate conception of an unlimited straight 
line ; since uniformity of direction must enter that conception. It follows, therefore, 
that parallel lines must be, throughout, equidistant lines. But two distinct straight 
lines, through the same point, cannot be throughout equally distant from a third; so 
that two straight lines, through the same point, cannot doth be parallel to the same 
straight line. It has been seen (Prop. XXVIII.) that one (C D) is parallel to another 
(A B), if the interior angles (B G H, D H G) be equal to two right angles; a second 
(H K), which would cause the intcrior angles (B G H, K H G) to be /ess than two right 
angles, being a distinct line from C D, must therefore meet A Bif prolonged. And this 
is the assertion of the twelfth axiom. 


PROPOSITION XXIX.—Txeonrem. 


If a@ straight line (EF) fall upon two parallel straight lines (AB, CD) tt makes the 
alternate angles (A GH, GHD) equal ; and the exterior angle (E G B) = the interior and 
opposite (G HD) upon the same side ; and likewise the two interior angles (B GH, GHD) 
upon the same side together = two right angles.—[See the preceding diagram. | 


For if A G H be not = GH D, one of them, as AGH, must be the greater. Add 
the angle B GH to each of them, .. AGH + BGH are greater than BG H+ GHD. 

* Pr. 13, But AGH + BGH = two right angles,* ... BG H + GH Daro less 

+ Ax. 12, than two right angles, .-. AB, C D, if prolonged, will meet,+ which is 
impossible, since (by hypothesis) they aro parallel; ... AGH is not unequal to GHD, 

* Pr. 15. that ts, itis equal to tt, Again: AGH = EGB,*..EGB=GHD. 
Add to each of these BGH, .. EGB+BGH=GHD + BGH; but EGB + 

t Pr. 18, BGH = two right angles,t .. BG H+ GH D = too right angles ; 
.”. of @ straight line, &c. Q. E. D. 
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PROPOSITION XXX.—-THEOREm, 


Straight kines (AB, OD) which are parallel to the same stratght line . F) are parallel ° 
to each other. 
Let the straight line GH K cut AB, EF, 
CD: then, because A B is parallel to E F, the 
°Pr.29 «angle AGK=GH F.* and 
because EF, CD arc also parallel, the angle 
+ Pr.298. GHF=GKD,+..AGK=GKD, 
°*Pr.27. = ABts parallel toC D,* .". straight 
lines, &. Q. E. D. 





PROPOSITION XXXI.—Prosiem. 

To draw a straight line through a given point (A) parallel to a given straight line (BC). 

In BC take any point D: join AD; and at the point Ain AD make the angle 

* Pr. 23. DAE=ADC;* and prolong EA 
to F; then EF shall be parallel to BC. 

Because A D, falling upon EF, BC, makes the 
alternate angles EAD, ADC equal, EF ts pa- 

* Pr. 27. raliel to B C,*.°. through the given 

point A aline EF parallel to BC is drawn. Which 
was to be done. 





PROPOSITION XXXII.—TxEoREm. 


If a side (BC) of a triangle (A BC) be prolonged, the exterior angle (A CD) is = the 
two interior and opposite angles (A, B) ; and the three interior angles of every triangle are 
together = two right angles. 

* Pr. 31. Through C draw CE parallel to A B;* then the alternate angles 
+ Pr.29. BAC, ACE are equal;t and 
because BD falls upon the said parallels, the A E 
exterior angle E C D is == the interior and opposite / 
* Pr. 29. angle ABC:* and it was proved 

that ACE= BAO, .°. the whole exterior angleA CD 

=A+B, both the tntertor and opposite angles. To 

each of these equals add A C B,... ACD+ACB= 

A+B+ACB: but ACD+ACB= two right 

* Pr. 13, angles, * .*. the three angles of the 

triangle are = two right angles, .*. if a side of a triangle, &c. Q. E. D. 

Cor. 1.—All the tntertor angles of any rectilineal figure, together with four right 
angles, are —= twice as many right angles as the figure has sides. 


For, any rectilineal figure ABC DEcan be divided into D 
as many triangles as the figure has sides, by drawing straight 
lines from a point F within the figure to each of its vertices. 4 
And, by the preceding prop., all the angles of these triangles € 


aro == twice as many right angles as there are triangles; that 
is, as there are sides of the figure. But these same angles File. 
are equal to the angles of the figure together with the angles A B 
at F, the common vertex of the triangles; that is, together 
ess with four right angles;*.°. all the angles of the figure, together with 
Sour right angles, are = twice as many right angles as the figure has sides. 
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Coz. 2.—All the exierwr angles of any rectilincal figure are together == four right 


Because every interior angle A BC, with its adjacent exterior angle ABD, is = 
*Pr.13. two right angles, * .°. all the intertor ++ all 
the exterior are = twice as many right angles as there are 
sides to the figure; that is, by the above corollary, to all 
the interior angles ++ four right angles, .°. adl the exterior 
angles are = four right angles. 
This remarkable property can scarcely fail to arrest the 
student’s special attention; as, previously to its demon- 
stration, he would be little likely toexpect that ifthesidesof D 7m C 
a rectilineal figure be prolonged, one after another, the 
exterior angles thus formed would have the same amount 
whether the figure had three sides, or three thousand. 


PROPOSITION XXXIIT.—Trrorem. 


The straight lines (AC, BD) which join the extremities of two equal and parallel straight 
lines (AB, CD) towards the same parts, are also themselves equal and parallel. 


Draw B C, which joins the extremities of the parallels towards opposite parts; then the 
* Pr. 29. alternate angles ABC, BC Dare equal.* 
And because AB = CD, and BC common to the two anes iae aee 
triangles ABC, DCB, the two sides AB, BC and “ 
the included angle are respectively = the two DC, 
+ Pr. 4. CB and the included angle; .. AC=BD,t 
and the angle ACB = DBC; and these are alternate 
* Pr. 27. angles, ... A Cis parallel to BD;* and it was shown that AC =BD;..-. the 
straight lines, &c. Q. E. D. 


U Ly 


PROPOSITION XXXIV.—THEoREM, 


The opposite sides and angles of a parallelogram AC DB are equal, and the diagonal (B C) 
bisects it ; that is, divides it into two equal parts. 


Der.—A parallelogram is a four-sided figure, of which the opposite sides are parallel; and the 
diayonal is the straight line joining two of its opposite vertices. 


Because AB is parallel to CD, and BC mvets 


* Pr, 29. them, the angle ABC = DCB;* and A B 
because A C is parallel to BD, and BC meets them, 

+ Pr. 29. the angle ACB =DBC,f .. the two Si 
triangles ABC, DCB have two angles ABC, ACB, CG 7) 
in the one = DCB, DBC, in the other, each to cach, 
and the side BC, adjacent to the equal angles, common to the two triangles; .. AB = 

* Pr. 26. CD, and AC=BD; and the angle A=D.* Again: because the angle 
ABC =DCB, and the angle DBC = ACB, .°. the whole angle ABD= the whole angle 
ACD; and it was proved that A= D, .°. the opposite sides and angles of a parallelogram 
are equal, Also the diagonat bisects it: for it has been shown that the triangle ACB 
has two sides, and the included angle A = respectively to two sides, and the included 

* Pr.4. angle D in the triangle DBC, .-; these triangles are equal,* .’. the dia- 
gonal BO diwides the parallelogram into two equal parts. 
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PROPOSITION XXXV.—Turonem, : 


Paralelograms (A BOD, EBCF) upon the same base (BC) 
and between the same parallels (AF, BC) are equal. 
Suppose, first, that the sides AD, EF, opposite to the 

base BC, terminate in the same point D; then, since each 
* Pr. 34, parallelogram is double of the triangle BD C,* 

the parallelograms are equal. 
Next, let the sides AD, EF terminate in different 
Pr.34. points, D,E; then AD=BC, and EF=BC,+.. AD=EF, and DE 
is common, .*. the whole, or A D_ F A K_J) K 
remainder, A E=the whole, | 
or remainder, DF: also AB 
¢ rst. =DC,#..AE,AB 
=DF, DC, each to each; also 
+ Pr.29. theangleA= =FDC it 
‘. the triangle EAB=triangle FDC. Take tho triangle EAB from the trapezium 

ABCF, and from the same trapezium take the equal travels FDC: the remainders 

must be equal; that is, the parallelogram EBC F=the paral grane kD CD; .°. paralielo- 

grams upon the same base, &. Q.E.D. 


A ~ dD ¥ 


B Cc 





PROPOSITION XXXVI.—Tur0oreEM. 
Parallelograms (ABCD, EF GH) wpon equal bases (BC, FG) and between the same 
paralieds (AH, BG) are equal. 


Draw BE, CH. Then because BC=FG, = 
ond FG=EH;..BC=EUH; and theso are + W li 


parallels, and joined towards the same parts by ea 
BE, CH, ... EB, HC are equal and paral- 
* pr. 33, Icl,* .. EBC H is a parallelogramt Yah 
Pr. 34 it is = C f 
+ Pr.34 and it ia=ABCD,* alco EBCH | 


*pr.35, =H EGH,* .. the parailedogram B C. G 
ABCD=EFGH,.". parallelograms upon equal 


bases, &c. Q.E.D. 


PROPOSITION XXXVII.—Turonem. 


Triangles (ABC, DBC) on the same base (BC) and between the same parallels 
(EF, BC) are equal. 


‘This proposition is only a particular case of that which follows; and as the particular is not 
mado use of in the more general demonstration, it may be omitted, as quite superfluous. 
Prop. XXX VIII. proves that triangles between the same parallels are equal, provided only 
that their bases are equal, without any restriction as to whether the bases coincide or not. 
Whatever is proved as to egual things is, of course, proved when the things are not only equal, 
but identical. Prop. XXXV. is, like the present, only a particular case of that next in 
order, but the proof of the latter requires that the particular case be previously established ; 
so that, although Prop. XXXVI. really includes Prop. KXXV., yet Prop. poe mast not 
on that account be suppressed. 

The enunciation of the present useless proposition is retained here, solely in order that Euclid’s 
subsequent propositions may not be disturbed. 





em 
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| Equal triangles (ABC, DEF) on the same side of the same straight line, and having equal 


mee ee te 
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PROPOSITION 
Triangles (ABC, DEF) upon equal bases (BC, EF) and betwoon the sane paralisis 
(BF, GH) are equal, 
* Pr, 31, Through Bdraw BGparalleltoCA,* GC A =) iat 





and through F draw FH parallel to ED,* the 
lines thus drawn terminating in GH. Then 
+ Pr.34, GBCA, DEFH are parallelograms,t 
Def. and, being on equal bascs, and be- 
tween the same parallels, they are equal, * .°. “ = 
* Pr, 36. their halves are equal, that is, che 
triangle ABC=the triangle DEF, .. triangles upon equal bases, &. Q.E.D. 


PROPOSITION XXXIX.—THEOoREM. 


Equal triangles(ABC, DBC) upon the same base (BC) and on the same side of tt, are between 
the same parallels. 
This proposition, like Prop.XXXVII., is superfluous ; it ig included in the next, 


PROPOSITION XL.—THEOoREM. 


? 


bases, are between the same parallels. 


Draw AD. Then if AD be not parallel to BF, A. D 
let some other linc AG be parallel to BF, and draw 

*Pr.38. GF, The triangie ABC = the triangle 
GEF,* as they are on equal bases and between the 
same parallels. But the triangle A BC =the triangle 

+Hyp. DEF,+ .:. triangle DEF = triangle 
G EF, though one is only a part of the other, which 
is impossible, .°. any other line AG is mot parallel to BF, ... AD ts the parallel to BF 
drawn from A, .*. equal triangles, &. Q.E.D. 


Notr.— Whether the supposed parallel, AG, be considered to meet E D, or ED prolonged— 
that is, whether AG be imagined on the one side of AD, or on the other—the reasoning 
remains the same. 





PROPOSITION XLI.—THEorsm. 


Lf @ parallelogram (A BC D) and a triangle (E BC) be upon the same base and between the 
same parallels, the parallelogram shall be double the triangle. 
Draw AC, then triangle A BC = triangle E BC, because 
*Pr.87. they are on the same base and are between the 4 ay E 
t Pr. 84. same parallels.* But ABCD isdoublethe (} £| £7 
triangle A BC,7.°. ABCD is also double the triangle EBC, 
. f @ parallelogram, &. Q.E.D. 
Norz.—The learner will perceive that this thorem is unnecessa- 
rily restricted to the case in which the bases coincide ; he may 


generalise it himself, proving that if a parallelogram and 
a triangle be upon equal bases, &c. 
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PROPOSITION XLII.—Pzosiz. 


To describe a parallelogram that shall be equal to a given triangle (ABC), and have one of 
, its angles equal to a given angle (D). : 


* Pr. 10. Bisect BC in E,* and make the angle CEF=D.+ Also through A 

+ Pr. 23. draw A FG parallel to BC, and through 

* Pr.31. ©, CG parallel to EF :* then FECG ie G 
is the parallelogram required. For draw AE: the 

+ Pr. 38. triangle A B E = triangle A EC,f¢ 
since they are on equal bases and between the same | 
parallels, ... triangle ABC is double the triangle /f, 
AEC. But FECG is likewise double the triangle ' 

* Pri4l, AEC,*.*. parallelogram FECG=itni- ? oS) oe 

+ Const. angle A BOC, and the angle C E F = D,t.:. a parallelogram has been described 
as required. 





PROPOSITION XULITI.—Tuzorem. 


The complements (B K, KD) of the parallelograms (EH, G F) which are about the diagonal 
(A C) of a parallellogram are equal. 
The parallelograms E H, G » through which the dingonal A C passes, are said to be about the 
diagonal, and the remaining parallelograms BK, K D, which make up the whole figure, 
are called the complements of the former. A 
Because B D is a parallclogram, and A C its diagonal, jE DD 
°Pr.34. +, triangle AB C=triangle ADC.* Again, " K a 
because EH is a parallelogram, .’. triangle A EK = 
t Pr.34 triangle A H K ;+ and, for a like reason, 
triangle KGC = triangle K FC, .. AEK + KGC= 
AHK+ KFC. But the whole ABC =the whole 
ADC, .*. the remainders—that is, the complements B K, 
K D—are equai, .". the complements, &. Q. E. D. 


PROPOSITION XLIV.—Prosrem. 


Lo a given finite straight line (A B) to apply a parallelogram which shall be equal to a given 
triangle (C), and have one of its angles equal to a given angle (D). 
Make the parallelogram B F = triangle C, ond having the angle E B G = 
* Pr. 42. 2D,* and so that BE may be in the same straight line with AB; and 
tPr.81. prolong FG. Through A draw A II, parallel to BG or EF,+ mecting 
the prolongation of FG in H, and draw HB. + 7 K 
Then because H F falis on the paralicls A H, 7 
EF, the angles AHF, HF E are together 
*Pr.29. == tworight angles,* ... BHF 
+ HFE are /ess than two right angles, .°. HB, CG 
tAx.12. FE, if prolonged, must meet.t n oe a 
Let them meet in K; and draw K L parallel H A L 
* Pr.31. to EH A, or FH;* andprolong | 
HA, GB,toL,M. Then LF isn parallelogram, of which the diagonal is H K; and 
LB, BF are the complements of the parallelograms AG, ME, about the diagonal, 
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t ae ng . LB=BF;+t but BF== C,* ..L Boel. And because the angle 
; Pris. GBE = ABM,+ and GBE=D,* ..ABM=D, .*. to the straight 
* Const. AB the parallelogram LB ts applied == C, and having an angle ABM = 


D. Which was to be done. 


PROPOSITION XLV.—Prosuem. 


To describe a parallelogram equal to a given rectitineal figure, and having an angle equal to 
a given angle (Ii). 

First, let the figure be a four-sided one, ABCD. Draw DB, and describe the 

*Pr.42. parallelogram F I = the triangle A D B, and having the angle K = E;* 
and to GH apply the parallelogram G M = the triangle D B C, having the angle G HM 

+Pr.4% c= E.t The figure FM shall be the parallelogram required. 

* Const. Because the angles K,G@ HM are each=E,* .. K=GHM. Add 
to each of these the angle K HG, .. K+ 
KHG=GHM+KHG;butK+KHG “%* D FS L 

+ Pr. 29. ==tworight anglcs,t ..GHM 
+ K HG = two right angles, and conse- be 
quently K H, H M are in the same straight . 

* Pr.14.  line.* And because H G meets : 
the parallels K M, F G, the angle MH G = Y 

+ Pr.29. HGF;+ add to each of these 3 oe 
the angle HGL, .. MHG+HGL=HGF+4 HGL; but the former are = two 

*Pr.29. right angles;* .. HGF -+H GL = two right angles, ... FG, GL aro in 

+ Pr.14. the same straight line.t And because KF, ML are each parallel to 

* Pr.30. HG, .. KF is parallel to ML,* and KM, FL are by construction 

+ Pr.34. parallel; ... F Mis a parallclogram.¢ And because the triangle A BD 

Def, =F H, and the triangle DBC =GM,* .-. the whole AC = the parallelo- 

*Const. oramFM. Again, let the figure be five-sided : then, having drawn DO, 
there will be, besides the four-sided figure AC, a triangle upon DC. A parallelogram, 
equal to this triangle, may be applicd to LM, just asGM=DBC was applied to 
GH; and thus, however numerous be the sides, a parallelogram may be described equal 
to the given rectilineal figure, and having the angle K = the gtven angle E. 

Cox.—From this it is manifest how, to a given straight line, to apply a parallelogram 
which shall have an angle equal to a given rectilineal angle, and shall be equal to a 
given rectilineal figure. 


PROPOSITION XLVI.—Prosiem. 
To describe a square upon a given finite straight line (A B). 

* Pr. 11. Draw AC at right angles to A B,* and make AD = 

+Pr.3. AB.t Through D draw DE parallel to AB, and © 

“Pr. 81. through B draw BE parallel to AD,* .. AE is 2 

+Pr. 84. parallelogram, .. AB= DE, and AD=BE;f but 
AB=AD, .*. the four sides A B, A D, DE, EB are all equal, .. D 
AE is equilateral, Likewise, all its angles are right angles; for, since 
AD meets the parallels AB, DE, the angles A +A D E= two right 

* Pro,  augles;* but A is a right angle,f .. ADE is a right 

+Const. angle; but the opposite angles of a parallelogram are 

“Pr. 84 equal,*.-. B, E are each right angles, .. the figureAE - 
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is rectangular, and it was proved to be egudlateral; its. a square, and. it is desoribed 
upon the given. straight line AB. Which was to be done. 

Con.—Henee, every parallelogram that has one right angle, has ell its angles right 
angles. 

Notx.—It may be easily proved that the figure A E is rectangular, provided it havé one right 
angle A, and that it be equilateral; for if the diagonal DB be drawn, the figure will be 
divided into two equal triangles (Pr. VIII.), ... A= H, .*. the triangles are right-angled 
isoceles triangles, and (Pr. V. and XXXII.) ench base angle is half a right angle, .*. the 
angles A, B, E, D are all right angles. Hence a square is a four-sided figure, which has all 
its sides equal, and one of its angles a right angle; that the other three are also right 
angles is demonstrable, as above, und ought not to be assumed in a definition. 


PROPOSITION XLVII.—Txuerorem. 


In any right-angled triangle (BAC), the square (BE) described upon the side (BC) sub- 
tending the right angle ts equal to the squares (BG, CH) described upon the stdes 
containing the right angle. 


* Pr. 46. The squares being described,* through A draw AL parallel to BD or 

+Pr.31, CE;t draw also AD, FC. Then, because BAC is a right angle,* and 

*Hyp. that BAG is also a right angle, CA, AG are in the same straight 

+Pr.14.  line.t Fora like reason, AB, AH are in the samo straight line. Now 
the angle DBC==F BA, cach being a right angle; 
add to oach the angle ABC, .. DBA =FBC; 
also the two sides A B, B D = the two F B, B C, 
each to each, .*. the triangle ABD = the triangle 

*Pr.4 FBC.* Now the parallelogram B L 
is double the triangle ABD, because they are on the 
same base BD, and between the same parallels BD, 

+Pr.41. ADL;+ and the square BG is double 
the triangle F BC, because these also are on the same 
base, and are between the same parallels FB, GC; 
but the doubles of equals are themselves equal, .°. 
BL= BG. 

In like manner, by Gravity A E, B K, it may bo 
demonstrated that CL=CH, .°. the whole square 
BE =the two squares BG, C H; that is, the square described upon BC ts equal to the 
squares described upon AB, AC, .°. in any riyht-angled triangle, &c. Q.E.D. 


PROPOSITION XLVIII.—Turorzm. 


If the square described upon (BC) one of the sides of a triangle (ABC) be equal to the 
-aguares described upon the other two sides, the angle (A) con- 
tained by these two sides ts a right angle. 


"Pr. 11. From A draw AD at right angles to AC,* and 
+Pr.3. make AD=AB,f¢ and draw DC. Then, because A 
AD=AB, the square of AD =the square of AB: to each of 
these add the square of AC, .°. the squares of AD, AC = the 
squares of AB, AQ. But the square of DC==the squares of 
"  * Pr. 47, AD, AO, Pome) AC ae right miele). 
‘quero of BC is by hyp. == the squares of AB, AC, .’. the square tiimmeens 





—_ 
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of BO, .. DC=BC. Hence, in the two triangles ABC, ADOC, there are two sides 
BA, AC in the one, equal to the two D A, AC in the other, each to each, and the base 
*Pr.8 BC equal to the base DC, ..the angle BAC==DAC.* But DAC is a 


right angle, ... BAC isa right angle, .-. ifa square, &. Q.E. D. 


REMARKS AND COMMENTS ON THE FIRST BOOK OF EUCLID. 


The following observations on the general character of geometrical reasoning, and 
on the First Book of Euclid in particular, are intended for the guidance and instruction 
of those whose acquaintance with the subject is limited to what has now bcen delivered. 
I think it very probable that, among such persons, there may be some who, however 
attentively they may have read the portion now completed, may yet have failed to 
perceive, so clearly as is desirable, the main object and intention of a courso of geo- 
motrical study. It is true that the demonstrations themselves are so free from 
obscurity, and so thoroughly convincing, that no doubt can remain on the mind of an 
attentive reader as to the truth of the sevcral conclusions arrived at; so that anything 
added to these demonstrations, by way of elucidation of the steps, or as confirmatory of 
the results, would be felt by the merest beginner to be an incumbrancce rather than an aid. 

There is no doubt, however, that Geometry is sometimes taken up with erroneous 
expectations as to what it teaches; and is read with a pliant docility of mind—a passive 
acquiescence in the dicta of the teacher—which Euclid himself would be tho first to 
condemn. It is chiefly for the purpose of guarding you against such mistakes that I 
append the following remarks to the first book of the elements. I should have prefixed 
them, could I have been quite certain that you would have been familiar with the geo- 
motrical terms I shall be compelled to employ. I offer them here in the expectation 
that you will give the foregoing part a second reading, guided by the additional light I 
hope here to give you, in reference to the objects and advantages of Geometry, and also 
as regards the truc spirit in which its principles should be studied. 


A youth, destined ultimately for some mechanical or scientific occupation, is told— 
and properly told—that, to excel in his calling, he must study Euclid; this study is 
usually associated in his mind with a case of mathematical instruments, with scalcs, 
compasses, parallcl-rulers, &c. Now, without expressly forbidding these things, it is of 
importance that he should be distinctly informed that, for aught that appcars to the 
contrary, Euclid never handled, or even saw, compasses, parallel-rulors, &c., in his life. 
It is certain that he gives no countenance to the use of any such mechanical contrivances 
in his work. Had Euclid been asked, there is no doubt that he would have declared 
his inability to describe a circle, and even to draw o straight line. What we call 
practical geometry Euclid was entirely regardless of; indeed the application of geometry 
to the practical business of life was viewed by the ancient geometricians rather as a 
degradation of the purely intellectual science they cultivated than as enhancing its 
value; and wo accordingly find that but few of Euclid’s problems, or practical construc- 
tions, are such as a skilful workman would follow. 

Important and extensive as are the practical applications of geometry, it should 
nevertheless be borne in mind that the Elements would have existed, just as they now 
do, if these applications had never been thought of. The availability of geometry in 
practice is merely a contingent and accidental circumstance, uncontemplated by the 
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gegmetricians, just as their theory of the conio sections was elaborated without any pro- 
spective regard to the future demands of physical astronomy, or to the discoveries of Newton, 

And it is right to contemplate geometry under this purely intellectual aspect, and to 
study it as a strictly abstract science. Practical operations are all more or less imperfect. 
There are imperfections of vision, of the hand, of the instruments employed. Pure 
Euclidean geometry telerates no such imperfections, however minute or unimportant 
they may be in a practical point of view. The circle of Euclid is a perfect cirele—such 
a circle, in fact, as no human being ever formed. In like manner, tho straight line of 
Euclid is rigorously what it is affirmed to be—yperfectly straight, and perfectly breadthless. 
You see, thercforo, that I was fully warranted in saying, as above, that Euclid could 
not describe a circle, nor draw a straight line; he has not, indeed, attempted to do 
either; the marks and diagrams which he exhibits to the eye, in connection with his 
reasonings, are nothing more than the outward symbols of what actually exists in the 
mind alone. And the truths of geometry become applicable to visible and tangible 
squares, circles, &c., only on the supposition or assumption that they are perfect copies 
of our intellectual conceptions of these things. A very able writer on Logic and Mental 
Philosophy (Mr. Stuart Mill) denies to the lines and figures of geometry tho perfection 
here contended for. Assuming that all our conceptions of form originate in our contem- 
plation of outward objects, which is no doubt true, he maintains that our idcas of 
squares, circles, &c., arc only copies of the confessedly imperfect forms presented to our 
eyes. I would submit, however, that the mind can conceive what it may surpass the 
powers of the hand to execute; and that we can imagine a perfection which art cannot 
attain, A mere approximation to the perfect form—which is all that can be presented 
to the cye—will suggest the practically-unattainable perfection to the mind ; and it may 
be safely asserted that the very infirmity of our visual organs contributcs to this per- 
fection ; since defects, too minute to be visible in the outward nest cannot possibly 
accompany the mental i impression of that object. 

I havo thought it right, in these introductory remarks, thus to state broadly, and I 
hope unambiguously, what the subject-matter of geometry really is. The objects with 
which it deals, and to which its reasonings are applicd, are our perfect mental concep- 
tions of figure, and not the imperfect pictured forms which, to help these conceptions, 
are traced upon the paper; these are merely the outward representations, or visible 
symbols, of the purcly intellectual forms which they very conveniently serve to suggest ; 
though, from the ghysical and instrumental imperfections which we know to be attached 
to them, they are not accurately the things themselves; these lattcr, by an act of 
abstraction, being frecd from all matcrial cncumbrances; so that, in fact, the forms and 
figures of geometry are exclusively in the mind, and not in matter. 

¢@ This is no bar to the practical applications of the science. "Whether a tangible 
squaro be perfect or imperfect is of no moment, practically speaking, so long as its 
imperfections are undiscoverable by the senses; inasmuch as the rigorous conclusions 
of geometry may be applied to it without practical or appreciable error. 

I now proceed to consider the basis upon which the entire structure of geometry 
rests—a basis so simple that a child might lay the foundation-stones ; yet supporting a 
fabric which, though so extensive, is, at the same time, so secure, that the most power- 
ful inteHect cannot disturb its stability. I need scarcely say that I allude to the axioms 
and postulates of the science; and, in connection with the considcration of these, I 
shall take occasion to offer some suggestions as to the proper frame of mind in which 
Euclid should be studied. 
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_ Supposing, then, that you have your Euclid in your hands, I commence by first di 
your attention to the fact, that the work is divided into distinct sections, or Books ; and 
that each book commences with an explanation of the technical terms employed in it ; 
with a concise but satisfactory description of the lines and figures to be pensaied 
about, and a statement of the elementary propositions to be adinttted as possible, in the 
practical constructions, and of the elementary propositions to be edmitied as true, in the 


You will at once see, that in entering upon any doctrine which is to be established, not 
by the influence of authority but by the force of reasoning and sound argument, it is of 
much importance that preliminaries such as these should be clearly and satisfactorily 
settled. Ifa person desire to communicate his own convictions to another, and, in 
undertaking to do so, make reasoning the only channel through which to convey them, 
there must bo—first, a mutual concurrence as to the meaning of the terms employed ; 
and secondly, a like concurrence as to the fundamental principles to be assumed by the 
one party, and admitted by the other. A good deal of what goes by the name of reason- 
ing and argument, in the common affairs of life, is nothing but a sort of wrangling 
disputation, solely from the neglect to establish a clear understanding on these points at 
the outset. Euclid is careful to preclude this fertile source of ambiguity, confusion, and 
error. He commences the several portions of his subject with Definitions of the things 
to be discussed, and of the peculiar terms to be employed in the discussion ; he then tells 
you what he expects you to admit as practically, or at least as conceivably possible; and 
lastly, what he requires you to concede, without demonstration, as necessarily true. 

You should not hurry over the definitions ; they have been framed with groat oare. 
The character of a good definition is this: that it is just sufficiently descriptive of the 
thing defined to distinguish it from all other things, but not more than sufficient for this 
purpose. If anything more than what merely suffices to identify the object defined be 
declared in a definition, that definition is said to be redundant: it involves the assump- 
tion of some property or peculiarity of the objcct, which it is the province of reasoning 
to deduce from the properly-restricted definition of it. All the properties of geometrical 
figures are in this way deduced from, or as it were drawn out of, the definitions of 
those figures ; for in the definitions they arc all virtually implied, and lie concealed. If 
you were to define an equilateral triangle as that which has three equal sides and three 
equal angles, you would make a statement which is quite correct, as a statement, but very 
faulty as a definition : the equality of the three sides mecessttates the equality of the three 
angles (Prop. V. Cor.), so that the equality of the angles is virtually implied in the equality 
of the sides: a truth which must be discovered to us by reasoning, not assumed in a 
so-called definition. You will observe that Euclid invariably constructs his figures 
solely in reference to the descriptions of those figures embodicd in the definitions, qui 
regardless, at the time, of all other properties of them; and you will perceive that he 
has furnished particulars just sufficient for this purpose, without one superfluous item. 

I need scarcely state, that in speaking of Euclid here, the emendations of Simson and 
ether modern editors are uniformly kept in view. It is much to be regretted that, in 
the editions of Euclid most generally studied, acknowledged blemishes are allowed to 
remain in the text, while the proper emendations are given in the form of notes at the 
end. Our veneration for a writer on science should never be considered as ground 
sufficient for us to endorse his errors and defects, nor even to exeept to them only 
indirectly, and in the form of supplementary annotation ; thcy ought, in justice to him, 
as well as to those for whom he wrote, to be expunged ion the text of his instructions, 
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In a work of taste.or imagination, the case would be different; an editor would have no 
right to replace the author’s views and peculiarities by hie own; but a book of .sciance, 
so extensively used in education as Euclid is, should be rendered as perfect as posaibla; 
and an editor of such a book could incur little blame for expunging every admitted 
blemish from the text of his author. I have generally acted under this impression. 

‘Having thus previously established the existence of his geometrical forms, Euclid then 
proceeds, in his Theorems, to deduce, by roasoning, all those properties necessarily, 
though not obviously, implied in the definitions; but, as already noticed, before these 
existences can be proved, that is to say, before the constructions employed by Euclid in 
his Problems can be actually effected, assent must he given to the practicability, or, to 
be more explicit, to the conceivability of certain fundamental operations; these are 
onumerated in the Postulates: and that before the reasonings in his Theorems can be 
entered upon assent must, in like manner, be given to ccrtain fundamental and necessary 
truths ; these are enumerated in the Azioms. You perceive, therefore, that the defini- 
tions furnish the raw material worked upon, and that the postulates and axioms furnish 
the implements worked with :—the postulates supplying the elements of the constructions, 
the axioms the elements of the reasonings. 

And here I must caution you against a very prevalent mistake. Do not for a moment 
imagine that Euclid required his postulates to be granted because the fundamental 
operations, under that head, are so easy of performance; nor that his axioms are to be 
assented to because the truths so-called are so easy of proof. His reasons for those pre- 
liminary stipulations were of a directly opposite kind; he bargains with you to grant 
the possibility of his fundamental problems (the postulates), solely because he is unable, 
practically, to perform them ; and he calls upon you to admit, without proof, his funda- 
mental theorems (the axioms) solely because he.is unable to demonstrate thom. A 
postulate and an axiom should cach have a twofold character ; a postulate should be a 
conceivable, but at the same time a really impracticable operation ; an axiom should be 
n self-evident, but at the same time an indemonstrable truth. Euclid asks us to “ grant 
that a straight linc may be drawn from any one point to any other,” from sheer neces- 
sity ; the apparent simplicity of the operation is in reality a causo of its difficulty. What 
oporation, still more simple, could be made subsidiary to the drawing of a straight line? 
And how could he direct the performance of the latter, without some operation still more 
clementary ? Besides, an isolated straight line, according to Euclid’s strict definition, 
has no visible or external existence. Euclid’s dive is mercly tho abstraction length ; and 
length, unaccompanied by other dimensions, cannot, of course, be actually exhibited. 
The finest line that you or I could draw upon paper would be a solid bar of ink; and 
the finest line an artist could engrave upon steel would be a sunkon channel, with both 
breadth and depth. You may possibly think that, as the physioal or material lines here 
adverted to are so very slender, it is not worth while to make any objection to them on 
the score of their width or thickness; but the ‘“‘ncar enough,” or the ‘that’ll do” 
system, has no place whatever in Ewelid’s system, which is one of rigid, uncompromising 
accuracy. A line that you could draw and exhibit would no more be regarded as a line 
that Euclid had defined, than a beam of timber would be so regarded. Remomber that 
with him “a miss is as good as a mile.” 

As with the postulates, so with the axioms; they are inserted from necessity, and 
solely because Euclid was unable to demonstrate them. That self-evidence alone was 
not considered by him as sufficient to justify the claim of a proposition to a place among ' 
the axioms, is plain from his uniform practice of demonstrating whatever can be.deman- 
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strated, and assuming only what cannot; taking care, however, t general, that the truth 
assumed shall be not only an ultimate truth, but also a thing perceived to be true as soon 
as enunciated. I say in general, because there is one remarkable exception—the 12th 
axiom of the first book is indemonstrable, but not self-evident; it has one of the charac- 
teristics of an axiom, but not the other. In the preceding book I have thought it 
prudent to keep this so-called axiom out of sight till the 29th proposition was reached ; 
because up to that point its aid is not required, and because arguments, abundantly 
sufficient to produce full conviction of its truth, could be adduced then, though they 
could not have been employed at the opening of the subject. 

Now you must not be surprised or disappointed that geomctry—pre-eminently the 
science of demonstrated truth—should thus require to rest upon principles which must 
be gratuitously admitted. No reasoning process whatever can even be conceived to 
exist, unsupported by a like foundation... A proposition may be affirmed on the onc 
side, and denied on the other; but the matter cannot be reasoned out—it cannot be 
argued, unless some common first principle or principles be at the commencement agreed 
to by both partics. If everything be denied, thore may be assertion and contradiction, 
dispute and altercation, but certainly no argument. The noticeable thing in Euclid’s 
first principles, or axioms, is, that with the exception mentioned above they are such 
as nobody in his senses would think of controverting, inasmuch as the truth of them is 
self-evident ; that is, so immediately obvious, that nothing of the kind, anterior to them 
in obviousness and simplicity, can possibly be adduccd ; for if anything could, then that 
thiug—bcing the more simple and elementary—would itself become the axiom, or first 
principle, by aid of which the former might be demonstrated. You see, thercfore, that 
it is essential to the very naturo of an axiom that it should be too simple and elemen- 
tary to admit of demonstration by help of anything more simple and elementary. 
The axioms are, on this account, self-evident indemonstrable truths. Proposition II. 
of Book III.—namely, that “Ifany two points be taken in the circumference of a 
circle, the straight line which joins them shall fall within the circle’’—is a proposition 
as self-evident, to any one who has a clear conception of a circle, as that which affirms 
that “two straight lines cannot inclose a space ;” but as it is demonstrable it is very 
properly placed i in the body of the work. 

But it is time that I give you a few words of advice as to the disposition of mind 
with which you should sit down to the study of goomctry, and to notice some of tho 
intellectual advantages which you have a right to expect from tho time and attention 
devoted to the subject. 

You have already seen what the preliminary conditions are which Euclid makes 
with you: he considers these to have been conceded, without the slightest qualification 
or reserve. As far as he is committed, he will take care that they aro faithfully adhered 
to, and he stipulates that they shall be equally binding upon you. Thcy are fully 
and fairly placed before you in the Definitions, the Postulates, and the Axioms. In 
these matters he seems to assume a sort of magisterial authority, from which he allows 
no appeal. If you refuse to subscribe to the conditions which he himself lays down, 
he, on his part, refuses to be your guide: ho can conduct you through the rich domain 
you wish to explore upon no other tcrms: he is inflexible as to his preliminary arrange- 
ments for the journcy; and he as good ‘as tells you, as he told King Ptolemy of old, 
that ‘there is no royal road to geometry.” 

If, therefore, you have any notion still lingering in your mind, about a line, or a 
triangle, or a circle, &c., not strictly in accordance with what he authoritatively 
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declares to be the notion, you must dismiss either it or him. If you have any seruples 
or miasgiving about his postulates, or axioms, you must, in like manner, overcome them : 
you must examine them, and re-examine them, till you arc fully convinced that the 
postulates are really conceivable operations, and that the axioms are really unquestion- 
able truths; for, depend upon it, he will tie you down most rigidly to the conditions, and 
allow of no escape, evasion, or qualification. It matters nothing to him by what pro- 
cess of mind you satisfy yourself of the truth of his axioms, nor by what mechanical 
contrivances you scek to give an outward representation of lines, triangles, and circles ; 
you may use pen, ruler, compasses, or whatever you please, for your own individual 
convenience or assistance; but remember, that he himself takes no cognizance of these 
things. If, without any instrumental aid at all, and by merc freedom of hand, you were 
to sketch the outline of an inclosed figure, and make that the representation, to yourself, 
of a circle, Euclid would find no fault with you, provided only you still, in imagination, 
endowed it with the characteristics of the true circle that he had defined. You would find 
a@ carpenter, or a mason, much harder to please, in a matter of this kind, than you would 
find Euclid. If you have carcfully read what has preceded, you will sec that I am quite 
justified in making this statement; for you will have learned that Euclid is not concerned 
with the representations, but with the things themselves, the purely intellectual conceptions. 

Taking it, then, as a scttled matter, that you receive Euclid’s definitions—that you 
do “ grant” his postulates, and that you do fully acquicsce in the truth of his axioms, 
all preparatory ground is cleared; and you may procecd at once to the business pro- 
posed. And here, you are to observe, that both you and your author occupy different 
positions, Euclid at once, from this point, drops his authority as a master; you with- 
draw your submission as a docile and obedient pupil, What he says, you are to regard 
no longer—only what he proves. You are to exercise a vigilant watchfulness over 
every statement he makes, receiving just so much of it as you cannot help receiving, 
and no more. Faith, in anything he advances, is not to be thought of. Bo as sceptical 
as you please—nay, as sceptical as you can. Euclid would not thank you for any 
gratuitous concession whatever ; all he demands is, that you will honestly respect the 
preliminary articles of agreement ; and, in spite of all your opposition, and of all your 
scepticism, he will compel you—however much against your wish—to do unqualified 
homage—not to iim—but to the truths he propounds. 

And this is the attitude of mind you aro to assume in cntcring upon the propositions 
of gcometry. There must be no yielding to the dicta of a teacher—no intellectual 
obeisance to the authority of a great name. Every truth you acquire, you must so 
acquire as to feel and know it to be a truth, from your own perfect individual conviction 
that it isso. Your conviction must be so thoroughly inwrought and complete, that if 
a n, or even a greater than Newton, should attempt to controvert a truth thus 
sec@™ed, tho effect of such an attempt upon your mind would be about the same as an 
endcavour to convince you that you are an inhabitant of the moon. 

Now I think that, from these unqualified statements, you may fairly make two 
inferences, well worthy of consideration. Tho first is, that even in this, our frail and 
erring state, thero is offered to our notice a system of unadulterated and incontrover- 
tible Truru, built up by purely human effort, and consolidated and rendered imperish- 
able by purely human reason. The second inference is, that the reasoning process, 
by which such an intellectual structure has been roared, must surely be of the most 
faultless kind—no logical error can have boen committed—no conceivable objection 
unanticipated, and no case of exception unprovided for. 
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[hese considerations alone scem to me amply sufficient to incline all who haye the 
time and opportunity to a diligent study of geometry, apart from all regard to practical 
applieations. Only reflect for a moment upon the adits of mind which such study must 
necessarily foster, where they in any way exist, or create whore they are wanting. The 
frequent contemplation of Zruth has a salutary and an ennobling influence. Next to 
Inspired Truth, the truths of pure science furnish the most exaltcd materials upon 
which the human mind can exercise its powers. He who is earnestly and successfully 
engaged in this exercise, comes, at length, to love truth for its own intrinsic excellence ; 
to be fascinated with its unadorned beauty; and to entertain increascd repugnance 
towards the deformities of falsehood. Habits of mind, whether good or bad, aro the 
fruits of seeds usually sown in youth; they become formed and fixcd from the natural 
effects of those trains of thought in which we most frequently indulge in carly life; and 
hence the study of geometry, and of the sciences which carry out its pure principles, 
have an important influence, even in a moral point of view. To secure the operation of 
this influence is surely deserving an cffort. The propertics of geometrical figures 
may be matters of perfect indifference to us—we may take but little direct interest 
in what relates to triangles, and parallelograms, and circles; but we cannot be indif- 
ferent to a truthful habit of mind; and though all the theoroms of Euclid be forgotten, 
yet if this remain as an abiding result, how great will be the acquisition we shall have 
made ! 

But the intellectual advantages connected with the study of the “exact sciences,’’ 
are even more certain and palpable than the mora? advantages here alluded to. You 
cannot read a proposition of Euclid as it ought to be read—and indeed as it must be 
read, in order to be fully understood — without a concentration of attention morc intense 
than most other subjects, out of mathematics, demand; and since, as noticed above, 
there must be no disposition to admit anything whatever, without the most complete 
conviction of its truth, a habit of scrutinizing evidence, and of distinguishing between 
plausibilities and proofs, is insensibly but securcly acquired. There is, perhaps, no 
faculty of the mind which in early life stands in more need of cultivation than the 
reasoning faculty ; for that every onc reasons, or at least cngages in what goes by the 
name of reasoning, is so gencrally admitted as a distinguishing peculiarity, that man 
has been even defined to be “a reasoning animal.” Locke says, “ Would you have a 
man reazon well—let him learn geometry ;” that is to say, if to reason well be the only 
end in view—all the truths of Euclid being regarded as utterly valucless—stall let 
geometry be studied. Yct geometry supplies no rules; it prescribes no directions for 
conducting a logical process ; but, what is better, it places before us a collection of the 
most exquisite models. It teaches by cxample, not by precept ; and.no one, with proper 
attention, can fail to profit by its lessons. 

You see, therefore, that Euclid is something moro than a mere problem-book the 
use of architects and surveyors: it is the most finished treatise on the “ Art of Reason- 
ing” that the world possesses ; an! it is chiefly as such that Tam anxious to recom- 
mend to my young fricnds a careful study of its contents. It may fail to render you 
much direct professional service ; but the mental discipline it furnishes will strengthen 
your judgment, improve your logic, give additional acuteness to your penctration, and, 
in fact, 20 enlarge and invigorate all the faculties of your mind, that you will be 
enabled to bring a higher degree of intellectual power to bear upon any pursuit in which 
you may earnestly engage. It is not the properties of gcometrical figures that can do — 
this: it is the reasonings by which they.are established. The several stages at which | 
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you arrive, in your progress through Euclid, may present but few points of attraction ; 
but you must be benefited by the invigorating influence of the journey. 

And. here it may perbaps be as well, in order to prevent misunderstanding, that I 
should offer a remark or two in reference to a direction I have given you above— 
namely, that you should approach the demonstrations of Euclid in a sceptical spirit. It 
has been foolishly, and most unjustly, affirmed by some, that the study of pure science 
has a tendency to produce general seepticism. Now all truths aro harmonious; they 
have common features and common attractions, recommending themselves to our homage 
by the same dignified aspect and bearing. How can scientific truth ever be out of 
keeping with inspired truth? A religious sceptic is generally something more than a 
mere neutral as respects divine things: he is usually a denier ; that is, he embraces a 
negative proposition, and acts upon it without proof! How docs geometry sanction this? 
In Euclid there aro negative propositions as well as affirmative ones. I recommend you, 
anterior to proof, to be equally.sceptical as to doth. In things out of geometry, geome- 
trical demonstration is, of coursc, not to be had: it would be folly to look for it; yet, 
if in such things an affirmative be declared on the one hand, and a negative on the 
other, do you not think that the logic of geometry, as well as the logic of common 
sense, would incline us to ¢iat, in support of which some cvidence was offered, rather 
than to that which had no such support at all? 

But there are sceptics of a different stamp from the class noticed above; men of 
literary and philosophical habits, who do not content themsclves with a “cold nega~ 
tion.” They address themselves to the task of undermining the existing evidences for 
the truth of Christianity. Such a man was David Hume, a distinguished writer of the 
last century. He wroto an Essay to prove that a miracle never could have been per- 
formed, or, at least, that we have no reliable evidence of its performance. He laid 
down certain preliminary principles, and dressed his performance in the garb of fair 
reasoning. But Hume knew nothing of mathematics; and, in invading its provinee, he 
trod upon slippery ground—and fell. Those who did know something of the “ exact 
sciences” betook themsclvos to the investigation; they started upon precisely the same 
principles as Hume did, without the assumption of a single additional particular, and 
they arrived, by a train of reasoning which it is impossible to disturb, at a conclusion 
directly opposite to his. Had Hume- known but a little of mathematics, and had he 
revised his so-called argument, in the samo sceptical spirit which I recommend to you, 
a regard for his own literary reputation merely would have precluded him from ever 
publishing to the world his “ Essay on Miracles.” * 


You have already seen that the propositions of geometry are of two kinds— 
problems and theorems. A proposition is called a problem, when the thing proposcd is 
an operation to be performed—a construction to be effected: its object is a practical 
result, to be brought about by a suitable disposal and combination of the elemontary 
materials furnished by the postulates. A proposition is called a theorem, when the thing 
proposed is a truth to be demonstrated; and for this demonstration the elementary 
materials are furnished by the axioms. It usually happens, however, that the proof of 
a theorem requires the revious introduction of certain lines and constructions; and 
hence it is that Euclid commences his first book with problems instead of theorema. 
The only theorem in this book, that is quite independent of. problem, is Proposition IV. 


| “Bridgewater Treatise”—Appendix. Also Young’s ‘‘ Three Lectures on Ma- 
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I suppose Euclid considered it to be more systematic to introduce the problems, which 
he foresaw would be indispensable as soon as the fourth proposition was disposed of, at 
the beginning of the book, than to interpose them between propositions so closely related 
as the fourth and fifth. | 

Of the three problems thus found to be necessary to meet the demands of the sub- 
sequent theorems, the second is the only one which seems to require any comment. 
Beginners in general find it difficult, and are apt to consider that there is an unneces- 
sary parade of geometrical apparatus exhibited to effect so simple a matter as the 
drawing of one straight line equal to another. There is no doubt that a mere mechanic 
would pronounce the proceeding a very round-about one; he would accomplish the 
business at once, by drawing a straight line from A at random; and then, having taken 
the length BC in his compasses, he would apply one foot at A, fixing it there asa 
centre, and with the other foot would cut off the required length A L; thus dispensing 
with all Euclid’s machinery—the circles and the equilateral triangle. Now this is all 
very well for the purposes of the practical workman, who neither socks nor expects 
rigid accuracy in his constructions; but you must remember that Euclid ignores com- 
passes, and that the instrumental transference of one linc to another is not warranted 
by any postulate. No one can take accurately any stipulated length in a pair of com- 
passes; tho limitation of his vision precludes his pronouncing, with perfect certainty, 
that he has got eractly the proposed length, neither more nor less. If the minute error, 
whether in excess or in defect, be only so small as to escape his senses, he cannot take 
cognizance of it; and he not only practically, but from necessity, disregards it. But 
without any additional postulate, Euclid shows you how the thing proposed may be 
done without the possibility of any error at all. In the ordinary editions of Euclid, I 
think justice is scarcely donc to the process indicated. You are directed, first, to draw 
a line A E longer than B C, and are then shown how to cut off a part A L equal to BC. 
The ingenuity of Euclid’s mode of proceeding would be more apparent, if no superfluity 
of length wero at first introduced. It ccrtainly seems a thing of much greater difficulty 
to draw a line from a point A, till a certain prescribed length be attained, and then, but 
not till then, to stop. I would therefore recommend you to leave the prolonging of D A 
to the very last; so that, having performed evcry other part of the construction, prolong 
D A, as a final step, till the prolongation reaches to the circumference of the outer circle. 
Aline AL will thus have been drawn equal to BC, and there will be no excess of 
length to throw away. This is the mode of proceeding adopted in the present edition. 

As to the other two problems, the first and third, but little need be said; the direc- 
tions given by Euclid, for the construction of them, are too clear and explicit to render 
further explanation necessary. It may be well, however, to invite your attention to 
two particulars in connection with Proposition I., which instructs us how to describe 
an equilateral triangle upon a given finite straight linc. Some commentators object to 
the word jintte as superfluous, considering the condition, “a given straight linc,” to 
imply that the Jength is fixed and determinate. But a line may be given in position 
only, without any limitation as to length, as in Proposition XI. ; or it may be given in 
length merely, without any restriction as to position; thus the line to be constructed in 
Proposition IT. is to have a given length, but is unrestricted a to position or direction. 
By “a given jinite straight line,” Euclid means a line of given length, and with given 
extremities; and if any objection at all is made, in reference to this word finite, I think 
it should be urged against the omission of it in Proposition IJ. rather than against the 
introduction of it in Proposition I. In the first proposition, I dare say Euclid thought 
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it prudent, to prevent all cavil, to state explicitly that the extremities, A, B, are given ; 
and that he did not consider it necessary to repeat this in Proposition II. Whenever a 
line is given in position merely, and restriction as to its length forbidden, Euclid charac- 
terizes it as “‘a given straight line of unlimited length,” as in Proposition XII.; but 
when it is matter of perfect indifference whereabouts the extremities are (position alone 
being all that we are concerned with), the terms “a given straight line” are those 
always employed, as in Proposition XXXI. A merc glance at this proposition will 
show you that the given straight line of Proposition I. cannot be so entirely free from 
restriction, as to length, as the given straight line of Proposition XXXI.; and hence 
the propriety of the restrictive term jinite in the former. I should not have said so 
much about a mere word, had it not been for the hypercriticism of others. You must 
therefore regard these remarks, not as a comment upon Lucid, but as a comment upon 
his commentators. 

The other matter I should wish you to notice, in connection with this first pro- 
position, is, that what is called “the point C, in which the circles cut,’”’ is in fact either 
of two points, one on each side of AB, so that a second equilateral triangle may be 
described, on the opposite side of the given line; and it is this latter position which the 
equilateral triangle, introduced into the construction of Proposition IX., is to take. I 
shall only further notice, that it would have becn somewhat more explicit, if Euclid 
had referred to the point C as where the circumferences cut, rather than as where the 
circles cut; though it is quite truc that the circles themsclves interpenctrate there ; but 
the distinction, very properly made by Euclid in his definitions, between circlo and 
circumference, is in danger of being overlooked by a beginner, in consequence of Euclid’s 
mode of expression, in reference to intersecting circumferences. 

Proposition IV. is the first of Euclid’s theorems; and, being the first, and involving 
no construction, its proof depends solely on the axioms. The demonstration hinges upon 
what has been called the method of superposition ; that is, the imagining one figure to 
be placed upon another, with a view to their perfect adaptation and coincidence, and 
thence to the inference of their complete eguality (Axiom 8). If you wish to try the 
experiment, whether or not you havo any taste or aptitude for geomctrical reasoning, 
you may, if you please, commence with this theorem, and study the three preceding 
problems afterwards. It is a very beautiful specimen of Euclid’s mode of argumen- 
tation; and is quite within range of the powers of the merest beginner. But before 
you address yoursclf to it, it may be as well to reflect that the rclative positions of two 
things can havo nothing to do with their relative magnitudes ; that the two triangles, 
affirmed under certain conditions to be egual, and placed side by side before you on the 
paper, must remain equal? however their relative positions be altered; whether one be 
turned upside down, or be made to overlap the other, can make no difference as to the 
equality or inequality of tho two in magnitude. You will thus sec that, for tho purpose 
of instituting an inquiry as to the equality of the triangles, it is quite allowable 
to imagizs one to be placed upon, or to be applied to the other, with the viow of 
ascertaining whether, by a suitable adjustment, a complete adaptation may be brought 
about. In this manner Euclid directs you to apply the triangle A BC to the triangle 
DEF in a certain way—namely, so that the point A may be on D, and the straight 
line AB upon DE. He then affirms that B must coincide with E; and as he never 
affirms anything without immediately answering the inquiry why? he adds, because A B 
is equal to DE. The adjustment is thus brought about as far asthe sides AB, DE 
are concerned. Hoe then asserta that, this partial adjustment remaining undisturbed, 
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- AC must fall upon D F, decause the mgle or opening A is equal to the angle or opening 
D. IfAC fell deyond DF, the angle A would be greater than the angle D; and if AC 
fell shert of D'F, the angle A would be ss than the angle D'; Euclid’s conclusion, 
therefore, is irresistible. As AC then necessarily falls upon DF, the point C must as 
necossarily fall upon or coincide with the point F, because AC is equalto DF. And 
thus having proved, first, that B coincides with E, and then that C coincides with F, 
he infers, in virtue of the 10th axiom, that the base BC must coincide with the base 
EF. Hence the adaptation is complete; there is perfect coincidence, and therefore 
perfect equality in every respect. 

Proposition V. is always found to be more or less perplexing to a learner; and it is 
certainly one of the most, if not the most knotty of the propositions in the first book. 
I would recommend a beginner, after completing the construction as directed, to erase 
the base BC of the original triangle, in order that nothing may divert his attention 
from the two triangles AFC, AGB. Tho line thus expunged may be restored after 
these triangles have been proved to be in all respects equal: they are nothing more 
than the two triangles alrcady considered in Proposition IV. in a different position, one 
triangle partially overlapping the other. Young students are sometimes deterred from 
prosecuting the study of Euclid by the length and difficulty of this proposition. They 
should be apprised that the propositions arc not arranged in the order of their difficulty ; 
that none more troublesome than this fifth will ever after be met with, and that the 
last theorem in the book is quite as casy as the first. A great point will be gained, if 
you master this fifth proposition ; for you may then conclude with confidence that you 
will find yourself fully adequate to all that follows: but you must not come to this 
conclusion till, closing the book, you find yoursclf able to demonstrate the theorem step 
by step without a reference to it. This mode of testing your progress must be resorted 
to all along. It is not enough that you rcad and understand Euclid’s demonstrations— | 
you must acquire the ability of furnishing thesc demonstrations yourself; you may vary 
the language, but you must preserve the rigour of the argument, affirming nothing 
without a reason; which reason, mind, must be the reason. 

I do not clearly sce why the fifth proposition should be called Pons asinorwm, or 
the asses’ bridge. They say it is because “asses” stick at it; but I believe it was the 
twentieth proposition that was so designated by some of the ancients; for Proclus 
informs us, in his “ Commentary on Euclid,” that the Epicureans derided the twen- 
tieth proposition as being manifest “even to asses ;” for if a bundle of hay wore placed 
at one extremity of the base of a triangle, and an ass at the other, the animal would 
not be such an ass as to take the crooked path to the hay instead of the straight one ; 
as he would know the direct course to be the shorter: ¢his was therefore called the 
asses’ bridge. 

The sixth proposition you will find very easy after the fifth: it is what is called the 
converse of the first part of the former proposition. A theorem is said to be the converse 
of another, when the hypothesis and the consequence in that other change places. Tho 
hypothesis in Proposition V. is, that two sides of the triangle are equal; the inference 
or consequence is, that the two angles opposite to them are equal. The hypothesis in 
Proposition VI. is, that two angles of a triangle are equal; and the consequence is, 
that the two sides opposite to them are equal: the one proposition is therefore the con- 
verse of the other. In general, Euclid demonstrates the converse of a previous theorem 
indirectly, or by what is called the reductio ad absurdum method; that is, he commences 
with a denial of the truth stated; and, reasoning from the contradictory statement, as 
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if it wore true, shows that an absurdity, or impossibility, is the unavoidable conse- 
quence ; thus proving that the thing contradicted cannot be otherwise than true. 
Throughout the whole of this book, the last proposition is the only converse theorem 
that is not demonstrated in this indirect manner. It is not every theorem that is true 
both directly and conversely. You should take note of those that Euclid proves to be 
convertible, and endeavour to discover for yourself which of his propositions hold con- 
versely, though only proved directly. For example, Proposition XXXIV. proves that 
if the opposite sides of a quadrilateral are parallel, they are likewise equal. It is also 
true conversely, that if the opposite sides are equal, they are likewise parallel, as you 
may prove for yourself, after the direct proposition has been established. 

Proposition VII. is merely subsidiary to the proposition next following; it is what 
in some geometrical writings would be called a Lemma. You see that the demonstra- 
tion of it rests ‘almost entircly on Proposition V. In some modern books on geometry 
this proposition is dispensed with, and the eighth established independently of it; but, 
as an intellectual exercise, Proposition VII. is as useful as any in the book. Besides, 
a proposition, though manifestly introduced as meroly subsidiary to something else, may 
yet possess intrinsic excellence of its own sufficient to justify its retention in the system. 
For instance, the proposition before us toaches us this fact, which is certainly not without 
interest; namely, that a physical triangle, supposed to have its sides freely moveable 
about joints at its vertices, cannot possibly be thrust out of shape by any force what- 
ever. You may break the bars forming the framework, but you cannot make the frame 
itself assume anothcr shape. It is a very different thing with the frame of a common 
school-slate, as I dare say you well know from practical experience; for I have no 
doubt that you have often twisted such a slate-less frame into a great variety of 
shapes. You now know, not from expcriment, but from abstract science, that this 
would have been impossible if your slate-frame had been triangular, instead of rect- 
angular. 

Proposition VIII, is the second proposition, in the geometry of triangles, which 
proves that two triangles are equal in every respect—that is, that each is but an exact 
copy of the other—provided three things in one are respectively equal to three corre- 
sponding things in the other. The three things may be two sides and the included 
angle, as we learn by Proposition IV., or the throe sides, as the present proposition 
teaches. And I may as well observe here, that there is only one other proposition in 
the Elements where the like equality of two triangles is inferred from an equality of 
three things in ono to three corresponding things in the other: it is Proposition XXVI. 
On these threo propositions the practical part of plane trigonometry is founded. A 
triangle, in the language of trigonometry, is said to have six parts—the three sides and 
the three angles ; and when certain sets of three of these are given—either of the sets, 
namely, mentioned in Propositions IV., VIII., and XXVI.—the remaining three, which 
we see by these propositions must be fixed and invariable, become determinable, and 
are matters of computation. 

And here it may not be amiss to say a word or two about the form of expression 
continually employed by Euclid, when comparing figures together, for the purpose of 
establishing their equality. He always speaks of two sides or angles of the one being 
equal to two sides or angles of the other, each to each, Learners are apt to omit this 
qualifying condition, “each to each,” as if the frequent repetition of these words were 
only so much useless tautology; but precision requires that they should always ‘be 
retained. If you were to say that two sides of ono triangle are equal to two sides of 
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another, your meaning might be taken to be, that the aggregate or sum of the two sides 
of one triangle is equal to the aggregate or sum of the two sides of the other; but the 
addition of the words “‘ each to cach” would preclude the possibility of such a mistake, 
and would show that the sides, taken separately and individually in the one triangle, 
were affirmed to be equal to corresponding sidos in the other. 

The four propositions next following are problems. You may be pretty sure that Euclid 
has postponed them till they became indispensable. I don’t think Euclid liked pro- 
blems; at all events there is less careful finish about them than in his theorems. 
Proposition IX., for instance, needs mending a little; it professes to teach how to biscct 
an angle, of whatever magnitude it may be. Now, suppose that the triangle A D E, in 
the book, is an equilateral triangle, and that we want to bisect the angle DAE, 
Euclid tells us to construct an equilateral triangle on DE; and without the diagram 
before our eyes, where the construction is exhibited in its completed state, we should 
naturally describe the equilatcral triangle he dirccts, above DE, and not delow; in 
which case we should get nothing ; for our new equilateral triangle would simply cover 
the one already there, and the point, F, falling on A, would have no scparate existence; 
so that there would be no guido to the drawing of AF, the bisccting line; it should 
have been distinctly stated, therefore, that the equilateral triangle, to be described on 
DE, should have its vertex, F, on the opposite of D E to the point A. This restriction 
is intraduced in the present edition. 

In going over Euclid’s propositions without the book, as I have recommended above, 
always refrain from copyitg the diagrams. I know that such is the usual practice; but 
it should be condemned. The progress of the diagram should just keep pace with that 
of the text, and no line should be introduced till it is actually demanded by the text. 
It would be nearly as faulty as to write out the whole text, and then to supply the diagram 
(as the boy did who said he would tell the story first and draw the picture afterwards), 
as to commence with the completed diagram and then supply the text. In o printed 
book, the diagram must, of course, be presented completed; but in your own private 
practice you should make it grow to maturity along with the text. In the whole course 
of your geometrical. studies, let mo urge upon you never to allow your judgment or 
conviction to be in the slightest degree biased by your visual impressions from the 
diagram, Let two lines look ever so like two equal lincs, don’t forestall the reasoning, 
and conclude them ecqual from their appearance; remember always that you are 
engaged in a purely tnvtedectual process, and that you are not to be allured by tho matter 
from the mind. Graphical accuracy, in the figured form, is of no moment; logical 
accuracy, in the abstract reasoning, is all that you have to attend to; and therefore I 
think it worsc than waste of time to be over-scrupulous with scale and compasses, in 
reference to the lines introduced into Euclid’s demonstrations; but I havo already 
given you some hints on this matter at pages 68 and 73. 

I do not see anything that calls for special notice till wo reach Proposition XVI. 
This is easy enough, as far as Euclid carries the demonstration ; but when, at the close, 
he says, as in other editions of the Elements he is made to do, ‘in the same manner it 
may be demonstrated,” a beginner is likely to feel a difficulty. There is really a good 
deal to do before the proof can be completed; and, when completed, “in the same 
manner,” there is a needless amount of complication. I would advise you to finish tho 
reagoning rather differently. By carefully looking at the argument, you will see that 
this truth is established, and nothing more; namely, that if one side of a triangle (any 
side, of course) be produced, the exterior angle is greater than that interior angle which ts 
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opposite to the side thus produced ; the angle AO D is thus greater than A. Let now 
AC be produced to G, then, since the exterior angle is greater than that interior one 
which is opposite to the side produced, the angle BCG is greater than ABC; but 
B CG is ‘equal to AC D (by the fifteenth), therefore AC D is greater that ABC; but 
ACD was shown to be greater also than BAC; therefore AC D is greater than etther 
of the interior and opposite angles, BAC, ABC. It is this form of completing the 
demonstration that has been adopted in the present work. 

Proposition XVII. would seem, at first sight, to have been introduced without any 
object.. The truth of it is clearly implied in Proposition XXXII., and it is not required 
in any of the intervening propositions. But that Euclid had an object is not to be 
questioned ; and it scems to have been this :—It was desirable that, at some convenient 
place, before the introduction of the theorems respecting parallel lines, something 
should be established by demonstration that would diminish the rcpugnance, very 
properly felt at the outset, to the twelfth axiom. You know I have recommended you 
(p. 59) to keep this axiom in the background till you arrive at Proposition XXIX., 
where a reference to it becomes indispensably necessary. The axiom is no other than 
the converse of this seventeenth proposition; this shows that if two meeting or non-parallel 
lines, B.A, C A, be cut by a third line, B D, the two interior angles, C B A, B C A, on the 
same side of it, are together less than two right angles ; and the twelfth axiom asserts, 
conversely, that if a straight linc cutting two othcrs make the two interior angles on the 
same side of it ese than two right angles, those others must be non-parallel or meeting 
lincs. 

The seventeenth proposition, therefore, enables us to see more clearly the exact 
amount of assent demanded of us by the twelfth axiom, and prevents our overrating 
that amount; if two lines cut by a third mect, the two interior angles are less than two 
right angles—this is proved ; if two lines cut by a third make the two interior ang]@& less 
than two right angles, they meet—this is assumed. 

Passing over, for the present, the intermediate propositions, let us suppose Proposi- 
tion XXIX. to be reached. The two propositions immediately preceding sufficiently 
show that the lines called parallel lines exist; the twenty-ninth demonstrates a. property 
of them, admitting the truth of the axiom just mentioned. Geometers without number 
have tried, some to evade this axiom altogether, and others to prove it by establishing 
the converse of Proposition XVII.; but all have failed. What can be the cause of this 
failure? Is it not in the imperfect definition of a straight line? Our conception of a 
streight line, independently of all formal definition, necessarily involves two idcas; 
namely, that of length, and that of uniformity of direction. Length is implied in the 
word line; and tnvariability of direction in the term straight. A line which changes its 
direction is a crooked line or a curved linc; a line that never changes its direction is 
a straight line. Now it necessarily follows, from this uniformity of direction, that if 
two straight lines, however far prolonged, can never mect, then at no part of their 
course can either make any approach towards the other ; for if two lines, procceding in 
any two diroctioris, approach and continue undeviatingly to pursue those directions, 
they cannot fail eventually to meet. It follows, therefore, that parallels must throughout 
be equidistant ; but zeco distinct straight lines, through the same point, cannot through- 
out be equidistant from a third; so that ¢wo straight lines through a point cannot both 
be parallel to the same straight line. Proposition XXVIII. shows that one (C D) will 
be parallel to another (A B), provided a line, cutting both, makes the interior angles 
together equal to two right angles; a second line through H, which causes the interior 





MATHEMATICAL SCIENCES.—No. fi!l. Ga 


82 ELEMENTS OF GEOMETRY. 


angles to be ies than two right angles, baing distinct from C D, must therefore moet 
AB, if prolonged; and this is the assertion of the twelfth axiom. 

What is here said, remember, is not a.demonstration of this axiom. An axiom, you 
know, is an indemonstrable truth. All I wish to show is, that it ts an axiom; that is, 
a truth necessarily implied in the correct conception of the thing to which it refers. I, 
you steadily contemplate your conception of a straight line, giving due consideration to 
its distinguishing peculiarity—wniformity of direction—you must see that two, from tho 
same point, cannot oth be equidistant from a third; owe may be parallel to this third, 
or everywhere equidistant from it, since, as we have seen, parallels are possible ; but one 
must of necessity meet it. 

Of the propositions passed over, the 22nd and 24th are the only ¢ ones requiring any 
special notice here. Both these, as given in the text of Dr. Simson, are open to objec- 
tion. In the first of them, it is taken for granted that the two circles employed in the 
construction must cut one another ; and in the second, it is assumed that the point F falls 
below the line EG. You will find these defects acknowledged in the notes at the end of 
Simson’s Euclid; but they were first pointed out by Mr. Thomas Simpson, in his 
‘“‘ Elements of Geometry.”” The emendations of the latter were, however, but ill received 
by the “restorer of Euclid,” who treated ‘ the remarker,” as he called him, with a good 
deal of contempt; the more to be reprobated, as the poor self-taught weaver (for such 
Simpegon in early life was) was very superior as a man of science to his academical 
opponent, great as were the merits of the latter in the field of ancient geometry. The 
biography of Thomas Simpson is full of instruction and encouragement to tho young and 
unaided student, who cannot fail to view with interest the steps by which a person in 
Simpson’s position, without books, money, or friends, plying his humble calling among 
the lowest ranks of society, was conducted, by the force of perseverance, to the proud 
eminence which he eventually attained. In the annals of science he ranks among the 
most distinguished mathematicians of the last century ; and yet, at the age of nineteen, 
he was ignorant of the first rudiments of common arithmetic. * 

The defect above alluded to in Dr. Simson’s version of the 24th Proposition is 
removed in the present edition ; and the objection made to the reasoning in the 22nd 
may be disposed of ds follows After having described the circles, as at page 56, reason 
thus: One of these circles cannot be wholly without the other, for then F G, the distance of 
their centres, would be either cqual to, or greater than the sum of the radii; but, by 
hypothesis, it is less. Neither can one of the circlee—as, for instance, that whose centre 
is G—be wholly within the other ; for then the radius, F D, of the latter would be equal 
to, or greater than F H; but, by hypothesis, it is ess; hence, since one circle can be 
neither wholly without the other, nor wholly within—they must bo partly without and 
partly within one another, .”. they must cu¢ in some point K. This completion of the 
proof may be introduced in a second reading of the first book. 

Proposition XXXII. is among the most interesting theorems of this first book; but 
an objection to the demonstration of it may be made, the occasion for which had better 
be removed. You are directed to draw, through the point C, aline C E parallel to A B, 
by Proposition XXXI.; and it is then inferred that the alternate angles BAC;,ACE 
are equal by an appeal to Proposition XXIX.; but to draw the parallel CE, surely every- 
body would proceed by making the angle AC E equal to BAC; that is to say, we 
should first make the alternate angles equal to get the parallels, and should then make 


* Some account of Simpson will be found in “The Pursuit of Knowledge under Difficulties ;’’ as 
also in Dr. Hutton’s ‘‘ Mathematica! and Philosophical Dictionary.” 
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use of the parallels to prove the alternate angles equal. You will at once see that we 
should avoid this circuitous method of proceeding, by making the angle ACE equal to 
BAC by Proposition XXITI. ; and then inforring the parallelism of A B, C E from Pro- 
position XXVII.; so that Proposition XX XI. need not be called into operation at all. 

The corollaries to this proposition are remarkably beautiful; and the second, espe- 
cially, cannot fail to excite, in a person who reads it for the first time, a feeling of sur- 
prise. It would indeed be a feeling of ineredulity, if this were possible in geometry. 
That the sum of the exterior angles, formed by prolonging the sides of a rectilinear 
figure, should always‘be exactly the same, whether the figure have three sides or as 
many thousand, is a truth so far beyond the reach of practical observation and experi- 
ment, and apparently so improbable, that, in the absence of geomotry, its existence 
could scarcely have been suspected, much less established; and yet an argument of 
half-a-dozen lines produces in every mind the fullest conviction of the fact. 

But the corollary that precedes this, though less striking, has, perhaps, the greater 
practical interest ; among other things, we learn from it that—the sum of the angles of 
a four-sided figure is ¢wice as great as the sum of the angles of a three-sided figure ; 
the sum of the angles of a five-sided figure, three times as great; of a six-sided figure, 
Jour times as great, and so on; but the most noticeable practicable inference is, that 
only three regular figures,* namely, the equilateral triangle, the square, and the regular 
six-sided figure or hexagon, can, by repctition, completely cover a surface: in other 
words, that, without leaving any blanks or interstices, we may cover a surface with a 
mosaic work of equilateral triangles, or of squares, or of regular hexagons, but not with 
regular figures of any other kind. It would be impossible, for instance, to form a piece 
of tessellated pavement with slabs of any other regular figure but one of these three ; 
because the uniting together of any other forms, by adjusting side to side, would not 
fill up the space about the corners—there would be either left an angular gap, or else 
the stones must overlap one another. You will readily see the truth of this from the 
following considerations :— 

Let us first consider the equilateral triangle: as the three angles make two right 
angles, each must be 4 of two right angles, that is } of four right angles; consequently 
if six equilateral triangles were placed side by side, a corner or vertex of each being at 
the same common point, all the angular space about that point would be completely 
occupied; and no one triangle would overlap another, for the angles about a point 
amount to just four right angles (Prop. XIII., Cor. 2). Let us next consider the 
square ; and, as cach angle of a square is a right angle, it is plain that four squares, 
cach with a vertex at the same point, when placed in contact, will exactly fill the space 
about the point. 

The figure noxt in order is the regular pentagon, or five-sided figure. The corollary 
teaches us that the sum of its five equal angles amounts to six right angles; conse- 
quently each angle is one right anglo and @ fifth. Now you cannot multiply 14 by any 
whole number that will make the product 4—no such number exists; in other words, 
you cannot arrange the angles of pentagons round a point, as the common vertex of all, 
so as to fill up the four right angles about that point; the pentagon, therefore, must be 
ypjected. The next figure is the hexagon. By the corollary we learn that its six 
equal angles amount to eight right angles; consequently oach angle is equal to } of 
eight right angles; or, which is the same thing, to } of four right angles. It follows, 


* Right-lined figures are said to be regwar, when they are both equilateral and equiangutar. 
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therefore, that three regular hexagons, placed side by side, round a point, as a common 
vertex, will exactly fill the space about that point. 

We need not extend the examination any further; for, as the sides of regular 
figures increase in number, the angles increase in magnitude ; and, as it has just been 
seen that three angles of a six-sided regular figure make four right angles, more than 
two of a seven, or eight, or nine-sided figure, could never be required ; but if tevo equal 
angles of any figure could make four right angles, each angle would equal wo right 
angles, which is absurd. It thus follows, that if space about a point is to be filled up 
by the juxtaposition of regular figures, these figures must be either equilateral triangles, 
squares, or regular hexagons. 

Of these three classes of figures, it is demonstrable, by more advanced principles, 
that the hexagon will inclose a given amount of space with less extent of outline or 
border than either of the others; so that if a given surface were to be divided into 
regular compartments, of equal area, by a nctwork of costly materials, economy, guided 
by science, would suggest the hexagon as the figure to be chosen. And this is the 
figure selected by the bee in the construction of the honey-comb. You have seen that 
of all the figures of geometry, there are but three which can so cover a surface as to 
leave no waste of room—no interstices. The bee chooses one of them. Of these three, 
the hexagon is that which most economizes material :—the bee chooses it. It is neces- 
sary, too, as well for compactness and strength, as for the safe lodgment of the grub, 
that the hexagonal cell should terminate in a solid angle. Her choice of angles, that 
would do, is to be made from an infinite variety ; but among all thesc, mathematicians 
have discovered, by a profound analysis, that there is ove, and but one, mode of forma- 
tion by which the object would be attained with the least expenditure of materials; and 
this one the bee adopts. She closes her hexagonal tube with an angular termination, 
formed by three planc faces. Each plane cuts off or excludes a portion of the tubular 
space ; but the space within the solid angle just makes up for what is thus rejected ; 
and the faces of the solid angle are 30 shaped, and so inclined, as to fulfil all the mathe- 
matical conditions of a minimum of surface; so that while the angular space just com- 
pensates for the tubular space cut off, it effects the compensation not only with Jess 
amount of material, but with the /east amount possible. The compensating space might 
be secured in an infinite number of ways. Of this cndless varicty there is one way more 
economical than any other, and that onc is chosen by the bee. 

You must regard this reference to the architecture of the bee as a digression, into 
which I have been allured by the preceding examination of Euclid’s corollary. But tho 
subject is full of instruction; and when your mathematical knowledge is sufficiently 
extensive to cnable you fully to estimate the science of the honcycomb, you may, like 
the ancient geomctrician Pappus, fecl even additional reverence for the Creator’s power, 
and additional gratitude that you have been endowed with faculties to comprehend and 
admire the exquisite geometry of the bee. 

I shall only further remark here, that this interesting subject will be fully investi- 
gated, on mathematical principles, in the treatise on the DirrzREentIAL CuLcuvs, to be 
hereafter given. 

Proposition XXXVII. may be omitted. It is included in the more general theorem 
which follows, and which is demonstrated independently of the particular case, What 
is proved of triangles upon equal bases is, of course, proved of triangles on the sqme base. 

Propositions XXXV. and XXXVI, about parallelograms, seem to be related to one 
another, just as these two propositions about triangles are related. But there is a dif- 
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ference; for, although the thirty-fifth is only a particular case of that which follows, 
yet it is not superfluous, since the particular case is required in the proof of the general 
theorem. The thirty-ninth proposition, however, like the thirty-seventh, ts superfluous ; 
as the general theorem which follows does not requiro its aid, The forty-first, too, 
might have been replaced by a proposition of wider gencrality. You can give it the 
extension hero-‘suggested by putting ‘‘ equal bases’’ for ‘the same base” in the enuncia- 
tion, and modifying the construction and demonstration accordingly. 

Before passing on to the few remaining propositions, it may be worth while to 
notice that the term ¢rapezium is uscd in the thirty-fifth proposition for the first time. 
This is, m@ fact, the only place in which it occurs in the Elements, though.it is a term 
frequently employed in the applications of geometry to practical matters, such as men- 
guration, surveying, &c. . 

Proposition XLIT. requires a word or two. The line A E is improperly introduced, 
ir. other editions, into the construction ; you will see, by attending to the details, that 
the required parallelogram is completed without any aid from this line; it is in tho 
demonstration alone that A E becomes necessary, and therefore its introduction should 
be deferred till the construction is completed. 

Of the forty-soventh proposition but little need be said here. It is stated to have been 
discovered by Pythagoras, who is recorded to have sacrificed a hundred head of oxen to 
the gods on the occasion; but this is probably fable. The multiplication table has also 
been generally attributed to the same philosopher ; but the modern French geometrician, 
M. Chasles, in his historical researches, has shown this to be a mistake. 

The proposition in question is one of the most important, in its practical applica- 
tions, of all tho theorems of geometry. Many forms of demonstration have been given ; 
but that of Euclid is not to be surpassed in clegance and clearncas. 

The last proposition is remarkable only for the peculiarity of its demonstration ; it 
is the converse of the preceding, and is demonstrated in the direct manner, contrary to 
Euclid’s general practice of demonstrating converse propositions indirectly. As an excr- 
cise, you may supply an indirect demonstration yourself: other exercises on the first 
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EXERCISES ON BOOK I. 


1. Prove that the two diagonals of a parallelogram bisect each other. 

2. If in the sides of a square, at equal distances from the four vertices, four points 
be taken, one in each sido, the figure formed by the four straight lines, joining the four 
points, will also be a square. 

3. From two given points to draw two straight lincs, to meet in a given straight linc, 
and to make equal angles with it. 

4. Prove that the two lines drawn, as in the last exercise, are together Jess than any 
other two lines from the points meeting in the given line. 

5. To divide a right angle into three equal parts. 

6. The diagonals of a rhombus intersect each other at right angles. 

7. If the thrée sides of a triangle be bisected, the perpendiculars drawn to tho sides 
from the three points of bisection will all meet in the same point. 

8. The straight line which bisects two sides of a triangle will be parallel to the 
third side. 
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9. If the middle points in the sides of any quadrilateral figure are joined by four 
straight lines, the figure so formed will be a parallelogram. 

‘10. The sum of the angles of a four-sided figure is twice as great as the sum of the 
angles of a throe-sided figure; the sum of the angles of a five-sided figure, three times 
as great; of a six-sided figure, four times as great; and so on. 

11, Through a given point, between two non-parallel straight lines, to draw a 
third straight line, terminating in the former, which shall be bisected at the given 
point. 

12. From whatever point within an equilateral triangle perpendiculars be drawn to 
the sides, their sum shall always be tho same. © 

13. If from any point within a parallclogram lines be drawn to the four ver- 
tices, each pair of opposite triangles thus formed will be together equal to half the 
parallelogram. 

14. If two triangles have two sides of the one equal to two sides of the other, each 
to cach, and if the angle contained by the two sides of the one, together with that con- 
tained by the two sides of the other, make two right angles, the two triangles will be 
equal in surface, or area. 

15. In the figure to Proposition XLVII., if F D, GH, EK, be joined, the triangles 
FBD, GAH, KC E, will all be equal to one another, and to ABC. 

16. Prove the converse of Proposition XXXIV., namely: if the opposite sides of 
a quadrilateral be equal, or if the opposite angles be equal, the figure will be a 
parallelogram. 

‘17. Ifthe points of bisection of the three sides of a triangle be joined, the triangle 
will ‘be divided into four component triangles, all equal to one another. 
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I 


Every right angled parallelogram, or rectangle, is said to be contained by any two 
of the sides which contain one of its angles: that is, by any two adjacent sides. 
Thus the rectangle AC is said to be contained by the adjacent sides AB, BC, or by AD, DC, 
and is often called, for brevity, “the rectangle AB-BC;” or ‘‘the rectangle AD’DC.”’ 
And when the adjacent sides are made equal to two detached lines, each to each, it is 
common to refer to the rectangle as contained by the lines to which the adjacent sides have 
been made equal. Thus the rectangle BH, in Proposition I, following, is referred to as the 
rectaugle A°BC, because BG =A. 


In every parallelogram, cither of the parallelograms 
about a diagonal, together with the two complements, is 
called a gnomon. ‘Thus the parallelogram HG, together 
with the complements AF, FC, is a gnomon; it is expressed 
by the three letters AGK, or EH C, at the opposite vertices 
of the parallelograms, which make the gnomon. 
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PROPOSITION 1.—Tuxonzm. 


If there be two straight lines (A and BC), one of whieh (BUC) és divided snto any number of — 
‘parts, the rectangle contained by the two straight lines ts equal to the rectangles contained 
by the undivided line and the several paris (B.D, DE, &c.) of the divided line. 


*111. From B draw BF at right angles to BC,* andmake BG==A.+ Through 
+31 G draw GH parallel to BC, and through D, HE, C, draw DK, EL, 
*311. CH paralicl to BG.* ‘Then the rectangle BH D EC. 
=BK+ DL+ EH; but BE is contained by A and BC, 
+ Const... for B G==A,t and BK is contained by A and 
BD, for BG= A; also, D L is contained by A and DE, for 
*341. DK=BG*=A; and, in like manner, EH is con- 
tained by A and EC, .°. the rectangle ABO=ABD+ADE-+ 
A'‘EC, however many divisions there may be in BC;.°. ¢f there 
be two straight lines, &. Q. E.D. 


PROPOSITION II.—Turonem. 


Tf a straight line (AB) be divided into any two parts (AC, CB), the rectangles contained by : 
the whole and each of the parts, are together equal to the square of the whole line: that — 
is, AB-AC + ABBC =AB?. 


» 46 I. Upon AB describe the square AE,* and through C draw CF parallel : 
tsiz toAD or BEF Then AE=AF-+CE; but AE 
* Const. is AB%,* and A F = ADAC=AB<AC, because A _o_B 
AD =AB; also CE = AB‘BC, for BE = AB, .. AB AC + 
ABBC=AB!; .. ¢f a straight line, &. Q.E.D. 
Nore.—This proposition might have been made a corollary to the pre. 
ceding, since it is only that partioular case of the former in which the 
two proposed lines (A, BC) are equal. It is also obvious that the re-~ 
atriction of the number of parts to &eo is unnecessary. 


PROPOSITION III.—Tuxzonem. 


If a straight line (AB) be divided into any two parts (AC, CB), the rectangle contained 
by the whole and one of the parts ts equal to the rectangle contained by the two parts, | 
together with the square of the aforesaid part: that is, AB-BC = ACCB + . 
B G3, - 


ASO 


* 46 I, Upon BC describe the square CE;* pro- 

+311. long ED to F, and through A draw A F parallel 
to CD or BEF Then AE=AD+CE; but AE is the 
rectangle A B‘BO, for BC == BE; and AD is the rectangle 
AC OB, for-CD =: OB; also OE is BC’, .. ABBC F-. D 
exe ACCB+ BC; .. sf « stratght.line, do. Q. ED. 





88 ELEMENTS OF GEOMETRY. 


PROPOSITION IV.—Txxorem. 


Tf a straight line (AB) be divided into any two parts (AC, CB) the square of the whole line 
ts equal to the squares of the two parts, together with twice the rectangle contained by 
the parts: that is, AB* = AC? + C B* + twice ACC B. 


* 46 I. Upon A B describe the square AE:* draw BD; through C draw CGF 
+311. parallel to AD or BE, and through G draw HK parallel to AB or DE;t+ 
eo91, then CF, AD being parallels, the angle BOC—=ADB:* but ADB= 
+51. ABD, because AB=AD,t AE being a square,... CGB=( 
*61. CB=CG;* butCB=GK, andCG=BK,..CK is 
equilateral. It is likewise rectangular, for CG, BK being parallels, 
#291.  theangles KBC, GCB are = two right angles:+ but 
K BC is a right angle, ... GC B isa right angle, ..,. CGK, GKB, 
* 841. opposite to these, are right angles,* ..C K is rect- 
angular ; ond since it is also equilateral, itis a sguare—the square 
of CB. Fora similar reason HF is the square of HG, or of AC, 
.. HF, CK are AC?, CB?. And because the complement AG 
+481, c=the complement GE,t and AG is the rectangle 
ACCB, for CG=C B,..GE=ACCB,..AG+GE= twice AC'CB; and HF 
+CK=AC2+CB4,,.HF+CK+AG+GE=AC* + CB? + twice ACCB; 
that is, ABS == AC* + CB? + twice AC-CB, .. 6f a straight line, &. Q.E.D. 


Cor.—From this it is manifcst, that parallelograms about the diagonal of a squarc 
are likewise squarcs. 





PROPOSITION V.—TxxoreEm. 


Sf a straight line (A B) be divided into two equal parts (inC), and also into two unequal parts 
(in D), the rectangle contained by the unequal parts, together with the square of (CD), 
the line between the points of section, is equal to the square of half the line: that is, 


* 46 I. Upon C B describe the square CF :* draw BE; through D draw D HG 
$811. parallel toC E or BF,+ and through A draw AK parallel to CL or BM. 
* 431. The complement CH= HF:* to 

each of these add DM, -.CM==DF:butCM= “tS c D8 
4361, <AL,f¢ since AC=CB,., AL= | i 

DF; to each of these add CH,..AH=DF+ x — 

CH: but AH is the rectangle AD'DB, for DH 
*411,Cor, ==DB;* and DF+CH is the 

gnomon CMG, ..CMG==AD'DB: to each of 
+4I1. Cor. these add LGorC D8, ¢..CMG+ 

'; but CM G4 LG==CF 
=CB?,..ADDB+CD*=CB?; .. ¢f a straight line, &. Q.E.D. 


Cor.—From this it is manifest, that the difference of the squares of two unequal 
lines, AC, C D, is equal to the rectangle contained by their sum and difference; that is, 
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PROPOSITION VI.—T 


Lf « straight line (A B) be bisected (in C), and prolonged to any point (D), the rectangles 
contained by the whole line (A D) thus prolonged, and the prolonged part (BD), together 
with the square of (CB) half the line bisected, is equal to the square of (CD), the line 
made up of the half and the prolonged part: that is, A D-D B +-C B=: C Ds, 

* 46 I. Upon C D describe the square C F:* draw DE, and through B draw 

BHG parallel to CE or DF, and through H 
+311, draw KLM parallel to AD, or EF ;+ 

also through A draw A K parallel to CL or DM. 

* 361. Then because AC=CB, AL=CH;* _ it M 
+431. butCH=HF,t ..AL=HF: K 
to each of these add C M, .. AM = gnomon 
CMG; but AM is the rectangle AD-DB, for 
*411.Co. DM=DB,*..CMG=ADDB: 
+41I.Cor. add LG or C B*+ to each of these, 
. CMG+LG=ADDB+CB; but CMG+LG=CF=CD,? ..ADDB 
+OB*=CD?; .. ifa straight line, &. Q. E. D. 


PROPOSITION VII.—Txronem. 

If a straight line (A B) be divided into any two parts (in C), the squares of the whole line, and 
of one of the parts, are equal to twice the rectangle contained by the whole and that part, 
together with the square of the other part: that is, A B?+ BC!==twice ABBC + 
AC?, (See Diagram, Prop. IV.] 

* 46 I, Upon A B describe the square A E,* and construct the figure as in the 
+431. preceding propositions. Then because A G==G E,t if C K be added to each, 
AK=CE, .. AK+CE=twicoAK. But AK + CE= gnomon AK F+CK, 
. AKF + CK = twice AK; but twice AK =twico ABBC, for BE= 
*41L.Cor, BC,* .. AK F+CK=twice AB‘BC. To each of these add H F or 
AC, .. AK F+CK+HF=twico ABBC+AC?: but AKF+CK+HF= 

AB?+ BC, ..AB?+ BC?=twice AB BC+ AC* .°. tfa straight line, &. Q. E. D. 


PROPOSITION VIII.—Tuxorem. 


Lf a straight line (AB) be divided into any two parts (in C), four times the rectangle con- 
tained by the whole and one of the parts (BC), together with the square of the other part 
(AC), és egual to the square of the line (A D = AB+ BC), made up of the whole and that 
part: that is, four times A BBC + AC?= A D?. 

* 31. Prolong A B to D, sothat B D = CB;* and upon A D describe the square 
+461. AF ;+ and construct two figures such as in the preceding. Then because 
*341. CB=BD, andC B=GK, and BD=KN,* 
‘GE EN. For a like bec) PR= RO; and be- 
cause CB = =BD, andGK=KN, ».CK= BN, and GR 
+ 361. R N.t¢ But CK= -R N, being complo- 
“481. ments,*..BN GR, .:. the four‘rectangles, 
BN, CK, GR, BN, are eguai, and are thereforo qua- 
a of CK. Again, becauso CB=BD, and ae = 
i; Cor. BKt=CG, and CB= GK*=GP+ -: 
+4iL Oar =GP, and because CG=GP, and ae a 
* 36 I. RO, .. AG=MP,* and PL=RF. But 
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+431 MP=PL, being comploments,t ..AG= BF, .. the four, AG, MP, 
PL, RF, are equal, and are together quadruple AG, And it was proved that the four, 
CK,BN,GB, BN, are quadruple CK, .°. the cight rectangles, which compose the 
gnomon A OH, are quadruple of AK; and because AK =AB‘BC, for BK= BOC, 
., four times AB‘BC = four times A K: but it was proved that A O H = four times A K, 
' *411.Cor. .. four times AB-BC=AOH. To each of these add X H or A C?,# 
. four times AB BC+AC?=AOH+XH; but AOH+XH=AD*%, .-. four times 
ABBC+LAC=AD*; «. éf a straight line, &. Q.E. D. 

Norge.—For another and shorter demonstration of this proposition, see the remarks at the 
end of Book II. 










PROPOSITION IX.—Tuerorem. 


If a straight line (AB) be divided into two equal, and also into two unequal parts (in C and 
D), the squares of the two unequal parts are together double of the square of half the line 
(A C), and of the square of the line (CD), between the points of section: that is, A D? 
+ D B?= twice A C? + twice C D?. 
* 1 From C draw C E at right angles to AB;* and make it = AC or 
t3 I. CB.¢ Draw EA, EB; and through Ddraw DF parallel to CE, and 
*311. through F draw FG parallel to BA:* draw also AF. Then because 
t 51. AC=CE, the angle EAC=AEC;f and becausco ACE is a right 
* 32 1. angle, the two others, AEC, EAC, must together make one right 
angle, and as thoy are equal, each must bo half arightangle. For a like reason, each 
of the angles, CEB, EBC, is half a right angle, .°. AEB is a right angle. And 
because GEF is half a right angle, and EGF a E 
+291. right angle, for it is= ECB,f .. the re- 
maining angle EF'G is half a right angle, ..GEF = 
*61 EFG,and..EG=GF.* Again, because 
B is half a right angle, and F DB a right angle, for it is 
+21. =ECB,f¢ .. the remaining angle, BF D, 
is half a right angle, .. B= BF D, and .. DF = D 
*é6 I. DB.* And because A C = C E, oe AC? = CB, oe AC? + C EF = twice 
$471. AC?; but AE? = A02+C E2, because AC Eis a right angle,t .°. AE? 
= twice AC®. Again, because EG=GF, ..EG?=GF4, ..EG?+GF* = twice 
*471. QF?: but EF?=EG?24+GF%,* .. EF? =twico GF*; ond GF= 
+341 OD,+.. EF? = twice CD?. but AE?= twice AC?, .. AE? + EF? = 
*471. twice A CO? + twice CD?: but AF2?=AE2+EF2,* because AEF is 
a right. angle, .. AF2 = twice AO? +twico CD?: but AD? + DFt=AF?, because 
+471. ADF is a right angle,t .. AD? +DF?= twice AC?+twice CD; 
and D F==DB, ... AD? + D Bt = twice A CO? + twice CD?; .. of straight line, &c. 
Q. E. .D. 
























PROPOSITION X.—Tuxsorem. 


If a straight line (AB) be bisected (in C), and prolonged to any point (D), the square of the 
whole line thus prolonged, and the squure of the part of it prolonged (DB), are together 
double the square of (AC) half the line bisected, and of the square of (CD) the line 
made up of the half and the prolonged part: that is, AD? + D B* = twice AC#+ 
twice CD: a | 
*uL From C draw CE at right angles to AB,* and make it== AC or CB;+ 
+ 31. and draw AE, E'B. Through E draw EF parallel to AB, and through 
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*$1I.  $D draw DF parallel toCH.* Then because EC, FD are parallels, the 
+ 291. angles CEF -+- EF D = two right angles,t .. BEF + EFD are less 
* Ax.12. than two right angles, ... EB, F D, if prolonged, will meet towards B, D.* 
Let them meet in G; and draw AG. Then because AC=CE, the angle CEA= 
+ 51. EAC,+ and ACE is aright angle, ... CEA, EAC are each half a right 
#321. angle.* Fora like reason, CEB, EBC are each half a right angle, .°. 
AEB is aright angle. And because E BC is half aright angle, D B G also is half a right 
+151. angle, for they are vertically opposite :+ but B DG is a right angle, being 
= DCE, .’. the remaining angle DGB is half aright angle, andis ... = DBG, .. BD 
*6]. =DG.* 
Again, becauso EGF is half a right angle, and that F is a right angle, being =the 


+ 841. opposite angle ECD,t+ .°. the remaining z 
angle FEG is half aright angle, ... FEG=EGF,..GF . 

*61- om FE And because EC=CA, .. 
EC? = CA, ... EC? + CA? = twice CA?: but EA? %, 


+471. = EC?-+CA2,¢... EA? =twice AC, AS 
Again, because G F == FE, .:. GF2 = FE’, .. GF2 + 
*471. FE2%=twice FE?; but EG2?=G F2+FE?,* 
+H | =6|, EG2* = twice FE?, and FE=CD,t .. EG? =—twico CD2. But it 
was demonstrated that E A? == twice C A3, ... AE? + EG? == twice AC? + twice C D2; 
*471. but AG? = AE? + EG2,* ., AG® == twice AC? + twice CD23; but 
t47l =AD?4DG*=AG2,+¢ .. AD? + DG? = twice AC* + twice C D2; 
but DG == DB, .. AD? + DB2 = twice AC? +- twee CD?; .*. if a straight line, &e. 


Norz.—For other demonstrations of the last two propositions, see the remarks at the 
end of this book. 


PROPOSITION XI.—Prosiem. 


Lo divide a given straight line (A B) into two parts, so that the rectangle contained by the 
whole, and one of the parts, shall be equal to the square of the other part. 


*11 & 381. From A draw AC perpendicular and equal to AB;* bisect AC in 
+101. E,t and draw BE, Prolong CA to F, making EF = EB,* and 
* $I. from AB cut of AH =m AF:¢ AB shall be divided in H, 80 that 
* 461. Complete the square BC, as also the square F H;* and prolong G H 
to K. Then because A C is bisected in E and prolonged to F, the 
+611. rectangle CFF A+ AE? =E F2;+ but EF= 
“Const. EB* «. CE:FA + AE? = EB; but BA? + 
A E? = E B?, because E A B is aright angle, .. CF-F A+ AE*= 
B A?..A E2: take away A E?, which is common to both, .. O F-FA Ab 
=BA*% But FK=CFFA, for AF=FG; and AD=B A’, 
“.FK=AD, Take away AK, common to both,.. FH=HD: 
but HD =ABBH, for AB=BD, and FH is AH, .. 
ABBH = AH; .. AB is divided in H, a0 that ABBH = 
AH?, Which was to be dons. 


wT ft 
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PROPOSITION XII.—Txuxrorem. 


In an obtuse-angled triangle (ABC), tf a perpendicular (AD) be drawn from either of the 
acute angles to the opposite side prolonged, the square of the side (AB) subtending the 
abtuse angle is greater than the squares of the sides (BC, C A) 
containing the obtuse angle, by twice the rectangle contained by 
the side upon which, when prolonged, the perpendicular falls, 
and the line, without the triangle, between the perpendicular 
and the obtuse angle; that is, A B? = BC? + C A?-+ twice 
BCC D. 

Because B D is divided into two parts in C, BD? = BC? 
“41 +CD?+twice BC-CD.* To cach of these add D A, ... BD? + D A? 
=BC?+CD? + DA*+twice BO'CD; but AB?=BD*+D A2, and CA?=CD? 
+471. +DA%+¢...A B?=BC?+C A?+ twice BOCD; that is, the square of 

AB ts greater than the squares of BO‘CA by twice BC-‘CD; .. tn an obtuse-anglea 

triangle, &c. Q. E.D. 


wr ~ — 


PROPOSITION XIII.—Tueonrem. 


In every triangle (A BC), the square of a side (AC) subtending an acute angle, ts less than 
the squares of the sides (CB, BA) containing that angle, by twice the rectangle 
(CB:BD) contained by either of these sides, and the straight ‘a 
line intercepted between the perpendicular (AD) and the 
acute angle (B) : that is, AC? = C B?+ B A*—twice CB-BD. 


First, let AD fall tcithin the triangle; then, because C B 
is divided into two parts in D, C B?+ B D?=twice CB-BD 
‘71 +DC2* To each of these add AD?,...CB: B D c 
+BD2+AD?2 =twice CBBD+DC?+AD?: but BA? = BD? + A D?, and AC? 
+47 1. =DC2+AD?f, ..CB2+BA2=AC2+4twice CBBD. From each of 
these take twice C B‘B D, ... A C? = CB? + BA1—twiceC BBD. 
Secondly, let A D fall without the triangle ; then, be- 
cause D is a right angle, A C B is greater than a right 
*161.  angle,* «. A B? = A C2 + C B2 4 twico 
+121. BCCD.t To cach of these add B C3, .:, 
AB?2+BC2=AC24 twice BC? + twice BC-‘CD. But becauso 
B D is divided into two parts inC, DBBC=BCCD . | 
*8iIl BC2,* and the doubles of these being equal,., 5 - 
AB? +BC%=AC2++twice DB-BC. From oach of these take twice DB‘BC, .. 
AC? =AB*+ BC2!—twice DB-BC; .*. on every triangle, &c. 


PROPOSITION XIV.—Pnrosrem. 


To describe a square that shall be equal to a given rectilineal figure (A). 


* 45 1. Describe the rectangle BD =A.* Then, if tho sidos of it, BH, ED, 
are equal, it is a square, and what was required is now done; but if they are not equal, 
+101. prolong one of them, BE to F,and make EF=ED. Bisect BF in G,f 
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and with centre G and radius GB, orGF, describe the semicircle B H F, and prolong 
DE to H. The square described upon EH shall 
be equal to the given figure A. Draw GH. Then, 
because B F is divided into two equal parts in G, and 
into two unequal parts in E, BEEF + EG? = 

*5N. GFE2;* butGF=GH,.. BEEF + 

+471. EG?=GH*; but HE? +EG2=GH:?,+ 
.. BEEF + EG* = HE? + EG?, Tako away 
E G*, which is common to both, .. BEEF = EH?; 
but BEEF = BD, because EF = ED,.. BD= 
EH?; but BD = A, ». EH? = A; .. @ sguare 
described upon E H is = to the given rectilineal figure. Whiclf was to be done. 





REMARKS ON BOOK II, 


All the propositions in this book, except the last three, concern the divisions of 
straight lines into parts, and the equality of rectangles having ccrtain of these parts for 
their sides. The first proposition is little more than an axiom, as its object is to show 
that any rectangle BH is equal to the sum of the partial rectangles B K, D L, &c., into 
which it is divided : but, as already observed (p. 72), Euclid docs not regard as an axiom 
any proposition that admits of demonstration. 

Proposition II. might, without impropriety, have been apponded as a corollary to 
Proposition I., as already stated in the text; since, if the line A, in Proposition I., be 
considered to be equal to the line BC, this proposition will virtually include the next 
following. 

Proposition V. authorises us to affirm, as an inference, that the rectangle contained 
by the two halves of a straight line, is greater than tho rectangle contained by any two 
unequal parts of it, since it shows that to this latter rectangle something must be added 
to make up the square of half the linc. 

In attempting the propositions in this book, without reference to tho text, you will 
find it useful to keep in remembrance that in all the constructions, up to Propo- 
sition VIII. inclusive, the greatest square mentioned in the enunciation is always to 
be described jirst ; and that in each proposition after the fourth, the lines omployed in 
that fourth are always to be introduced. After this partial construction, the completion 
of the diagram, in each case, will readily present itself. 

It may, too, be deserving of notice that the demonstrations in Propositions Y. 
and VI. may, with advantage, be conducted rather differontly from the method of 
Euclid. ‘Thus, in Proposition V., having proved, as in the text, that the projecting 
rectangle AL is equal to the marginal rectangle DF, we may proceed as follows :— 
Take each of these rectangles from the entire figuro; then the remainder C F will be 
equal to the remainder AH + LG, that is, to the rectangle AD-DB (for DB= DH), 
and the square of 0 D, since LH = C D: and this completes the demonstration. 

In like manner, in Proposition VI., having proved, as in the text, that the projecting 
rectangle AL is equal to the marginal rectangle HF, take each rectangle from the entire 
figure; then the remainder CF is equal to the remainderAM +LG: that is, CD?= 
ADDB+ CB’; which completes the proof. | 

Proposition VIII. is usually found, by a beginner, to be a little perplexing; and 
Propositions IX. and X., though very clegantly demonstrated by Euclid, are felt to be 
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somewhat lengthy. I shall, therefore, here show how these three propositions may be 
otherwise demonstrated. 

Prop. VIII.—Having made BD = CB, tho reasoning may be as follows: 

By Prop. IV., AD? = AB* +-BD2 +2 ABBD; 
that is, AD? = AB? + CB? + 2 AB OB. 
Also, Prop. VII., AB* + CB? = 2ABCB+ AC2; 
“AD*=2ABCB+AC2+2ABCB 
that is, AD? = 4 ABCB+AC2, 
Which was to be demonstrated. 
Prop. IX.—By FrOp: IV., AD? = AC? + CD? +2ACCD;. 
AB? + DB? = AC2?+CD2+2ACCD + DB; 
that i is, AD? + DB? = BO? + CD2+ 2 BC-CD + DB?., 
But, Prop. MAE BC? + CD? = 2BC-CD + DB; 
“AD? + DB* = BC: + CD? + BC? + CD?; 
that j is, AD? + DB?== 2 BC? +2C0D’'=2AC* : 2CD?. 
Which was to be demonstrated. 

Proposition X.—The demonstration of this may be made to depend on the preceding 
proposition, as follows :— 

Prolong C A to H, making AH = BD; ——— |—__——_ | 
then HC = CD, and HB=DA. H A C B OD 

And since H D is divided equally in C, and unequally in B, .°. by Proposition IX., 

HB? + BD? = 2 HC? + 2 CB’; 
that is, AD? + BD? = 2 CD? +2 AC’. 
Which was to be demonstrated. 

Although the foregoing demonstrations occupy less space than those of Euclid, I 
would by no means recommend them to your preference. Those of Euclid are among 
the finest of his specimens of clear and consecutive reasoning, and you will observe that 
they are altogether independent of second-book propositions. They are thus simpler, 
though longer than those given above. There is, too, a beauty in the reiterated appeals 
to the forty-seventh of the first book, that more than compensates for the length of 
the argument. The demonstrations above, however, may be useful as exercises on the 
application of second-book propositions. 

There are but two problems in this second book; and each of these, as given in the 
editions of Simson and others, exemplifies the remark made in the commentary on the 
preceding book, in reference to Euclid’s apparent indifference as to the neatness and 
finish of his constructions. 

In the editions alluded to, the whole of the diagram in Proposition XI1., with the 
oxception of the prolongation of GH to K, is made to appear as cssential to the construc- 
tion of the problem ; that is, to the determination of the point H. You havo secon, 
however, that to the discovery of this point, the actual construction of the two squares 
AD, AG is not necessary ; they are wanted only as part of the machinery in the demon- 
stration that the point H, previously found, divides the proposed line as required. 

In Proposition XIV., too, the drawing of G H is made to enter into the construction 
of the problem, instead of being postponed for use in the demonstration,.as is done in 
this edition. 

You will not fail to notice the connection between Propositions XII. and XIII., and 
Proposition XLVII., of the first book. The three together furnish certain corresponding 
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relations between one side of a triangle and the other two, whether the angle opposite 
that one be right, obtuse, or acute. 


It may not, perhaps, be out of place here to notice, that the word egual, employed 
80 frequently in this and in the preceding book, in reference to rectangles, triangles, 
&c., is used by Euclid in two somewhat different senses. In the earlier propositions of 
the first book—the fourth, eighth, and twenty-sixth, for instance—the tast of equality 
is perfect coincidence, as the result of superposition; but in Propositions XXXV,, 
XXXVI., &c., as also in most of the propositions of this second book, the condition of 
coincidence is excluded, and the figures are declared to be equal if they are proved to 
inclose the same extent of surface. Legendre, a distinguished French geometer, has 
proposed to discriminate between these two kinds of equality; figures which, though 
equal in surface, do not admit of coincidence, he prefers to call—not equal figures, 
but equivalent figures, I think the distinction an appropriate one; and, while upon 
these minor matters of mere phrascology, I would venturo further to suggest, that 
instead of speaking of lines as greater and Jess, the more explicit and restrictive terms 
longer and shorter would be preferable ; and that part of a linc, or portion of a line, are, 
cither of thom, designations that might appropriately supply the place of segment of a 
line. 


EXERCISES ON BOOKS I. AND II. 


1. In any triangle, the squares of the two sides are together equal to the square of 
half the base, and of the straight line from the vertex to the middle of the base. 

2. The squares of the four sides of a parallelogram are together equal to the squares 
of the two diagonals. 

3. If from any point lines be drawn to the four vertices of a rectangle, the squares 
of those drawn to opposite vertices will together be equal to the squares of the other two. 

4. In every parallelogram the squares of the four sides are together equal to the 
squares of the two diagonals. 

5. If from any point whatever lines-be drawn to the four vertices of a parallelogram, 
twice the sum of their squares will be equal to the squares of the diagonals, together 
with eight times the square of the line drawn from the given point to the intersection 
of the diagonals. 

6. From the Inst excrcise prove that the following curious property has place, 
namely :—If from the point of intersection of the diagonals of a parallelogram a circle 
be described with any radius, the squares of the lines drawn from any point in the 
circumference to the four corners of the parallelogram, will always amount to the same 
sum. 

7. In any quadrilateral the sum of the squares of the four sides is equal to the sum 
of the squares of the diagonals, together with four times the square of the line joining 
the middle points of tho diagonals, 

8. Prove the converse of Example 2 above, namely :—If the squares of the sides of a 
quadrilateral are together equal to the squares of the diagonals, the figure must be 
a parallelogram. 

9. Let a straight line be divided according to Proposition XI. Book II., and: f:om 
the greater segment cut off a part equal to the less: prove that this greater segment 
will thus be divided also according to the same proposition. 
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ELEMENTS OF EUCLID.—BOOK III. 
DEFINITIONS. 
I. 


A straight line is said to touch a circle when 
it meets the qircle, and being prolonged, does not 
out it. 

II, 





Circles are said to touch one another, which meet, but do not cut one another. 


nT. 

Straight lines are said to be equally distant from the centre 

of a circle, when the perpendiculars drawn to them from the 
centre are equal. 


Iv 
And the straight line on which the greater perpendicular © \ 
falls is said to be farther from the centre. 


Vv. 


An arc of a circle is any part of the circumference, 
; VI. 
A segment of a circle is the figure contained by an arc of a circle 
and the straight line joining its extremities, which straight lino is 
called the chord of the arc, or the base of the segment. 


> Bia oe 
1 
An angle in @ segment is the angle contained by two straight / \ 
lines drawn from any point in the arc of the segment to the 
extremities of the chord of the arc or base of the segment, f 
Thus A is an angle in the segment BAC, ‘ J. 
C 


And an angle is said to insist ‘or stand upon tho are intercepted between the straight 
lines that contain the angle. Thus A stands upon the arc BDC. 


IX, 
A sector of 8 circle is the figure contained by two straight ~ \ 
lines drawn from the centre, and the arc betwcen them. ABC / 
is a sector, 80 is the remaining part of the circle. \ J / 


Similar segments of circles are those in which the | oe 
angles are equal, or which contain equal angles. ee os 
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PROPOSITION I.—Prosiem. 


To find the centre of a given circle (ABC). 


Draw any straight line AB, terminating in the circumference, and bisect it in 
*10I. D:* deaw DC at right angles to AB,f prolong it to E, and bisect CE 
{111 in F: the point F shall be the centre of the cirele. 
For if it be not, let G, a point out of the line CE, be the 
centre: and draw GA, GD, GB. Then because DA= 
+ Const. DB,+ and DG common to the two triangles 
ADG, BDG, the two sides AD, DG are == the two BD, DG, G 
each to each, and the baso GA==the base GB, because G is F 
* Def.121. the centre,* .*, the angle GDA = GDB:f 
¢ §i. but when a straight line standing upon another 
makes the adjacent angles equal, each angle is a right a 
* Def. 8 I. angle;* ...G DB is a right angle: but F D B is 
+ Const. likewise a right angle,t...GDB=FDB, the less to the greater, which 
is impossible, .*, the centre cannot be at any point out of the line CE: it must.°. be ata 
point in CE, and .. at tho middle of CE, .. F is the centre, which was to be found. 
Cor.—From this it is manifest that if @ chord of a circle (as AB) be bisected by a 
perpendicular, that perpendicular will pass through the centre. 


PROPOSITION II.—Tuxrorem. 


If two points (A, B) be taken in the circumference of a circle (A BC), the straight line or 
chord (A B) which joins them shall fall within the cirele. 


* 1 IIL. For if not, let it fall without, as AEB. Find D, the centre of the circle, * 
and draw DA, DB. In the arc AB take any point F, draw D F, ee 

+ Def. 121. and produce it to E: then because DA=DB,t+ ae < 

°5I. the angle DAB==DBA:* and becauso AE, a / 
side of the triangle DAE, is prolonged to B, the exterior angle ' 

t161. DEB is greater than DAE:+ but DAES | 
DBE, as just proved: .*. DEB is greater than DBE; but to \ 

"191. the greater angle the greater sido is opposite,* ‘<< oy 

t Def. 121. ... DB is greater than DE: but DB=DF,t... 
DF is greater than DE, which is impossible, .-. AB does not fall without the circle. 
And since DB, the radius of the circle, is greater than D E, and that E is any point on 
the chord, between A and B, .*. no point between A and B can be on the circumference, 
.. the chord AB ts wholly within the circle; .°. if any two points, &c. Q.E.D. 





PROPOSITION III.—Txronem. 


Tf a straight line (CD) through the centre of a circle (ABC) disect a chord (AB), which 
does not pase through the centre, it shall cut it at right angles ; and if tt cut the chord at 
right angles, tt shall bisect tt. 


*1 III. Take E, the centre of the circle,* and draw EA, EB. Then because 
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+ Hyp, AF =F B,+ and F E common to the two triangles AF E, BF E, and also 

* 81. EA=EB, .°. tie angle APE = BFE,* 

+Def.81. .°. each ts a right angle,t . CD, drawn through 
the centre, bisecting the chord A B, that does not pass through the 
contre, outst at right angles, 

Now let € D-cut A B at-right angles: OD. shall biseot AB, 
For, the same construction Being made, becauen- EA = BB, 

* SI. the angle EAF w= EBEF;* and tha: right: angle 
AFE=BFE, .:. in the two triangles, BATE, EBF, there 
are two angles in the one == two-in: the other; each to: eacli ; 
and E F, Gppoetse to Oiual kaghes, One im opm) 6 cae © 

+261. both, . AF FB;+ that is, the-chord AB: is binsoted ky. the. diamater 
CD; which és perpendicular to. it . fa traghtline, &. Q,% BD. 





PROPOSITION IV.\—Treorem. 


Tfin a circle (ABCD) twe chords (AC, BD) cut one another; and do not pass through 
the centre, they do not disect each other. 


For let them cut in E; and suppose AE=EC, and BE=ED. Ifone of the chords 
pass through the centre, it is plain it cannot be bisected by the other which does not 
pass through the centre, because the middle of the former és 
the centre, But if ncither pass through the centre, take F, 

*1II%. the centre;* and draw F E. Then, because 
FE, through the centre, bisects AC xot through the centro, 

t3UI. it cuts it at right angles,t ... F EA is a right 

“Hyp. angle. Again, because F E bisects BD,* a 
chord not through the centre, it cuts it also at right 

+3UI. angles,t .. FE B is a right angle; but it was 
proved that F E A is a right angle, .. FE A = F EB, the less 
to the greater, which is impossible, .-. A C, B D do not bisect‘one another; .*. if tn a otrole, 
&. Q.E,D. 





PROPOSITION Y¥.—Tunorme. 


Af taeo. circles (ABC, CDG). cut. one; another, (as in.the: point: 0),. ty shal ot hae the 
SANG OUTER. 


For, if it be supposed possible, let E be the common 
centre. Draw EC, and draw EFG, meeting the circum- 
ferences in F and G.- Then, because E is the centre of the 

*Def.12L cirele ABC, EC =: EF.* Again, because E is 
the, cantre-of the: circle CDG, EC = EG. But it wee shown. 
thet EC = EF, .. BF = EG, the less to the greater, which 
is impossible, .°. the two circles have not a common centre ; 
if thoo oipelee, be, QB. D: 
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PROPOSITION VI.—Tusonzm. 


If two circles (ABC, CDE) touch one another they shail not have C 
the:ewme oentre, P 


Lat them touch at C, then if thay have a common. centre, 
let it be H. Draw FC,.and FEB, meeting the circumferences 
in E and.B.. Then, because F is the centre of ABC, FC = 
FB;* also, because F is the cantre of CDE, 
FC = FE:* but it was shown that FC = FB, 
.. FE = FB, the Jess to the greater, which is impossible, .-. 
the twe ctroles have not a common contre; .'. if two circles, &e. Q. E. D. 


* Def. 121. 





PROPOSITION VII.—Txxronem. 


Tf any potnt (F'), not the centre, be taken in the diameter (AD) of a circle (ABCD), then of 
ali lines (FA, FB, FC, &c.) which oan be drawn from it to the circumferemos, the 
greatest 1s that (FA) which passes through the centre (E), and (FD), the other part of 
the diameter, is the least. And of the others, that which ts nearer to the line through 
the centre is alevays greater than one more remote. And from the same point (F) there 
can be drawn two, and only two, straight lines that are equal, one upon each sida of. the 
diameter. 

Draw EB then because any two sidcs of a triangle are together greater than the 

*201. third side, FE, EB are greater than FB:* but EA = EB, .. FE + EA, 
that is, FA is greater than FB, and FB is any other line, .°. the line through the centre 
is the greatest. Again, draw EC: then, because EB = EC, and FE common to the 
triangles BEF, CEF, .’. the two sides FE, EB are==-the 
two FE, EC, cach to cach; but the angle BEF is greater 

+7 241, than CEF, .. FB is greater than FC,} .-. 
the lune nearer to that through the centre ts.greater than one 
more remote. - 

Again, draw EG: then, becauae HE + FG are greater 

*201. than EG,* and that BG =ED; .. EF +FG 
are greater than ED, Take away the common part EF, .-. 

FG is greater than FD, and FG is any other line, 

. ED ia the least of all the lines from-F to the ocsrcesne 

ference. 

Also two, but only two, equal straight. lines can: he drawn from F to the ciroum- 
ference, one upon each side of the diametor AD. For FG being any straight line from 
+231. FF, at E make the angle PEM = FHG,p and dmw FH. Then, because 

EG = EH, and EF common to the triangles GEE, HER,. the two sides EG, EF are = 
* Coast. the two EH, EF, each to-eagh, end tha angle GEF = HEF,* ... FG = 
tai. FH.¢ But, besides FT, no-ather line sto FG can be drawn from 

F to the ciroumféremne. For, if there eas; let it be RR: then, because FR = FG and 

FG = FH, .. RK = FH; but one of dypegmiuat be newret to the line through thecentze 

than the other, so: that-a line nearby to! that.through:the centre is equal to One mpee 

remote, which has been proved to be dmpomdble, ... desidee FH no other tine F Gone be 
drawn ; «'. of ony point, &o. QB: B; ; 
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PROPOSITION VIII.—Tuxronex. 


Tf any pownt (D) be taken without a circle (ABF), and straight lines (DA, DE, DF, &c.) 
bs drawn from it to the circumference, of which one (DA) passes through the centre (M), 
of those which fall upon the concave part of the circumference, the greatest ts that (DA) 
which passes through the centre, and of the rest, that which % nearer to the one through 
the centre is always greater than one more remote. But of those which fall upon the 
conver part of the circumference, the least is that (DG) which, when prolonged, passes 
through the centre; and of the rest, that which ts nearer to the least tt always less than 
one more remote. Also two, and only two, equal straight lines can be drawn from the 
same point (D) to the circumference, one upon each side of the line through the 


centre. 


* 1 III. Take M the centre of the circle,* and draw ME. Then because AM 
== EM, add MD to each, ... AD = EM+ MD; but EM + MD are greater than 

t+ 20%. ED,t .°, AD is greater than ED, and ED is any other line, .°. AD, the line 
through the centre, ta the longest. 

Again, draw MF. Then, because EM = FM, the two EM, MD are = the two 
FM, MD, each to each; but the angle EMD is greater than FMD, .°. ED is greater than 

*241. FD,;* that is, a line DE nearer to that through the centre ts greater than DF, 
one more remote. 

+ 201. Now draw MK. Then because MK + KD are greater than MD,} 
and that MK == MG, .’, the remainder KD is greater than D 
the remainder GD; that is GD is less than KD, any other 
line from D to the convex part of the circumference, .’. 
DG ts the least line. Draw ML: then because MLD is a 
triangle, and that MK, DK are drawn from the extremi- 
ties of a side to a point K, within the triangle, ., MK +- 

*“21L DK are less than ML + DL:* but MK = 
ML, .*. the remainder DK is less than the remainder DIL; 
that is, @ line nearer to the least ts less than one more re- 
mote, 

Also, there can be drawn two, but only two, equal 
straight lines from D to the circumference, one on each 
side of DA, the line through the centre. For draw any 
straight linc DK, and at M make the angle DMB = 

4231. DMK>;+ and draw DB. Then because MK 
== MB, the two MK, MD are = the two MB, MD, each aay 

* Const. toeach; and the angle KMD = BMD,®* .-, 

+41. ‘DK = DB,¢ ¢0 that two equal lines can be drawn, and the demonstration is 
the same whether DK be drawn to the convex or to the concave part of the circum- 
ference. But, besides DB, no straight line drawn from D to the circumference, can bo 
= DK. For, if thero can, let it be DN. Then because DK = DN, and DK == DB, .”. 
DN = DB; but one of these must be nearer to that through the centre than the other, 
,& line nearer to that through the centre is <= one more remote, which has been 
proved to be impossible; .°. ifany point, &o. Q. E.D. 
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PROPOSITION IX.—TuxoRE. 


Lf any point be taken, from which there may be drawn more than two equal straight lines to 
the circumference of a circle, that point is the oontre of the cirele. 


For if the point were not the centre, only two equal straight limes could be drawn 
*7&81ll. from it to the circumference ;* .°, if any point, &c. 


PROPOSITION X.—THEOREM. 


One circumference of @ circle cannot cut another in more points than two. 


For suppose the circumference FABC to cut the circumference DEGF in more than 
two points, viz., inB,G,F. Take the centre K, of the circle 

*1 111, FABC,* and draw KB, KG, KF. Then 
because K is the centre of the circle FAB, these lines are 
all equal; so that from a point K, to the other circum- 
ference DEGF, more than two equal straight lines are 
drawn, viz., the tiree KB, KG, KF, .°. K is the centre 

+91 of the circle DEGF,t+ .. the same point is 
the centre of two circles that cut onc another, which 

* 5111 is impossible ; * .*, one circumference, &e. 
Q. E. D. 





PROPOSITION XI.—Tuxonem, 


Tf one circle (ADE) touch another (ABC) tnternally tn a point (A), the straight line which 
joins their centres being prolonged, shall pass through the point of contact (A). 


Let F be the contre of ABC, and G the centre of ADE; FG whon prolonged shall 
pass through A. . 

For if not, let FG, prolonged, cut the circumferences in D and H. Draw AF, AG: 
then, because two sides of a triangle are together greater than 

* 201. tho third side, FG + GA are greater than FA :* 
but FA == FH, .*, FG + GA are greater than FH. Take away 
the common part FG, ., GA is greater than GH: but GA = 

+ Def.121. GD,t+ .’. GD is greater than GH, which is im- 
impossible, even could D, H coincide, ., FG being prolonged, 
cannot but pass through the pont Aj; .. if one circle, &e, 
Q. E. D. 





PROPOSITION XII.—Taxonex. 


If two circles (ABC, ADE) touch each other externally ina point (A), the straight line 
which joins their centres shall pass through the point of contact (A). . 


Let F be the centre of ABO, and G that of ADE: FG shall pass through A. 
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~ For if not, let FG cut the circumferences in C, D, and draw FA, GA. Then because 
F is the centre of ABC, FA== FC: and because G 
is the-oontre of ADE, GA=GD,,.,FA+4+GA= | 
FC + GD, .". the whole FG ts not less than FA 
-+4- GA, even though C, D. be supposed to coincide ; 
but. side FG, of the triangle AFG, ts.less than || 
*201. the other two sides,* which is im- 
possible, ... FG cannot pass otherwise than through 
the point of contact A; .°. ¢f two circles, &e. Q. E. D. 





PROPOSITION XITI.—TuzorE. 


One circle cannot touch another in more than one point, whether it touch it on the inside or 
on the outside. | 


For, if it be supposed possible, let the cirdle EBF touch the :eirclo ABC in two 
points ; and first on the inside, in'the pomts B, BD. Jom B, D, and draw-GH, diseoting 

*W&1ll. BD at right angles.* Thon because ‘the pomts B, D are in the oireum- 
ference of each of the circles, BD falls 

+2111. withineaeh of them,.". 
their-eantres are in GH, which biseets 

* 1TH. Lor. BD at right angles;* .*. 
GH passes through the point of con- 
tact B, and through the point of con- 

tll UI. tact D:+ but the points 
B, D are without the straight limo GH, 
| which is absurd; .°. one circle cannot 
tousk-anothor onthe wade sn'more than ore point. 

Nor .can two circles touch on the outesdein more than one point. For syppese the 
circles ACK, ABC to touch in two points, A, C. Join A,C: then because A, © are in 
the circumference ACK, AC, which joins them falls, within the 

*210. circle ACK.* But the circle ACK is without the 

+ Hyp. circle ABC,+."..AC is without this last circle.; ‘but, 
because A, C'are in the circumference ABC, AC nrust be within 

*210. fhe same circle,* which is absurd, .°, one vircle 
cannot touch another on the outside in more than one point ; and ‘it 
has been. ot that they cannot touch on the énstde in more 

than.one point; .°. one circle, &e. Q. E. D. 


PROPOSITION XIV.—Tirrorem. 








Equal chords (AB, CD) tna circle are equally distant from the 
contre; and chords equally distant from the centre are equal. 


*1 Til. Take E the centre of the circle ABDC,* and from E.draw EF, EG per- 
19.4121. gendioulers.to.AB, CD5+. then. if AB== CD, ER must be== EG. For 
draw EA, EC. Then because EF, from the centre, cuts AB, a chord not through the 

"SI. centre, at right angles, it biseets it,* .-. AF = = FB, -, AB is double of AF, 

+Hyp. Fora lke pesson ‘CD is double of OG. But AB ax =='OB,}.’. AF = CG. 
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mittens BAN BOs but Ads: PR Bat: howe AFE ise right 
*47 1, ‘angle';* and, fore Uhe roeson, 0G? GRtax EC, 
AR? PRP oe OF .L GE; bat Aveo O68, because AF 
=OG, °. FE eciGR, », FE=vGE; but chords of a-cpele are 
said to be equally distant from the centre when the ‘perpen- 
+ Def. 6111. diculars drawn to thom Host neces we emer % 
", AB, CD are comally dtstunt From the obeitre, | ? 
Next, let the chords AB, OD be equally distant from the 3 
centre: that is, let the pérpendiculare BF, EG be-equall : ‘then 
shall AB==CD. For, the same vonstraction being made,. it 
may, as before, be demonstrated thet AB is double of AF, andOD doutile of OG, and 
* Hyp. that AF? + FE*='CG* + ‘GE: put FE? =n GES, beonuse FE = GE,* 
” AF* = 0G... AF = OG: but AB, CD are ‘the doubles. of AF, OG, 2s already 
proved, .. AB= CD; .°. equat. chords, &c. -Q. H. D. : 


| PROPOSITION XV.—THEOREM. 








The diameter ts the greatest chord in @ cirele : and of all-others, that which is nearer to the 
centre is always greater than one more remote: and the greater ts nearer to the centre 
than the less. : 


Let E be the centre of the circle ABCD, and let BC be nearer to it than FG: the 
diameter AD ts the greatest chord, and BC ts greater than FG. 

Draw EB, EC. Then because EA = EB and ED=E0,.,. AD = EB-+ EC :. but EB 

“1. +4 EC are greater than BC,* .°. AD is greater than BC. 

Again, draw EH, EK perpendioulars to BC, FG : then be- 

+ Hyp.  oause BC is noarer to the centre than FG,t 
EX is less than EK; and, as was demonstrated in the pre- 
ceding proposition, EH? + HB? = EK? + KF?: but EH? 
is Jess than EK*, because EH is less than EK, .- _ HB? is greater 

* Sil. than KF? but BC is the double of YB,* and 
FG the double of KF, . BC is greater than FG. — 

Next, let BC be greater than FG, thon BC shall be nearer 
to the centre than FG ; that is, the same construction being made, 
EH shall be less than EK. ‘Because BC is greater than FG, 
BH is greater than FX, .°, BH? is greater than FK?, And BH? + HE®* =FK? + 
KE, of which BH is greater than FK®, , ee ae . EX is leas than © 
EK, that j is BC-is nearcr to the centre than FG; ', the diameter, &e. QED. 















PROPOSITION XVI.—Tnzonex. 


The straight line drawn at right angles.to the diameter (AB) of 
a circle (ABC), from the extremity of tt (A) falls without 
‘the cirele ; and no straight tine can be drawn from that 
extremity betiveen the stright Hine and the aren 80 

aa nat to out the circle, 


For ae to not’ fa without. the ens,’ let a part of 
it, as AO, fall within the circle ; and from the contre D draw 
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DC, to the point C where AE meets the circumference. Then because DA= DC, the 
+51, angle DAC =; DCA;+ but DAC isa right angle,* .. DCA is a rig 
*Hyp. angle, ... DAC -+- DCA = two right angles, which i is impossible,+ .’. 
+171. part of AE, at right angles to BA, does not fall within the circle. And it 

may be demonstrated, in the same manner, that AE does not fall upon the circum- 

ference; .°. AE falls without the circle. 
Moreover, between AE and the circumference no straight line can be drawn from 


A which does not cut the circle. For let AF be supposed to F 
be drawn between them; from D draw DG perpendicular to r 
* 121 AF,* and let it meet the circumference in H. ~ a i : 


Because AGD is a right angle, and DAG less than a right 
+171;  angle,t DA is greater than DG;* but DA = 
*19I. DH,.*. DH is greater than DG, a part than the 

whole, which is impossiblo, .". 20 straight line can be drawn 

From A between AE and the circumference; .°. the st: aight line, 

&e. Q. E. D. 

Cor. From this it is manifest that the straight line, 
at right angles t» a diameter of a circle, from an extremity of that diameter, touches the 
circle ; and that it touches it in one point only, because if it met the circle in two 

+2111. pointa, it would fall within it.t Also it is evident that there can be but 
one straight linc which touches a circle in the same point. 





PROPOSITION XVII.—Prosien., 


Lo draw & straight Zine from a given point, either without or in the circumference of a cirele 
(BCD), which shall touch the circle. 


* 11M. First lect the given point be without the circle as A. Find E.the centre, * 
and draw AE, cutting the circle in D; and with centre E, and radius EA, describe the 

+111. circle AFG; from D draw DF at right angles to EA,f and draw EBF, 
AB. AB shall touch the circke BCD. 

Because E is the centre of tho circles BCD, AFG, EA == EF and ED = EB, 
the two sides AE, EB are = the two FE, ED, each to each, 
and the angle E is common to the two triangles AEB, FED, 

s 41. .. the angle EBA = EDF;* but EDF is a 
right angle, ... EBA is a right angle and EB is a radius; but 
a straight line from an extremity of a diameter, at right angles 

¢ 16 IIT. Cor. to it, touches the circle,t .. AB touches the circle, 
and tt is drawn from the given point A; which was to be done. 

But if the given point be im the circumference, as at D, 
draw DE to the centre FE, and DF at right angles to DE; DF touches the 

* 16 NTT. Cor. circic.* 





PROPOSITION XVIII.—Tueorem. 


If a straight line touch a circle, the straight line d ‘aun from the centre to the pet of con- 
| _ tact shall be perpendicular to the line touching the ctrele. 

This proposition is really included in Prop. XVI.: it affirms that the diameter is perpendicular 
to the touching line ut its extremity: and Prop. XVI. shows that the perpendicular to the 
diameter at ite extremity is the touching line, and the only touching line at that extremity. 
The next proposition is equally superfluous : the only thing proved by either is this, viz. 


Sr wi een ma 
a ae a ee ee 
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that a line which ts perpendioutar to the diameter, must have the diameter perpendicular to 
st, The two enunciations are retained here only to avoid interruption in the numbering of 


the propositions. 
PROPOSITION XIX.—-Turonem. 


If a straight line touch a circle, and from the point of contact a straight line be drawn at 
right angles to the touching line, the centre of the circle shall be in that line, 


PROPOSITION XX.—Tueonem. 


The angle (BEC) at the centre (E) of @ circle (ABC) is double of the 
_ angle (BAC) at the circumference upon the same are (BC). 


Draw AE and prolong it to F. And first let the centre E b 
be within BAC. Because EA == EB, the angle EAB = 

*51. EBA,* ., EAB-+ EBA isdouble of EAB; but 

+ 821. BEF = EAB+ EBA,+ .°, BEF is double of EAB. Fora like reason 
FEC = double of EAC, .., BEC ts double of BAC. 

Next let the centre E be without BAC. It may be demon- 
strated, as in the first casc, that FEC is double of FAC, and 
that FEB, a part of the first, is double of FAB, a part of the 
other, .*, the remaining angle BEC ts double of the remaining 
angle BAC; .°, the angle at the centre, &c. Q. IE. D. y 


LS 


PROPOSITION XXI.—Tuxrorem. B 0 


The angles (BAD, BED) in the same segment (BAED) of a circte are equal. 
* 11, Take F the centre of a circle:* draw*FB, FD, as also the diameter 
AC; and join E,C. Because BFC, at the centre, is upon nm 
the same arc BC, as BAC at the circumference, .«. BFC is 
+201II. double of BAC.¢ Again, because BFC, at 
the centre, is upon the the same arc BC, as BEC at the 
circumference, .. BFC is double of BEC. But it was 
shown that BFC is also double of BAC, ... BAC = BEC. 
In like manner it may be proved that CAD = CED, .«. the 
whole angle BAD = the whole angle BED, .°. the angles, &. f 
Q. E. D. 
| PROPOSITION XXII.—Turorew. Cc 
The opposite angles of any quadrilateral figure (ABCD) inscribed ina circle (ABCD) ave 
together equal to two right angles. 
Draw the diagonals AC, BD. Then because the three angles 
*821. of every triangle are together = two right angles, * 
. CAB + ABC + BCA = two right angles: but CAB = 
+ 21 Ill. CDB,f and BCA = BDA, ... CAB + BCA =CDA. 
To each of these add ABC, ... ABC + CAB+ BCA = ABC + 
CDA, .. ABC + CDA = two right angles : and as the four angles 
*831. of a quadrilateral = four right angles,* .*. the other 
Cor. I. two opposite angles are also = two right angles; .*. 
the opposite angles, &c. Q.E. D. 


Norz.—It eppears from the foregoing property, that if one side (as AB) of a quadrilateral ina 
circle be prolonged, the exterior angle will be equal to the interior and opposite angle (D). 
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PROPOSITION XXUI.—Tiszonen. 


Upon the same straight line (AB), and on the same side of it, there cannot be:two similar 
segments of circles not coinciding with one another. ; 


For if it be supposed possible, let ACB, ADB be two similar segmonts, not coin- 
ciding with one another. Then, because the circles cut in the 


D. 
two points A, B, they cannot out in any other point,* .°,.one | aX 
* 101II. segment must be within the other. Let ACB fe x a 


be within ADB: draw BCD, as also CA, DA. Then, becauso 
+ Hyp. the segments are similar,+ and that similar seg- oo 
* Def. 10111. ments of circles contain equal angles,* :, the YW. ON 
angle ACB == ADB, tho exterior to the intcrior and opposite, -~ : B 
+ 161, which is impossible, ¢ .".there cannot be twosimtlar segments of circles upon 


the same side of the same straight line, which do not coincide, Q. ED. 


PROPOSITION XXIV.—~Tuxorem, 


Similar sagments of circles (AEB, CFD) tpon equal chords (AB, CD) are equal ‘to one 
another. 


For if the segment AEB be applied to 


CFD, so that A may be on C, and AB on CB, ¥ Z 
B shall coincide with D, because AB=—= CD. a. , 
ee AB coinciding with CD, the segment AEB Bo 
* 23101. must cotncide with the-sepment OF D,* 
and ts *, equal to tl; .°, similar segments, &c. Q.E.D. 
Norx.—It obviously follows from this, that similar segmiénite of per upon equal clverfis:heve 
equa) ares. 


PROPOSITION X3 
Anare (ABK) of a circle being given, to describe the civtle of which it a an are. 


Take any point B in the arc, from which draw any two chords BC, BD. Bisect 
*101. them in E and F,* and draw EG, FH at right 
+111 angles to BU, BD. Those perpendiculars will 
cut each other in a point P, which will be the centre of the 
circle. For the centre of the circle to which the are BU 
belongs, is in the line EG, bisecting the chord OB at right 
* LIL. Cor. engles :* it is also in the line FH, bisecting — 
the chord BD at right angles: the centre being thus in both HG 
the lines EG, FH, must be at P, where they intersect, > 
with P as centre, aid PM as ped, if a circle be desoridoit, Y will be Hit of which the 
given aro is apart, Wiich was to be dane. — 
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PROPOSITION XXVI.—Tuzorem, 


In equal viroles (ABC, DEF) equal angie stand upon cqual arce, whether they be at the 
contres or at the cireunfarences, 
First, let the angles BGC, EHF at the coniree be equal. Take any point, A, én the 
arc BAC, and any point, D, inthe arc EDF: ie 
draw AB, AC, DE, DF, BC, EF. Then, _ 
because the circles are equal, the radii GB, — 
GC are equal to the radii HE, HF, each to } 
* Hyp. each ; and the angle G== H,* 





t4 I. ., BC=— EF :+ and because | 
eee BAC = EDF,* the segment ¥ 
eee 10a: BAC is similar to-the segment 
; ‘EDF ;+ =e they ‘have equal K 


*240IL chords, *, the segment BAC = segment EDF :* but the whole circle 
ABKO = the whole eas DELF, .:, the remaining segment BKC=ELF, .-. the arc 
BKC =are ELF. 

Next let the angles BAC, EDF at the circumferences be equal. Find the contres G, 

¢ 1 IIL. H;+ and draw GB, GC, BC; HE, HF, EF: then if BAC be less than a 
right angle, the angle BGO, at the centre, will stand on the same arc BKC as BAC, and 

* 20M. -will «, be double of BAC.* In like manner EHF will be double of 
EDF, .°, the angles G, H at the centres are equal, and .*., as before proved, the arcs 
BKC, ELF must be equal. But if BAC be not less than a right angle, bisect 

+ 91, it,f as also the equal angle EDF, by the straight lincs AK, DL, then 
the angles BAK, EDL being equal,.and each less than.a right angle, the arc Bais; by 
the first case,== the arc EL. In like manner ‘KC = LF, ;, the aves BEC, ELF -ore 
equal, .°, 103 equat-circles, do. Q.E. D.. , 


PROPOSITION XXVI1—Tirsonem. 
In eqnatt cirdles. (ABU, DEF) the angles (BAC, EDF), which stand upon equal ¢ arce (BEC, 
EXP), are equal, whether they be at the 
centres or at the circumferences. 


For if not, let one of them, as BAC, bo _ 
the greater; and make the angle BAK = 
* 23 1. EDF;* then because in 
equal circles cqual angles.stand on equal 
+264II. ares,f..,thearcs BGK, EHF 3 
“Hyp. areequal: butBGC—EHF,* - i¢ : 
BGK = BGC, » part to, the whole, : iH 
hich i is impossible, .°, the angles BAC, EDF cannot be the onc greater than..the 
other; that is, the angles are equal; ., tn equal circles, &. Q.E.D. 


‘Norz.—The demonatrations of the last two propositions differ .eonsiderably from ‘theee df 
Euolid, which, upon examination, will be found to be incomplete, since they-exstude: ze 
case in which the angles BAC, EDF, at the circumfotences, are each not less than a right 


aygie. . 

It willbe abserved that the demonstration of theseeond-of these propositions equilly:appiles 
whether the angles BAG, EDF-be at the civoumferences,.os in the <diagrats, wr 4 the 
cetitres. "These polnts are left unmarked by letters, in order that, in: B0ingvoxer the 
reasoning, She letters A, Dimay be mentally transferred to the centres, and thus both. OR8ES 
be ineluded in the same demonstration. 


D 
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PROPOSITION XXVIII.—Turonem. 


In equal circles (ABC, DEF) equal chords (BC, EF) out off equal arcs (BAC, EDF 
and BGC, EHF) the greater equal to ‘ D 
the greater, and the less to the less. 


Take K, L, the centres of the circles,* K. L 
 *iIT and draw KB, KC, LE, LF. 
Then, because the circles are equal, KB, { 


KC are = LE, LF, each to each, and BC ® ui 

Lae = EF,t .. the angle BKC G g 

+ 26111. == ELF:* but equal angles at the centres stand on equal arcs,t «. the 

* Hyp. ere BEC=EHF : but the whole circumference ABC = the whole EDF, * 
. the remaining part BAC =the remaining part EDF; .. in equal circles, &e. 
Q.E.D. 


PROPOSITION XXIX.—Tuxorem. 


In equal circles (ABC, DEF) equal arcs (BGC, EHF) are subtended by equal chords . 
(BC, EF). 


) See preceding diagrams. } 


If the ares are scmi-circumferences, then BC, EF are diameters ; and as the circles are 
equal, these diameters must be equal. But if the arcs be not semi-circumferences, take 
*111.  K, L, the centres of the circles, and draw KB, KC, LE, LF. Then, 
+ 271. because the are BGC = the arc EHF, the angle BKC = ELF;+ and 
_ because the circles are equal, KB, KC are equal to LE, LF, each to each, and the 
*41 angles K, L are also equal, -, BC EF;* |, tn equal circles, &. 

Q. E. D. 


Norr.—It is plain that what is proved in the preceding propositions, as to equal circles, neces- 
sarily holds in reference to the same circle. 


PROPOSITION XXX.—Prosiem. 


To bisect a given are (ADB) ; that is, to divide tt into two equal parts. 





#101. Draw AB and bisect it in C:* from C draw D 

: +111 © CD at right angles to AB:+ tho arc ADB shall 2 

pe bisected in D. Draw AD, BD. Then, because AC= = \ 

_ CB, and CD common to the triangles ACD, BOD, the two rs 3 
sides AC, CD are = the two BC, CD, each to each; and the ~ 


“41, angle ACD = BCD, each being a right angle, -. AD==BD.* But 
equal chords cut off equal arcs, the greater equal to the greater, and the less to the 
+ 28111. less, f .*, arc AD = are BD, each aro being less than a semicircle, because 


DC, or DO prolonged, passes through the centre; .. the given are ts biseoted in D. Which 


ea RRA EE rer = nee el MET et 
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PROPOSITION XXX1I.—TuxorEm. 


The angle (BAC) in a semicircle (BADC) ts a right angle: the angle in a segment (ABGC) 
greater than a semicirole, ts less than a right angle: and 
the angle (D) tn @ segment (ADC) leas than a semicircle, ts ¥ 
greater than a right angle. 


From the centre, E, draw EA, and produce BA to F. 

* 51. Then, because EB—EA, the angle EAB==EBA ; * 
also because EA = EC, the angle EAC = ECA, ,, the whole 
angle BAC = ABC + ACB: but FAC, the exterior angle of 

+32 I. the triangle ABC, is == ABC + ACB,f+ .°, BAC 

* Def. 81. == FAO, .*, each is a right angle,* .°. the angle 
BAC tx @ semicircle is a right angle. Again, because the two 
angles B, C, of the triangle ABC are together /css than two 

4171. right angles,t and that BAC has been proved to 
be a right angle, ... ABC must be dss than a right angle, .*. the angle B in a segment 
ABGC, greater than a semicircle, is less than a right angle. Lastly, because ABCD is 
a quadrilateral in a circle, the opposite angles Re D are together = two right 

«22111 angles:* but B has been proved to be /ess than a right angle, .-, D, ma 
segment ADC tess than a semicircle, ts greater than a right angle; ., the angle, &c. 
Q. E. D. 





PROPOSITION XXXII.—Turonem. 

If a straight line (EF) touch @ circle, and from the point of contact (B) a straight line 
(BD) be drawn cutting the circle, the angles (DBF, DBE) which this line makes with 
the touching line shall be equal to the angles (A, C) tn the alternate segments of the circle, 
each to each, 

*111. From B draw BA at right angles to EF :* take any point C in the arc 

DCB, and draw AD, DC, CB. 

Then, because EF touches the circle in B, and that BA is drawn at right angles to 
+10 I0l. EF, the centre of tho circle is in BA,f 
-, ADB, being an angle in a semicircle, is a right A 
* $1 III. angle,* ., BAD + ABD = a right angle ;+ 
+321. but ABF likewise is a right angle,* 
* Const. ABF = BAD -+ ABD. Take away the 
common angle ABD, ., DBF = A, the angle tn the alter- i 
nate segment. 
Again: becauso AC is a quadrilateral in a circle 
+221. A -++-C=two right angles is but DBF -+- 
*181. DBE =two right angles,* - DBF+-DBE — 
=A-+(C; and it was been proved that DBF = =A, 2. 2 - 
DBE = C, the angle in the alternate segment; . if a atraight line, &c. Q.E.D. 


PROPOSITION XXXIII.—Prosre. 
Upon @ given straight line (AB) to describe a segment of a cirele 
capable of containing an angle equal to a given angle (C). 
°101, First let C be aright angle: bisect AB in F,* | ; 
and with F as centre, and radius FB, describe the semicircle AHB: then the angle H, 
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formed by HA, HB, drawn from any point H in the are, being in a semicircle, geen 
+31 INL. to the right. angle C.+ 
* 2% L But. if C be nat.a right angle, make BAD = C,* and draw A Eat 
tirl right anglesto AD. Biseot AB.in. F,* 
*101. and draw FG at right angles ta ABz+} 
+111. FG will meet AE in some point G, be- 
* Ax. 12. cause GAF is less than a right angle ;* 
and if from G as centre, with radius GA, a circle be: 
described, it will pass through B, and the: segment. 
AHB will be that required: For drew GB: then 
because AF — FB, the two sides AF, FG are-—the. 
two BF, FG, each to cach; and the angle APG == 
t Const. BFG,¢ .. GA = GB; .°. the cirelo, 
* 41 with contre G, and radius GA, must peas 
through B. Again: because from A, an extremity of tho diameter AE; AD is 
drawn at right angles to AE, .°, AD touches: the 
t 16 1IL. Cor. girele :+ and beenuse AB,. drawn from 
tha point of contact, cuts the circle, the angle DAB 
* 33 IIL. = H, in the alte@}[te segment :* but 
DAB = C,. Ii = C; .. upon AB the segment 
AUB of a circle is described, which. contains an angie 
H=C. Which was to be done. 


~ 








PROPOSITION XXXTV.—Prosrew. 


From @.given circle (ABC) to. cut of a segment, which shall contain an angle equal.to a 
given angle (D). 


Take any point B in the circumference, and draw EF touching the circle in 
* 17 11, B,* and make the angle FBC = D.+ 
+281. The segment BAC shall contain an 

angle A=D. Bocause EF touches the circle at B, 

the angle FBC = BAC, in the alternate seg- 
* 32 11. ment:* but FBC —D,+ .°, the angle a as 
+ Const. A, in the segment BAC; is==D; .-, 2 

from the given circle the segment BAC is cut off con- 

taining an angle =D. Which was to be done, 


PROPOSITION XXXV:—Tisone. 


Uf two chords. (AC, BD) in a circle, cut one-another, the rectangle 
(AE - EC) antained.by the segments of one of them, ts equal 
to the rectangle (BE'ED) contained by the segments of: the 
other. 


tiie es Denaeiieaee RW awaat an AE, 
BC, BE, ED, being all equal, the revtangle AERC == BERD. 
But if one of them, BD, pass. through: the centre, and: cut 
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the other. AC, which does.noti pasa through: the centr, et! right angler, in Bs; then, if BID be 

bisected in F, F is the centra:of the airde-; join A, F. Thon ey 

because BD, through the. ceatre-cuts AC, mot threugh the 
° 315 — centre, at right:angles in E, AR =: EC.® . And 

because BD: is cut into twa equal parts in. F, and into: two. 

| 





+51.  uanequal partein BE, BERD. £F* — FB?, or 
* 471. FA?; but AE? + EF*%=2 FA®,* >, BEED.-+ 
EF? = AE?+ EF, Take. away the common ‘aquase EFS, 
’, BEED = AE? = AE‘EC. Again, let BD, which passes 
through the centre, cut AC, which does not pass. through 
the centre in E, but not at right angles ; then, 28 be- 
fore, if BD be bisected in F, F is the centre of the circle. Draw Ar and 
* 121. from F draw F G perpendicular to AC,* : 
tsIH, =, AG = GE, +», AEEC + EG?== AG**. To 
* STL each of these add GF*, -, AEEC -+- EG? + 
+471 GF? = AG? + GF? ; but EG? + GF? = EF?,+ 
and AG? -- GF? = AF?, -, AE-EC 4. EF? — AF? = FB?; 
* 511, but FB? — BE-ED + EF2,* -| AE-EC + 
EF? = BE-ED + EF*. Take away EF*, -, AE-EC = 
| BE-ED. 








Lastly, let neither of the chords AC, BD pass through the contre. Take the contre 
| +1 Ii. F,t and through E, the intersection. of the 
chords, draw the-diameter GEFH. Thon, because AE‘EC = 
GE-EH, as dso BE-ED = GE‘EH, as already proved, ~ 
AE‘EC =BE‘ED; .°. if two chords, &c. Q.E. D. 


| PROPOSITION XXXVI.—TuroReM. 





Lf from any point (D) without a circle (ABC) two straight lines be 
drawn, one of which (DA) cuts the circle, and the other (DB) 
touches tt, the rectangle (AD:DC) contained by the whole line cutting the circle, and the 
part without the circle, shail be equal to (DB?) the square of the linewhich touches it ; that 
is, AD‘DC = DB. 


The line DCA either passes through the centre, or it does. 
not; first let it pass through the centre E; and draw EB; then 
JOT. Bis aright angle ;t and. because AL. ia. hisected 

* 629% in E, and prolonged to D, AD‘DC-++- EG*=-EDe;* 
but ‘EC! = ‘EB, . ADDO -} EB* = ED?; but ED? = EB? 
+471. “2 BDS, because Bis a right angle , AD'DA: 
+ EB? = EB? ++ BD*. Take away EB?, . - AD‘DC==BD2, 
‘Bat if DCA do not pass through.the centre, take. the centre. 
“IT E® and draw EF perpendicular to AC;+ drew 
#121, alio EB, EC, ED. Then. because EF, passing 
ait = “centre, cuts AC, not through the centre. at right. 
angled, it also bisects it,* -. AB =: FC; and because AG. ia bisected 
aim an F, and prolonged ta D, ADDO + FC* = FRAT To east: of hase 
add FES, ADDO FOr pees Boe + FE; but BD? = FR* + RES, be- 
ort cause EFD is a right =e ;* and, for the same reason, EC? = BON 
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FE*, - AD‘DO + EC* = ED‘; but EO = EB, ., AD-DC+ D 
EB? = ED®; but EB* + BD* = ED‘, because B is a righ 4 
+ 47 I. angle,t .°, AD'DC + EB* = EB* + BD?, 

Take away EB?, ., AD‘-DC = BD*. 

Cor. If from any point without a circle, two straight lines 
cutting it be drawn, the rectangles of the whole lines and the 
parts without the circle are equal; for cach rectangle is equal B 
to the square of the line drawn from the point to touch the circle. 







PROPOSITION XXXVII.—TxuroreEm. A 


If from a point (D) without a circle (ABC) ‘there be drawn two . 
straight lines, one (DCA) to cut the circle, and the other (DB) ee 
to meet tt; and if the rectangle (AD‘DC) of the whole cutting line and the part without 
the circle be equal to (DB?) the square of the line which meets tt, the line (DB) which 
meets shall touch the circle. 


"17 IIL. Draw DE touching the circle in E:* find the centre F,+ and draw FF, 
+11. FB, FD: then E is a right angle.* And because 
* 18 III. DE touches, and DCA cuts the circle, AD‘DC = 
+36 111. DE?:+¢ but AD-DC = DB2,* °. DE = DB, 
*Hyp. also FE=FB, .., DE, EF arc = DB, BF, each 
to each; and the base FD is common to the two triangles 
+8 I. DEF, DBF, .. the angle E=B:+ but E was 
shown to be a right angle, ... B isa right angle: and BF pro- 
longed is a diameter: but the straight line which is drawn at 
right angles to a diametcr, from an extremity of it, touches 
* 16111. thecircle,* .°, DB touches the circleABC; .°, if from 
apoint, &. Q. E.D. 





REMANKS ON BOOK III. 


The third book is wholly occupied with propositions concerning the circle. In the 
definitions I have introduced two terms, the want of which is very much felt in the 
Elements—tho terms are and chord. Tho absence of this latter term has been the 
occasion of much looscness of expression in certain propositions of Euclid’s Third Book : 
in Proposition I., for instance, as Thomas Simpson has justly noticed, we ere directed 
to “draw within the circle any straight line AB,” without the limiting condition that 
ita extremities are to be in the circumference; and the same want of precision is 
observable in Propositions III. and IV. By “a straight line in a circle,” Euclid cer- 
tainly means exclusively “a straight line in a circle, and terminated both ways by the 
circumference ;” but this should have been expressly stated, and not left to be inferred 
from observation. Had Definition VII., Book IV. (Simson’s Euclid), been placed 
among the definitions of the third book, the objection here advanced would have becn 
removed; since, according to that definition, “ A straight line is said to be placed in a 
circle, when the extremities of it are in the circumference of the circle;” but it is 
better to call such a line a chord, the name given to it in all other geometrical 
inquiries. 
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The demonstration in Proposition I. of Simson’s Euclid is imperfect, since all that 
it proves is that the centre of the cirele must be in the line CE, without determining 
the particular point in that line; the omission is supplied in the present edition, 

Tho enunciation of Proposition VI. in Simson is, “ If two circles touch onc another 
internally, they shall not have the same centre ;’’ but as it is plain that each circle 
cannot be within the other, the word internally should be omitted. If two circles touch 
externally, then, since cach must be wholly without the other, it is obvious that they 
cannot have the same centre, In Proposition VII. certain lines are introduced by 
Euclid—namely, the lines EC, EG—long before they are wanted; and the diagram is 
thus unnecessarily complicatcd at the outset of the demonstration. I have already told 
you (page 80), with a view to an orderly and systematic arrangement of the steps of 
your argument, that the diagram should not proceed in advance of the text : the more 
you depart from this plan, the more you depart from simplicity ;-since you thus 
encumber your diagram with lines that serve no purpose but to distract your attention, 
In demonstrating this seventh proposition without the book, you should commenoe by 
exhibiting in your diagram only'the lines FB, FC, in addition to the diameter AD: 
you should then draw EB, for the purpose of proving that FA is greater than FB, 
whatever line, other than FA, FB may be: one part of the proposition is thus disposed 
of. The next step is to draw EC, the aid of which is now required—but not till now 
to prove that FB, a line nearer to that through the centre, is greater than any other 
linc FC more remote: another part of the theorem is thus demonstrated. You may 
.now, if you please, introduce FG, and then draw EG, for the purpose of proving that 
FD is shorter than any other linc drawn from F. I say you may introduce FG, if yors 
please ; for, in strictness, there is no absolute occasion for it; FC, or FB, already 
drawn, would answer the purpose equally well: of tho remaining part of the construc- 
tion nothing need be said here. 

In Proposition VIII. I have actually omitted Euclid’s supcrfluous line,—the line 
corresponding to that which, as just noticed, may be dispensed with in the preceding 
proposition. As the diagram here is somcwhat more complicated, I thought that the 
suppression of an unnecessary line from D, and consequently of two lines in connection 
with it from M, would be a desirable relicf to it. You will perceive it to be so if you 
compare the diagram here with that in other editions of Euclid. 

The demonstration of Proposition [X., given in the present edition, is not that of 
Euclid, though substituted for it by De Chalcs, and some other editors. In the earlier 
copies of Euclid two different demonstrations of this simple theorem are given. They 
have both been preserved by Gregory, Stone, Williamson, and Bonnycastle. It is the 
sceond of these two only that Simson retains ; but, as remarked by Williamson, there is 
a defect in the rcasoning, which, however, it is scarcely worth while to remove. The 
demonstration given in the text is so easy and obvious, that, as Austin justly observes, 
“we cannot suppose Euclid would have overlooked it.” It is probable, therefore, that 
“he demonstrations here discarded are not Euclid’s own, but the interpolations of some 
ather writer. 

Although it is proved in Proposition XX. that an angle at the ccntre of a circle is 
double that at the circumference subtended by tho sdme arc, yet it must not be inferred 
that to every angle at the circumference there corresponds an angle at the centre, upon 
the same arc, which is double of the former, Ifthe angle at the circumference stand 
upon & semi-circumfcrence, there can ovidently be nq corresponding angle at the centre 
upon the same arc; and if the angle at the circumference stand upon an are greater 


one 
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than a semi-cireumference, the angle at the centre, the sides of which terminate in the 
extremities of the same arc, will stand—not upon that arc—but upon the opposite part 
of the circumiferenee. 

The construction of Proposition XXYV. is different in the present edition’from that 
given in Euclid, which requires three diagrams: moreover, the “ segnent of a circle,” 
as Euclid hasit, necd not be given, only the arc. Propositions XXVI. and XXVIT. differ 
also in ‘matters of construction from those of Euclid; for, as they at present stand in 
Simson, they are insufficiently demonstrated ; as noticed in the text. | 

Proposition XXXIII. In all the editions of Euclid that I have seen, there is a 
superfluous line (the line BE) introduced into the second of the three diagrams; and in 
some editions the line BE is also introduced into the third diagram, for what purpose I 
am unable to conceive; the tendency, though of course not the intention, is to 
mislead. 

The demonstration applies equally to beth diagrams. In the first, the line BE, 
which goes to form the angle E, is quite in keeping with the text, as this is really an 
angle in the segment spoken of. But in the second of these diagrams the line is not 
merely superfluous—it is wrong ; since the angle E, of which it is a side, is an anglo 
in a segment different from that to which the text refers. In order that the proper angle 
should be exhibited in both diagrams, the vertex of it should be at H, as shown by the 
dotted lines in this cdition, but there is no absolute occasion to introduce this angle 
at all. 

Propositions XXXV. and XXXVI. may be otherwise and moro easily established, as 
follows :— 

Proposition XXXV.—Let P be any point within a circle ABD. It is required to 
prove that whatever chord, AB, be drawn through P, the 


+121. angles to AB;f draw also CP, CB. Then, 

*SIIl, because AB is divided equally in M,* and 

+511. unequally in P, AP-PB-+- PM?== MB?.+ Add 
CM? toeach, .. AP‘PB + PM? -+- CM? = MB? + CM?; that 

“471. is, AP-PB + PC? = BC?.# Take PC? from 
each, .°, AP-PB = BC?— PC?. But BC? is always the same 
wherever in the circumference the point B may be, and PC? is always the same what- 
ever chord be drawn through P, .., BC? — PC? is always the same, °, AP’PB is always 
the same, whatever chord (AB) be drawn through P; .-, if two chords cut one another 
in any point P, the rectangle contained by the segments of one of them is equal to that 
contained by the segments of the other. 

Proposition XXXVI.—Let B be any point without a 
circle PEF. It is required to prove that whatever line 
BPF be drawn, cutting the circle, the rectangle BF’BP shall 
be equal to the square of BE, a line drawn touching the 
circle. 

* 1 OT Find the centre C,* and draw CB, CP, CE. 
With this same ceritre C, and radius CB, describe a circle, 
and produce BF to meet its circumference in A. Then 
(last Proposition) AP-PB = BO# —PC2 — BC? — EC2 

+471, == BE*.¢ Draw the perpendicular CM to AB; then CM bisccts both 


rectangle AP’PB will be always the same. 
* 1 TIL Find the centre C;* and draw CM at right \ 


A 
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*8I. AB and FP,* °-, AF— PB, °. AP=BF. But it was proved that 
AP'PB = BE®; .°. BF:BP = BE®, which was to be demonstrated. 

An obvious corollary follows from this proposition, viz. 

Cor. 1.—Since from any point without a circle two lines may be drawn to touch 

+17 1, the circle,t these two touching limes must be egual. 

I shall only further observe that, besides the particulars mentioned above, in which 
alight departures from the authorized text of Euclid have been made, other modifica- 
tions, chiefly in the diagrams, have been introduced in certain propositions ; but I believe 
I have nowhere ventured upon any change where the circumstances of the case did not 
fully justify and require it. 


EXERCISES ON BOOKS I., Il., HI. 


1, Prove the converse of Proposition XXII.—Book III., namely, if the opposite 
angles of a quadrilateral be together equal to two right angles, a circle may be described 
about it. 

2. A trapezium may be inscribed in a circle, provided two of the opposite sides are 
parallel, and that the two non-parallel sides are equal. 

3. Ifa quadrilateral he described about a circle, that is, if the four sides touch the 
circle, one pair of opposite sides will always be equal to the other pair. 

4, If from the vertices of the three angles of a triangle perpendiculars be drawn to 
the opposite sides, they will intersect in the same point. 

5. If two circles cut one another, the line joining the intersections of the circuin- 
ferences shall be perpendicular to the line joining the centres. 

6. If two circles cut one another, and from one of the points of intersection diame- 
ters be drawn, the extremities of these diamcters shall bo in tho same straight line as 
the other point of intcrsection. 

7. If any two chords of a circle intersect at right angles, the squares upon their four 
segments will together be equal to the square upon the diameter. 

8. If two circles touch each other, any straight line through the point of contact will 
cut off similar segments, 

9. Ifa quadrilateral be described about a circle, the angles subtended at the centre 
by one pair of opposite sides, will together be equal to those subtended by the other 
pair; that is, to two right angles. 

10. Find a point in the prolongation of a diamcter of a circle, from which, if a line 
be drawn to touch the circle, it shall be equal to a given straight line. 

11. Two chords AD, BC, are drawn in a semicircle from the extremities of the 
diameter AB; the chords intersect in P. Prove that the rectangles AD:AP, BC’BP are 
together equal to the square of the diamcter. 

12. If from any point in the diameter of a semicircle two straight lines be drawn to 
the circumference, one to the middle of the arc, the other at right angles to the dia- 
metcr, the squares upon these two lines always amount to the same sum, wherever the 
point be taken. 

13. From a given point without a circle to draw a straight line to cut it, and to 
terminate in the circumference, such that the intercepted chord may have a given 
length, not greater than the diameter of the circle. 
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ELEMENTS OF EUCLID.—BOOK IV. 


DEFINITIONS, 


Yi 
A rectilineal figure is said to be ¢nsertded in another rectilinoal figure, 
when all the vertices of the former are upon the sides of tho latter, cach 
upon cach, 





IZ. 
A rectilincal figure is said to be described about another, when all the sides of tho 
former pass through the vertices of the latter, cach through cach. 


III / 
A rectilineal figure is said to be inscribed in a circle, when all the f \ 
vertices of the former are upon the circumference of the circle, \ / 
ae Safes Se Y 
ee, 


IV. 


A rectilincal figure is said to be described about a circle when 
cach side of the former touches the circumfercnee of the circle. 


| 
| 
| 
| 
\ 
| 
| 
! 
| 











Vv. 


A circle is said to be inscribed in a rectilineal figure, when the 
circumference of the circle towches cach side of the figure. 


VI. 


A circle is said to be described about a rectilincal figure, when its 
circumfercnce passes through all the vertices of that figure. 


VII. 
A straight line is said to be placed in a circle, whou the extremitics 
of it are in the circumference of that circle. 


PROPOSITION I.—ProsrEs. 


In a given circle (ABC), to place a straight line equal to a 
given straight line {D), which ts not greater than the 
diameter of the cirele. 


Draw BC, any diameter of the circle. Then if CB 
== D, the thing required is done; but if BC is not = D, 

* Hyp. _ it is greater ;* make CE = D; and with centro C and radius CE, describo 
the circle AEF ; join CA; CA shall be = D. 
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* Const. Because C is the centro of the circle AEF, CA=CE; but D=CE,* 
“, D= CA; therefore in the circle ABC a@ straight line, equal to D, is placed, as 
| required. 
Norr.—The enunciation of this proposition might have been as follows:—From a given 
| point, in the circumference of a given circle, to draw a chord equal to a given straight 
: line, which is not greuter than the diamcter. 





PROPOSITION II.—Pxrosiem., 


In a given circle (ABC) to inscribe a triangle equiangular to a given triangle (DEF), 
Take any point A in the circumference, and draw GAH to touch the circle in that 
+17 III. point.t Make the angle HAC a 
*231. x&KE,andGAB= F,* and draw 
BC: ABC shall be the triangle required. 
Because JLAG touches the circle, and AC D 
is drawn from the point of contact, the angle 
HAC=B, inthe alternate sezgment:¢ but HAC 
+32 11, = KH, », B= E. For a like 
| reason, C== F, .*, the romaining angle BAC & ¥ 
\ 








“321. c= the remaining angloD;* ., 
the triangle ABC, tuscribed in the circle ABC, ts eguiangular to DEF, Which was to 
| be done. 

Norr.~—If the angle HAC had been made equal to F, instead of FE, the resulting triangle would 

still have been equiangular to DEF: but the construction above furnishes a triangle not 

only equiangular but similar in position to DEF. Like remarks apply to the next pro- 
position. 


PROPOSITION ITI.—Prosriem. 


About a given circle (ABC) to describe a triangle equianguar to a given triangle (DEF). 
* 11. , Prolong EF both ways to G and H: find the centre K of the circle, * 
and draw any radius KB. Make the angle BEA = DEG, and the angle BKC = 
+ 23 1. DFT :+ and through A, B, C, draw 
*WI, OM,MN, NU totouch the circle:* these b 


i 

| lines will mect and form a triangle LMN equiangylar a | 
| to DEF. 

i 


Because LM, MN, NL touch the circle at A, B, C, GE FH 
the lines KKA, KB, KC from the centre make the 
| t 18 III. angles at A, B, C right angles,t .. AM, iN 
BM would make with a line joining A, B, angles which 
are together Jess than two right angles, ... AM, RM, 
“ Ax. 12. must mect.* In liko manner AL, CL, 
mect; as also BN, CN: and because the four angles jy it} WwW 
of the quadrilateral AMBK, are = four right an- 
gles, for it can be divided into two triangles, and that two of the angles KAM, KBM, 
are right angles, .-, the other two, AKB, AMB make two right angles. But DEG-+ 
! +131. DEF = two right angles,} ., AKB + AMB = DEG-+ DEF; but AKB 
| =: DEG, .. AMB = DEF. In like manner it may be proved that LNM = DFE, | 
"321, +, the remaining angle L=the remaining angle D;* ., the triangle . 
LMN is equiangular to the triangle DEF; and it is described about the circle. Which 
was to be done. 
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PROPOSITION IV.—ProsiEm. 
To inscribe a circle in a given triangle (ABC). 


*9, Bisect the angles ABC, BCA * by the straight lines BD, CD, meeting 
one another in D, from which draw DE perpendicular to one 
+121. of the sides.¢ The circle described with centre 
D, and radius DE, will be inscribed in the triangle. 
For draw DF, DG, perpendiculars to the other sides:* 
#127, then, because the angle EBD = FBD, for 
+ Const. ABC is bisected by BD,+ and that BED = 
*Ax.1l. BFD,* .*, the triangles EBD, FBD have two 
angles of the one == two of the other, each to each; and the 
side BD, opposite to onc of the equal angles in cach, common 
+261. to both, .°, the other sides are equal ;+ that is, 3 # ¢ 
DE=DF. For a like reason, D@=DF, -, DE=D6G, .-. DE, DF, DG are all equal ; 
and the circle described with centre D, and either of these for radius, will pass through 
the extremities of a//; and will touch AB, BC, CA, because the angles at E, F, G are right 
*161II. angles;* .*, the circle EFG is inscribed in the triangle ABC. Which was 
to be done. 


A. 





PROPOSITION Y.—Pros.em. 
To describe a circle about a given triangle (ABC). 


*101, Bisect AB, AC in D, E;* and from these points draw DF, EF, at 

#111.  mght angles to AB, AC.t Then DF, EF must meet one another, because 
they make with a line joining D, E, angles on the same side, together Jess than two 

*Ax.12. right angles.“ Let them meet in F, and draw FA, then a circle described 
with centre F, and radius FA, will cirommseribe the triangle ABC. 


~ 





For if'the point F be not in BC, draw BF, CF. Then, because AD = DB, and DF 
(440 common, and at right angles to AB, AF==FB.+ In like manner, it 
may be shown that CF = AF, ... FB = FO, .., FA, FB, FC aro all equal; .°, the circle 
desoribed with centre P, and either of these lines for radius, will pass through the 
extremities .of ali, and be circumscribed about the triangle ABC. Which was to be 
done. 
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PROPOSITION ViI.—Prosiem, 


To inscribe a square in a given circle (ABCD). 


Draw any two diameters AC, BD at right angles to one ~ 
another: draw AB, BC, CD, DA: the figure ABCD shall 
be the square required. ob \\ 
Because E ia the centre, EB==ED; alsoEAiscommon, 3 
“41. and at right angles to BD, ... AB=-AD.* For 
a like reason CB, CD are respectively = AB, AD, .°, the 
figure ABCD is equilateral, It is also rectangular; for BD 
being a diameter of the circle, BAD is a semicircle, ,°, BAD 
+311Il, isaright angle.t For a like reason each of the angles ABe, BCD, CDA, 


is a right angle, .*, the ee is rectangular, .", itis a square; and tt ts inscribed in the 
cirele ABCD, Which was to be done. 


PROPOSITION VII.—Prosie. 
Lo describe a square about a given circle (ABCD). 


Draw two diameters AC, BD, at right angles to ono another, and through A, B, C, D, 

*17 1. draw FG, GH, HK, KF, touching the circle ;* 
the figure GHKF shall be the square required. Because © A. ‘4 
FG touches the circle, and EA is drawn from the centre to 
tho point of contact A, the angles at A are right 

+18 011. angles.¢ For a like reason, the angles at 
B, C, D, arc right angles. And because the angle AEB 
is a right angle, as likewise EBG, GH is parallel to 

*28 1. AC;* for a like reason AC is parallel to FK. 
In a similar manner may it be proved that GF, HK, are 5 
cach parallel to BD, .°. the figures GK, GC, AK, FB, BK, 

+ 341. are paralislograrai. © ., GF = HK, and GH ==FK;+ and because 

AC = BD, and that AC=GH = FK ; and BD=GF=HK, ., GH, FK, are each 
— GF or HK, ., the figure FGHK is equilateral. It is also rectangular; for GE being 

* 341. a parallelogram, and AEB a, right angle, G is a right angle;* and GK, 

t Cor. 461. being a parallelogram with a right angle at G, is rectanguler,t .°, it is a 
square; and it ia described about the circle ABCD. Which was to be done. 





PROPOSITION VIII.—Prosziem, 


To inscribe « circle in a given square (ABCD), 
* 101, Bisect each of the sides AB, AD in F, E;* draw EH parallel to AB 
+811. or DC, and FK parallel to AD or BC;+ then, if with their point of 
intersection G, as contre, and GF, or GE, as radius, a circle be described, it will be 


| that required. | 
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Each of the figures AK, KB, AH, HD, AG, GC, BG, GD, being a parallelogram, 

* 3841. their opposite sides are equal:* and becauso 4 u p 
AD = AB, and AE = half AD, and AF = half AB, AE 
= AF, .°. the sides opposite to these are cqual, viz., FG 
== GE. In liko manner it may be demonstrated that GH 
= GK, and GH=GfF, .’, the four GE, GF, GH, GK are 
equal to one another; and the circle described from centre 
G, with any one of them for radius, will pass through the 
extremitics of all, and will touch AB, BC, CD, DA, becauso 

+ 1611I.Cor. the angles E, F, H, K aro right angles ;+ 
the circle ts ,', inscribed in the square ABCD. Which was to 
be done. 





PROPOSITION IX.—Prosiem. 
To describe a circle about a given square (ABCD). 


Draw AC, BD, intersecting in E: with E as centre, and EA as radius, describe a 
circle :—it will be that required. 

Because DA == AB, and AC common to the triangles DAC, 
BAC, the two sides DA, AC =the two BA, AC, each to each ; 

*8I. andDC=BC, . the angle DAC=BAC;* that 
is, the angle DAB is bisected by AC. In like manncr it may 
be proved that the angles ABC, BCD, CDA, are severally 
bisected by BD, CA. Again: the anglo DAB= ABC, also 
EAB = half DAB, and EBA=half ABC, ., EAB=FEBA, ., 

+61. EA=FEB.t In like manncr it may be de- 
monstrated that EC, ED=— EB, FEA, cach to each, .. tho four EA, EB, EC, ED are 
equal to one another; and the circle whose centre is E, and radius EKA, passes through 
the extremitics of all, and is .-, described about the square ABCD. ‘Which was to be 
done. 





PROPOSITION X.—PRoBuEm. 


To describe an isosceles triangle having each of the angles at the base double of the 
third angle. 
“lif. Take any straight line AB, and divide it in B,so thai /B-BC= AC?2,* 
and with centre A and radius AB, describe the circle BDE, in wit place BD = 
+11. AC ;t+ and draw AD; the triangly ABD. 
shall be such that cach of the angles ABD, ADB shall 
be double of BAD. 
Draw DC; and about the triangle ACD describe tho 
*Const. circle ACD; then because AB‘ BC—AC?2, * 
and AC <= BD, .. AB-BC= BD2, BD touches the 
+37111.  circlet ACD in D, .. the angle BDC = 
* 321. DAC;* to each of these add CDA, ., 
BDA = DAO -¢ CDA; but the exterior angle BCD = 
+821. DAC+CDA,t .. BDA=BCD; but BDA 
“61. == B, becanse AB == AD,* ,°, B = BCD, 
.”, the three angles DBA, BDA,BCD, are equal to one another. Again, because the 
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*6I. angle DBO = DCB, DC = DB;* but DB was made = OA, ., CA = 

+51. OD, .°, the angle CDA = CAD,f ... CDA +- CAD = twice CAD; but 

*s21. BCD = CDA + CAD,* .°, BCD = twice CAD; but BCD = se 
== B, as before proved, ., each of the angles BDA, DBA is double of BAD, . 
tsosceles triangle ABD has been described, having each ue the angles at the base double if the 
third angle. Which was to be done. 


PROPOSITION XI.—PRonuem. 
To inscribe an equilateral and equiangular pentagon tn a given circle (ABCD). 


Describe an isosceles triangle FGH, having each of the angles G, H, double of 
*10IV. F;* and in the circle inscribe a triangle ACD, equiangular to the 
+2IV. triangle FGH, so that the angle CAD may be =F ;+ then each of the 

angles ACD, ADC is double of CAD. -Bisect ACD, ADO, by the straight lines CE, 
* 91. DB;* and draw AB, BC, DE, EA. 


ABCDE shall be the pentagon required. Because A. 
each of the angles ACD, ADC is double of CAD, F 
and that they are bisected by CE, DB, .-, the five B x 
angles DAC, ACE, ECD, CDB, BDA are equal to 
one another; .°, the five arcs AB, BC, CD, DE, EA 
+261II. are equal to one another,t ., the G&G u 
Cc D 


the lines AB, BC, CD, DE, EA are equal to one 
* 29111.  another,* .°, the pentagon ABCDE 
is equilateral. It is also equiangular, for since the arc AB==the arc DE, if to each 
BCD be added, the whole ABCD = EDCB; but these ares subtend the angles AED, 
+2711. BAKE, , AED=BAE.t For a like reason each of the angles ABC, 
BCD, CDE== BAE or AED; .°. the pentagon is eguiangular, .*, in the given circle an 
equilateral and equiangular pentagon has been described. Which was to be done. 


PROPOSITION XII.—Prosiem. 
Io describe an equilateral and equiangular pentagon about a given circle (ABCD.) 


Let the vertices of a pentagon, inscribed in the circle, by last proposition, be at 
A, B, C, D, E; so that the arcs AB, BC, CD, DE, EA are equal; and through these 
“1710. points draw GH, HK, KL, LM, MG, touching the circle :* the figure 
GHKLM shall be the pentagon required. 
From the centre F draw FB, FK, FC, FL, FD. Then because KL touches the 
+18KII. circle in CO, FC is perpendicular to KL,+ .". the angles at C are right 
angles: for a like reason the angles B,D are right angles. And because FCK is a right 
«471. angle, FK? == FC? + CK?:* for a like reason FK* = FB? + BR, .-, 
FO! +- CK?, = FB? + BK®; but FB*=FC2, », BK? = CK?, .. BK =CK. Again: 
because FB == FC, tho two sides FB, FK =the two FC, FK; and BK= CK, as just 
+ 81. proved, .*, the angle BFK = CFK,+ and BKF =CKF, .. BEC = twice 
CFK, and BKC = twice CKF. For a similar reason CFD = twice CFL, and CLD = 
* 27 UI. twice CLF: and because the arc BC = arc CD, the angle BFC = OFD :* 
and BFC = twice CFK, and CFD = twice CFL, .., CFK =CFL, .”, in the two triangles 
FKC, FLO, there are two angles of the one equal to two of the other, each to each, 
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and the side FO, adjacent to equal angles in each, is common to both, .. KC = 
*361. ==LC,* and the angle FKC= FLC, end KL G 

is twice KC. In a similar manner it may be shown that 
HX is twice BK, and consequently, since it was proved 
that BK == KC, and that KL =twice KO, and HK= 
twice BK, HK=KL. In like manner it may be shown 
that GH, GM, ML are each = HK or KL: ,-, the pen- 
tagon GHKLM is equilateral. It is also equiangular ; for, 
since the angle FKC = FLC, and HKL =—twice FKC, 
and KLM =twice FLC, as already proved, , HKL= 
KLM. And in like manner it may be shown that each of 
the angles KHG, HGM, GML is=HKL or KLM: .-, 
the five angles GHK, HKL, KLM, LMG, MGH, being cqual to one another, the pen- 
tagon is eguiangular, and tt ts described about the circle ABCD. Which was to be done. 





PROPOSITION XIII.—Prosriem. 


To inscribe a circle in a given equilateral and equiangular pentagon (ABCDE.) 


*91, Bisect the angles BCD, CDE by the straight lines CF, DF ;* and from 
the point F, in which they meet, draw FK perpendicular to one of the sides; then if 
with F as centre and FK as radius, a circle be described, it will touch every side of the 
pentagon. 

+ Hyp. Draw FB, FA, FE; then since BC == CD,t and CF common to the 
triangles BCF, DCF, the two sides BC, CF = DC, CF each to each; and the angle 

“41. BCF = DCF, .. BF = FD,* and the angle CBF = CDF. And because 

+Const. CDE = twice CDF,+ and that CDE = CBA, and CDF = CBF, as just 
proved, .., CBA = twice CBF, .., ABF = CBF,.°. ABC is bisected by BF. In a simi- 
lar manner it may be demonstrated that the angles BAE, 
AED are bisected by FA, FE. From F draw FG, FH, 
FL, FM perpendicular to AB, BC, DE, EA; then be- 
cause the angle HCF = KCF and FHC = FKC, being 
right angles, .*, in the triangles FHC, FKC, two angles 
of the one are equal to two of the other, each to each; 
and the side FC opposite to one of the equal angles in 

* 261. each is common to both, ., FH = FK.* 
In like manner it may be proved that FL, FM, FG are 
each == FK, or FH, .”. the five FG, FH, FK, FL, FM, 
are equal to one another, .*, the circle described from centre F with either of them for 
redius, will pass through the extremities of all ; it will moreover touch AB, BO, CD, DE, 

+1611. EA; since the angles at G, H, K, L, M, are right angles ;+ .°, the cirole is 
inseribed in the pentagon ABCDE. Which was to be done. oe 
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PROPOSITION XIV.—Prostem. 


To describe a circle about a given equilateral and equiangular pentagon (ABCDE). . 
*oT. Bisect the angles BCD, CDE by the straight lines CF, DF;* and 
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with the point F, in which they meet, as centre, and either of them as radius, if a circle 
be described, it will be that required. 
Draw FB, FA, FE. It may be demonstrated, as in the preceding proposition, that 
the angles CBA, BAE, AED are bisected by FB, FA, FE; 
and because the angle BCD = CDE, and that FCD is half A 
BCD, and CDF half CDE, ., FCD = FDO, ., CF = 
+61. FD.¢ In like manner it may be demon- 
strated that FB, FA, FE are each = FC or FD, .-. the five 
FA, FB, FC, FD, FE are equal to one another; and .°, the 
circle described from centre F, with eithor of them for 
radius, will pass through the extremities of all, and will *, 
be described about the pentagon ABCDE. Which was to be 


done. 
PROPOSITION XV.—Proziem. : 
To inscribe an equilateral and equiangular hexagon in a given cirele (ACDF). 
¢ 1 III. Find the centre G of the circle,* and draw the diameter AGD; from 


D as centre with radius DG, describe the circle EGCH; draw EG, CG, and prolong 
them to B, F; and draw AB, BC, CD, DE, EF, FA; ABCDEF shall be the equilateral 
and equiangular hexagon required. Because G is the centre of the circle ACDF, GE 
== GD; and because D is the centre of the circle EGCH, DE= DG, .. GE= ED, and 
the triangle EGD is equilateral, .-. the angles EGD, GDE, DEG, are equal to one 

+51.Cor, another;+ and as they are together equal to two right angles,* ... EGD 

"321. is the third part of two right angles. In a similar manner it may be 
demonstrated that DGC is the third part of two right angles; and because GC makes 

+131. with EB the adjacent angles EGC, CGB, equal to two right angles,+ the 
remaining angle CGB is also the third part of two right 
angles, .. EGD, DGC, CGB, are equal to one another; and 
to these are equal the vertical or opposite angles BGA, 

*151. AGF, FGE;* .. the six angles at G are equal 
to one another; consequently the six arcs which subtend 

+ 26 III. them are equal,t and .°, the six chords of these 

* 29 III. arcs,* .°, the hexagon ABCDEF is eguilateral. 
It is also eguiangular ; for since the arc AF = ED, add 
ABCD to each; .°, the whole are FABCD = EDCBA; and 
the angle FED stands upon FABCD, and AFE upon 

+271 EDCBA, .. AFE=FED.+ In a similar 
manner it may be demonstrated that the other angles of 
the hexagon are each of them== AFE, or FED; .°. the 
hexagon is eguiangular ; and it ts inacribed in the given circle ACDF. Which was to be 
done. 

Cor.—From this it is manifest that a side of the hexagon is equal to the radius of 
the circle. And if through A, B, C, D, BE, F lines be drawn touching the circle, an 
equilateral and equiangular hexagon will be described about it, as may be demonstrated 
from what has been said of the pentagon: and likewise a circle may be inscribed in a 
given equilateral and equiangular hexagon, and circumscribed about it, by a method 
like to that used for the pentagon. 
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PROPOSITION XVI.—Prosiem. 


To inscribe an pee eaccldas and equiangular quindecagon, or Afisen-sided Jigure, in @ given 
circle (ABCD). 


*2 IV. Let AC be a side of an equilateral triangle inscribed in the cirole,* 
and AB a side of an equilateral and equiangular pen- 

+11 IV.  tagon inscribed in the same: then of 
such parts as the whole circumference contains jifteen, 
the arc ABC, being the third part of the circumfer- 
ence, contains five ; and the arc AB, which is the fifth 
part of the circumference, contains three; ., BC, B Ny 
their difference, contains two of the same parts. Bi- 

*30 TI. gect BC in E,* .°, BE, EC are cach the E 
fifteenth part of the whole circumference ; ,", if the 
straight lines BE, EC, be drawn, and straight lines D 
equal to them be placed round, in the whole circle, 
an eqeilateral quindecagon will be inscribed in it; and 
that it is eguiangular is plain, because each angle 
stands upon an arc, equal to the whole circumfcrence diminished by the two arcs which 
its sides subtend, and which arcs are by construction equal, .*, an equilateral and equi 
angular guindecagon ts inscribed in the circle. Which was to be done. 

And in the same manncr as was done in the pentagon, if through the points of 
division made by inscribing the quindecagon, straight lines be drawn touching the 
circle, an equilateral and equiangular quindecagon will be described about it. And 
likewise, as in the pentagon, a circle may be inscrifcd in a given equilateral and equi- 
angular quindecagon, and circumscribed about it. 


A. 


REMARKS ON BOOK IV. 


The propositions in this fourth book are all prodlems, relating chiefly to the con- 
struction of regular polygons in and about a circle. From the fourth we learn this 
theoretical truth, namely, that the straight lines bisecting the three angles of a triangle 
all meet in a point—the centre of the inscribed circle; and from the fifth, that the 
straight lines bisecting the three sides of a triangle also meet in a point—the centre ot 
the circumscribing circle. 

As the second proposition shows that a triangle equiangular to any proposed triangle 
may be inscribed ina circle, we know that an equilateral triangle may be inscribed ; 
and we thus infer that the circumference of a circle may be geometricdly divided into 
three equal parts. By bisecting each of these three equal arcs (Proposition XXX., 
Book III.), we may divide the circumference into stz equal parts, as otherwise shown in 
Proposition XV, ; and by another series of bisections into ¢welve equal parts, and so on. 
The division of the whol circumference into six equal parts is obviously the division of 
the semi-cireumference into three; the division of the whole into twelve equal parts is 
the division of the fourth of it—that is, of a guadrant, into three equal parts, and so on. 
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We thus sce that an are equal to fourth part, or to an eighth part, a sixteenth part, &c. 
of the entire circumference may be divided geomctrically into three equal parts. But 
the general problem to divide any arc of a circle into three equal parts, or, which 
amounts to the same thing, to ¢riscct an angle, is a problem that all the geometry in 
Euclid has been found hitherto inadequate to accomplish. It is one of the great out- 
standing problems ef antiquity ; and more thought and labour have been expended upon 
it, during the last two thousand years, than perhaps any other problem has ever called. 
into exercise. If you now learn this fact for the first time, you will be surprised that a 
thing apparently so simple as to divide an angle or an arc of a circle into three equal 
parts, should have becn found to be a matter of such surpassing difficulty as to have 
bafficd the efforts of the groatest geomcters from the time of Euclid to the present day. 
I draw attention to it here mainly for the purposo of discouraging any fresh attempts 
by students in geometry to trisect an angle. Novices are very apt to enter upon such 
attempts from a vague notion that a successful solution of the problem would, in some 
way or other, advance science. But geometricians know bettcr, and by them the inquiry 
has long been abandoned, not only as a hopeloss one, but also as a comparatively uscless 
one. The theorist has no need of this solution, because he is never stopped in any 
mathematical investigation from the want of it; the practical man has no need of it, for 
he can avail himself of mechanical methods which effect the trisection of an angle that 
departs from strict geometrical accuracy, by an amount of error too minute to be detected 
by his senses, though aided by the most finished instruments of measurement; and 
these methods he would continue to employ even were the problem ever to be brought 
within the scope of clomentary geometry. You see, therefore, that the inquiry is onc 
of pure curiosity, and nothing more; sinco the successful issue of it could supply no 
want cither in theory or in practice. 

By aid of cortain curves beyond the limits of Euclidean geometry, the trisection of 
an angle may be readily effected, as will be hereafter shown; but what gceometricians 
have been in quest of is the accomplishment of this trisection by aid mercly of the 
straight linc and the cirele—the only lines recognised by Euclid. Some have ventured 
to say that, with this limitation as to matcrials, the problem is impossible; but who can 
prove this? The third part of an angle of course exists; and there is therefore no just 
grounds for affirming that it cannot be found, cxccpt by the aid of machinery external 
to geometry. Till the beginning of the present century, there were the very same 
grounds for affirming that the circumference of a circle could not be divided into seven- 
tecn equal parts by common geometry; but in 1801, Gauss, a distinguished German 
mathematician, showed how this could be effected without going beyond the limits of 
clementary geometry. The discovery, though of no theorctical or practical value, made 
a good deal of noise at the time; the work containing this, and several analogous pro- 
blems, was translated into French by Delisle, under the title of Recherches Arithmetique ; 
but the division of the cireumfcrence into seven cqual parts; or, which is the same 
thing, the problein to inscribe a regular heptagon, or seyen-sided figure, in a circle, like 
the trisection of an arc, is not yet accomplished. 

From what has now been said, you perceive that Euclid enables us (Proposition IT.) 
to divide the circumference of a circle into 3, 6, 12, &c., cqual parts; as also (Proposi- 
tion VI.) into 4, 8, 16, &c., equal parts; and again (Proposition XI.) into 5, 10, 20, &c., 
equal parts ; and finally (Proposition XVI.), into 15, 30, 60, &c., equal parts ;—all these 
subdivisions of the circumference being obtained by the propositions here referred to, 
and the repeated application of Proposition KXX., Book III. As just observed, Gauss 


126 ELEMENTS OF GEOMETRY. 


has extended Euclid’s instructions, and taught us how to divide the cireumference into 

17, 34, 68, &c., equal parts; as also into other parts, in like manner excluded from 
Euclid’s divisions—namely, into 257, 65537, &c.; each part, by repeated bisections, 
giving rise to a new serics of subdivisions as abovo. And by combining some of these 
with the subdivisions of Euclid—nas Euclid himself has combined the divisions into 
three parts and into five parts, in Proposition XVI., to get the division into fifteen parts 
—other sections of the circumference may be obtained. But the actual constructions, 
oven in the simplest of these additional cases—the division, namely, into 17 equal parta, 
are so very complicated asto be of no avail in actual practice; they are interesting 
merely as showing that this part of the Euclidean geometry is really susceptible of 
extension; and I have occupied your attention in this brief account of the speculations 
of geometers in reference to the division of the circumference, chicfly that you might 
see sufficient reason why so few of these divisions are accomplished by Euclid, and why 
he should pass at once from the six-sided polygon (Proposition XV.) to that of fifteen 
sides (Proposition XVI1.), without anything being said as to the intermediate polygons 
of 7, 9, 11, 18, and 14 sides respectively. You now know that the omission arosc from 
his inability to inscribe any of these polygons in a circle. 


ON THE QUADRATURE OF TILE CIRCLE. 


Intimately connected with the researches just adverted to, is the problem of the 
quadrature of the circle, which, like that of the trisection of an angle, has for ages 
occasioned the fruitless expenditure of much valuable time and thought. I shall endca- 
vour to give you here some notion of the meaning and object of this cclebrated problem, 
not only because it is a matter of such historical interest, that you ought to know somo- 
thing about it; but because, moreover, in certain elementary writings on the subject, 
the thing is put before the student in an erroneous form; and, consequently, a wrong 
impression as to the real character of the problem is conveyed. 

The problem of squaring the circle, as it is popularly called, has a twofold mcaning— 
namely, the geometrical quadrature, and the xwmerical quadrature. In the first of theso 
senses the problem is to construct a square that shall be equal in surface to a given 
circle ; in the second, the problem is to express the numerical measure of the surface of 
a circle when the measure or length of its diameter is given in numbers. The former 
of these is the more ancient form of the problem ; and all that can be fairly said of it 
ig—as was said of the trisection of an angle—that the solution has never been effected ; 
a square equal to a circle has never yct becn constructed. We have no grounds for 
affirming that this construction is impossible, for the cquivalent square exists. You may 

readily satisfy yourself of this by the following reflections :—The square on the diameter 
of the circle would bc too great, and the square on the chord from an extremity of the 
diameter, to cut off a fourth part of the circumference, would be too amall, since the 
former square would be circumscribed about the circle, and the latter inscribed in it ; 
the circle therefore is in magnitude somewhere dctween the two. Conceive, now, tho 
smaller of these two squares to cxpand continuously, still retaining its character as a 
aquare, till it arrives at the larger squarc in magnitude: then, as all intermediate 
magnitudes are thus reached and passed through, and as the circle is one of theso 
intermediate magnitudes, it necossarily follows that our expanding square must, at a 
particular stage of ite progress, have exactly attained the magnitude of the eircle: 80 
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that if its progress could bo arrested at that stage, or—to drop this idea of progression— 
if the individual square could be isolated and exhibited, the problem of the geometrical 
quadrature of the circle would be solved. It is plain, therefore, that there is nothing 
visionary or absurd in the search after this square, as if it were a thing that had no 
existence; although some very able geometers have, strangely enongh, condemned the 
inquiry on these grounds. The only sound reasons for abandoning the investigation 
are these two, namely—first, that the problem has been earnestly and laboriously 
attemptod, by the profoundest geometers, for thousands of years, and they have been 
obliged to abandon it in despair; and secondly, that the successful solution of it would 
be of no theoretical or practical value if furnished. As far as uftdityis concerned, 
the other form of the problem of the quadrature of the circle is by far the more 
important; that is, to discover the numerical measure of the surface of a circle from the 
measured length of its diameter being given. But, under this aspect of it, the securate 
solution of the problem is really impracticable ; it can be proved to be so; and the proof 
will be given in a subsequent part of the present mathematical course. It is just as 
impracticable as it is to assign accuratcly the square root of 2; and, in fact, this square 
root does repeatedly enter into the approximative numerical process. You will require 
to know something of Proportion, in the sense in which the term is employed by Euclid, 
before that process can be fully explained to you. This subject, together with the 
sixth book of Euclid, forms the object of the treatise next following; and at the end of 
it you will find the principles upon which the approximativo 

quadrature of the circle depends, clearly exhibited; and the No. of sides. Surface of pol. 


mode of computation pointed out. The plan is to compute 4 2 

first the surface of the inscribed four-sided equilateral figure 8 28284271 
ae : : 16 3°0614674 

or square; then the inscribed eight-sided figure; then the 32 31214451 

sixteen-sided figure; and so on, till the inscribed polygon 64 3:1365485 

differs insensibly from the circle. How the surfaces of these 128 =—s_- 31403811 

successive polygons are computed one after another, must be 256 = 3°1412772 


: . oe. 512 3°1415138 
deferred till the end of the next treatise; but some of the 1024 31415729 


results are exhibited in the margin, where the radius of the 2048 3°1416877 
circle, whose surface is approximated te, isregarded as 1; that 4096 3°1415914 
is, 1 inch, 1 foot, 1 yard, or one anything. 8192 3°1416923 

It appears from this table that the surface of an inscribed 16884  3°14159265 
regular polygon of 32768 sides is 3 1415926, which is correct 32768 3°1415926 
as far as the decimals extend; this number, thercfore, may be 
taken for the numerical measure of tho circle itself; for itis plain that a regular polygon 
of so many thousand sidcs would be undistinguishable from, and therefore practically 
identical with, the circle in which it is inscribed. But, by continuing to doublo the 
number of sides of the polygon, the approximation to the circle may be pushed to any 
oxtent. De Lagny computed the decimals true to 128 places; and eighty moro have 
been recently added on by Dr. Rutherford. It is observed by Montucla that if we 
suppose a circle whose diameter is a thousand million times the distance of the sun from 
the earth, the approximative measure of the circumference, as computed by De Lagny, 
would differ from the true measure by a length less than the thousand millionth part of 
the thickness of a hair. 

Thore is obviously no use, as far as practical purposes are concerned, in extending 
tho approximation to anything like this extreme degree of nearness. The earlier com- 
putors were no doubt induced to carry on the decimals in the expectation that they 
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would at length terminate ; but, as already observed, and as will be hereafter proved, 
the decimals would go on for ever. It is right to infer, thercforegghat the exact nume- 
rical measure of the surface of a circle does not exist, though a geometrical square equal 
to it does exist, The exact numerical valuo of V2 does not exist; yot */2 represents 
the diagonal of a square whose side is 1, which diagonal is of course an existent geo- 
metrical line. 


eet me 


LXERCISES ON BOOKS I.—IV 


1. Prove that if a pair of opposite angles of a quadrilateral be equal to two nght 
angles, a circle may be described about it.—(Converse of Proposition XXII., Book ITI.) 

2. Ifthe diagonals of a quadrilateral divide one another, so that the rectanglo con- 
tained by the parts of the one is cqual to the rectangle contained by the parts of the 
other, then a circle may be described about the quadrilateral : required the proof. 

3. If two opposite sides of a quadrilatcral be prolonged to mect, and if it be found 
that the rectangle contained by one of the lines thus producod, and the part produced, 
are equal to the rectangle contained by the other line and the part produced, then a circle 
may be described about the quadrilateral. required the demonstiation. 

These two theorems are virtually the converses of Propositions AXXV. and XXXVI. 
of Book III. 

4. Ifa circle be described about the square BE (sec the Diagram to Proposition 
XLVII., Book I.), ite circumference shall pass through the point where AD, FC intcr- 
scct, and also through the point whero AE, KB intersect: required the proof. 

5. Ifan cquilateral triangle be constructed on one side of a given line, and on the 
other side two cquilatcral triangles, one on each half of the line, then the two lines 
drawn from the vertex of the larger triangle to the vertices of the smaller triangles will 
trisect the given line: required the proof. 

6. Divide a given triangle into three equal parts by lincs drawn from the verticcs of 
the triangle to a point within it. 

7. Inscribe a circle in a rhombus. 

8, Prove that the square circumscribing a circle is double of the square inscribed in 
the same. 

9, Ifa circle be inscribed in a right-angled triangle, and another be circumscribed 
about it, prove that the sum of the sides containing the right angle will be equal to the 
sum of the diameters, 

10. From a given point in the are of a circle, to draw a tangent thercto without 
first finding the centre of the circle. 

11. The straight line bisecting any angle of a triangle cuts the circumferenco of the 
circumscribing circle in a point which is equidistant from the extremities of the oppo- 
site side, and from the centre of the inscribed circle: required the proof. 

12. If from any point within an cquilatcral and equiangular polygon perpendiculars 
be drawn to the several sides, the sum of these perpendiculars will always be the same, 
wherever the point from which they are drawn be taken. 

18. Through o given point within a circle it is required to draw the shortest chord 
possible. 
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PROPORTION. 
A TREATISE INTENDED AS A SUBSTITUTE FOR EUCLID’S BOOK VY. 


Introptorory.—In the foregoing portion of elementary geometry I have given 
you the “ Elements of Euclid,” substantially, in all their integrity: the modifications 
I have introduced are for the most pdrt mercly of a verbal character; but while con- 
donsing the language I have been careful to proserve the spirit and rigour of the 
original. In the few instances in which I have thought an improvement might be 
introduced, or a defect supplied, I have not hesitated to offer the suggestion, and to 
propose the emendation : what littlo is done in this way is sufficiently detailed in the 
Remarks appended to the several books. You will, of course, submit these to your own 
judgment,—always remembering that in mattors connected with geometry, nothing is 
to be taken upon trust: mere opinion, unsupported by reasonings which elevate it into 
proof, must bo regarded, 7m this subject, as of but little worth. 

I am now going to depart altogether from Euclid’s method of exposition, and to 
place before you a treatise on Proportion constructed on a different plan. I have come 
to this determination only after mature deliberation. It would, of course, be a much 
casior task for me to transfer Euclid’s fifth book into these pages. I could find very 
little to remark upon in it, as the ancient Geometer has displayed so much sagacity and 
penetration in this, the most claborate of all his writings, that he has left to the 
moderns little or no room for improvement : it must be studied just as it is (in Simson’s 
restoration), or else be superseded in instruction by a treatise of equal generality, but of 
greater simplicity. You will understand, therefore, that I do not displace Euclid’s fifth 
book because of its imperfections, or because of its inadequacy to completely accomplish 
its objects; but solely because of its great difficulty to a beginner. I will endeavour to 
give you here some notion of the cause of this difficulty. 

The subject of Euclid’s fifth book is Prorortion—niversal proportion ; that is, 
not #swmertcal proportion merely, but proportion in reference to all magnitudes and 
quantities whatever, whether numbers, lines, surfaces, solids, or concrete quantities of 
any kind, With proportion ¢ numbers you are already familiar :—this will be a help. 
I hope, too, by this time you are also somewhat acquainted with proportion in Algebra : 
this will be a greater help; for proportion in Geometry really accomplishes no more 
for things in general than the same doctrine in arithmetic and algebra accomplishes 
for what the notation of those sciences specially represents ; and if this kind of prupor- 
tion would do for geometry, the fifth book of Euclid would become a very easy matter 
indeed. But the obstacle to this is, that geometrical magnitudes, when compared 
together, are in many cases found to be tncommensurable ;—that is to say, two such 
magnitudes may be quite incapable of a common measurement—they may be of a 
nature not to admit of being doth moasured by one and the same unit of measurement, 
however minute the measuring unit be taken, and, consequently, doth cannot be 
represented by numbers. I have already adverted to an instance of this kind (page 127) 
in the side and diagonal of s squaro, and to another in the diameter and circumference 
of acirele, You may divide the side of a square into as many equal parts as you 
please—from two parts to as many ynillions. In every case each part is, of qourme, a 
measure of the side, so that by applying such part, progressively, from one extremity of 
the side onwards towards the other extremity, that other extremity would at last be 
acourately reached. 
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But if the same measurc, however small it be taken, be applicd in like manner to the 
diagonal, the remote extremity of (¢ ean mover be gocurately reached: either an unmea- 
sured smaller pertion will still be left, or else the applied measure will overlap and 
project beyqnd that extremity. It is thus that these two lines are incommensurable. That 
they are ao, could not have been found out by such prectical or experimental tests as 
those here advertcd to for illustration: they gre proved to be so by geometrical 
reasoning (see page 143). 

It may be as well to caution you here that you must not speak of a line or quantity, 
by stseff, as being incommonsurable ; this would be absurd. The diagonal of a square 
is not itself incommensurable, since it has, of course, its third part, fourth part, hun- 
dredth part, &c., and is therefore measurable by each of those parts; but as none of 
them will also measure the side, the two, considered together, are inconmensurable : 
there exists no measure common to both. In the same way in reference to the citule— 
the circumference itself is not incommensurable any more than the diameter; for each 
has its fourth part, sixth part, &c.; but it is incommensurable with its diameter: no 
length whatever can measure both. The circumference of 1 circle may be ten foet and 
somo fraction of a foot; the diameter will nocessarily be more than three fcet; but ‘the 
exact fraction of a foot, besides, it is not in the power of numbers ‘to express. 

Now although Euclid makes no mention of incommensurable quantities im his fifth 
book, he was well aware of their existence; and therefore, to render his theorems on 
proportion general, he had fo take care that this class of quantities should be compre- 
hended in his reasonings. But proportion limited to numbers, or to the symbols for 
numbers, would necessarily exclude incommensurables; he therefore had to proceed 
quife independently of arithmetic, and to secure to his propositions such a universatity 
that each theorem should rigorously apply, whether the quantities or magnituttes spoken 
of be measurable, or beyond the powers of numerical represcntation He has executed 
his difficult task with consummate ability; for, as Dr Barrow remarks, ‘there is 
nothing, in the whole body of the Elements, of a more subtile invention,—nothing morc 
solidly established, and more accurately handled, than the doctrine of proportionals.”* 

It is on account of the subtilties here adverted to, and which arc of too refined a 
character for the generality of young students to comprcherd, that I have resotyed ‘to 
replace the fifth book by the following treatise. I cannot promise that you will find 
the study of it easy ; but it will certainly be much Jess difindt than the corresponding 
portion of Euclid’s work ; and you will enter upon it with considerable advantage, if 
you postpone the attempt—as I here recommend—till you have read ss far, at least, as 
pagé 220 of the Algebra. It will, indeed, facilitate your progress, and apreedbly 
diversify your mathematical labours, if you commence the elementary algebra upon 
mo ry in book of Euclid, and read the Panrcrenzs ‘through, before yor begin 
the treatise i 


¢ 
AIS 


' 
{ 


DEVINITIONS. 

A Otvctew unsymed-maagniterics, of' the same kind, the greater és end.4o omecintha 
heeg os any times aethere are pertsin the greater equal th thp less, tt 
| “Wiha detiittibeege Gveadsdto convey the sense insphivh the word comtein isto he ahdonatedd 
1 + ,Merwhetfolews., , FoncrbiLcepefally ebegrve tast the term ia not restricted a 
en 


; 0 an, io, wheather, é ter,quantty leave any remainder after ' £ 
ves myAp. often as 5 ane fs said fo contain af ohek as 9 contniiis dt, 
cia ar oar) 3 


there is a remainder in the latter case and no remainder in the former, 
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It, One magnitude is said to be a seudtiple of ancther whan i iz equal to a certain 
number of times that other ezectly. And the lee of the two is in this caso said te Ke a 
sub-multaple of the greater, or a meaaurs of the greater. 

Thus 8 jaa multiple of 2, becanse § is equal tea cortain number of times 3 exactly, namely, 
Seurtimes2. And 2 is a mbmultiple of §, or, as we chowid say in arithmetic, x factor of 
8. Remember that 2 sub-multiple, or mecoure of any magnitede, te a ematier magnitude of 
the same kind which measures the former (tho meltiple) exactly, without leaving any 
vemsinder, 3 is nat a ecbmultipls-er measure of 9, which fs the same assaymg that 9 is 
not multiple ef 2, 

{ii Magnrtudes—two or more—whick have 2 common mteaswre, that is, which are 
multiples of some other magnitude, are said to be commensurable. But if it he imposstdle 
that any such common measure can exist, then the magnitudes are said to be 
incomaneuaurchle. = 

All sets of abstract numbers, and of conerete quantities, Hke in kind, that can be accurately 
demoted dy numbers, are eommensurable ; that is, they hare a common mensure. The 
expression, commen measure, as employed ia arithmetic and algebra, is not synonymous 
with the geometrical meanmg. In arithmetic we should say that the pairs of numbers 
3,7, 4,11, 5,12, &c , haveno common measure, but even here a qualifying exception Is 
alwaystecitly made x ia this, namely, ercep! unt. All whole numbers contain i an exact 
wumber of times , thongh it 1s agreed in arithmetic that 1 shall not be recognised as a 
common measure Geometry makes no such exception whatever quantity is contained 
in another an exact number of trmes 16 2 ineasure of that other. In like manner, 34, 7}, 
would not be nega: ded as having 2 common measure 1n arithmetac, yet as the first number 
contains J exactly 14 times, and the second contains } exactly 26 times, } 18 a common 
measure of the two numbers according to the above definition of the term And whatever 
numbers be compared together, whether they be whole or fractional, it will be found that 
theve always exists come emailer naumber—cither whole or fractional—tmat will exactly 
measure both. Sappos, for instance, the proposed numbers, when brought to 2 common 
denominator, have (say) 12 for the common denomunater, then each denotes so many 
twelftha that is, py is a common measure of both. I do not say anything here about such 
etpresmens as 2, 4/8, 3/7, &c ; geometrical rigour forbids our calling what these 
symbols stand for, deflaite numbers, a3 they invoive an endices series of fractions or 
decimals, and san anly be valwed appraxemately, yet they may be aecurately represented 
by tones, a6 Euchd hes himeelf shown in a Book not now read (Book X}. We eoald not 
speal. of ony number being sontamed in 4/2 a certain number of times exaofly, because 
/ 2 itself is not determinable exactly. 

IV Eouimultiples, or hke vadtipies, of two or more magnitudes, are these larger 
magnitudes which conta those of which they are multiples—each of cach—ihe same 
number of tumes, 

For instance, the numbers 8 and 12 are equimultiples of 2.and 3; for the former contain these, 
respectively, the same number of times, namely, four times. In like manner, 7} and 10 
tie equimultipies of 24 and $3; for the former numbers contain fhese, respeotively, 
three times. 

Vi dinddidecsbeditipies axe those whisk are-coutsined ta their respective multiples 
the same number of times 

Thus, in the instances addnced above, 2 gud. 3 are Like submultiples ur dike measures of Sand 12; 

“th and 8§ are fike submultiples or measures of 74 and 10, 

VI Four magmtudes are said to be proportionals, or ta foun «,proportan, wher the 
first canndét be contained in any multiple of tho second oftener than the thirds opntained 
in a like multiple of tho fourth, nor the third in any multiple of the fourth oftener tha 
the first in a like mudtiple of the second © 

The first and third of four euch magnitwdesmre.called antecedents, and Seana and sje 
their conseguenis, The, definition affiims that an antecedent. must. ba con ch 

1 Un spanned ot bee eoadetucht bes are as the cothef ‘antecedent is contained in Me oa 
of its consequent, but not oftener. ee “a ee 
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VII. When four magnitudes are in proportion, the first antecedent is said to have the 
same ratio to its consequent that the second antecedent has to t¢s consequent. 


This term ratio has been the souree of very considerable embarrassment to Geometers since 
the time of Euclid, and has been productive of much metaphysical disquisition and con- 
troversy. I think that on this subject, as well as in reference to the theory of parallel 
lines, mathematicians too often overlook the fact that the fundamental notions of geometry 
really exist in the mind anterior to and independently of the definitions of the science. 
These, for the most part, do not originate those notions, but only give to them the neces- 
sary degree of clearness and precision. If one pair of magnitudes be submitted to our con- 
templation, and then another pair be brought into comparison with them, as well as with 
each other, the mind is at once capable of forming a notion as to whether therelative mag- 
nitudes of the individuals of the first pair be the same or not as the relative magnitudes of 
those of the second pair: the absolute magnitudes of the individuals of one pair may be 
very different from the absolute magnitudes of those of the other pair; yet the former two 
may have the same relation to one another, as to magnitude, as the latter two; and the 
mind is quite capable of recognizing and understanding this sameness of relation, or of 
ratio, as it is called above, before any name is given to the conception. It is this equality 
of ratios of two magnitudes brought into comparison with other two, that renders the four 
proportionals. 

That the foregoing definition of proportion (Def. VI.) includes numerical proportion, in Arith- 
metic, will be obvious upon a little consideration. Proportion limited to numbers may be 
defined thus :— 

Four numbers are proportionals when the first is contained exactly, as often in some multiple 
(any one multiple being sufficient) of the second, as the third is contained in a ike multiple 
of the fourth. 

Tt is plain that if this condition have place, the four numbers must be proportionals according 
to the common @rithmetical notion; for it follows of necessity that the quotient of the 
second by the firet must then be the same as that of the fourth by the third, and conse- 
quently that the quotient of the first by the second must be the same as that of the third 
by the fourth.—(See Arithmetic, p. 31.) 

Definition VI. above is, however, free from the restriction implied in the term exactly, which is 
introduced here into the particular case of it, applying exclusively to numertoal proportion ; 
since the general form of the definition admits of such restrictive qualification when num- 
bers only are concerned ; incommensurables being then excluded. 

Four magnitudes not fulfilling the conditions of definition VI. would evidently violate even this 
arithmetical condition of proportion; there can be no such things as proportionals out of 
the restrictions of the former definition; so that all proportionals, whether among com- 
mensurabies or incommensurables, must be included in the general definition VI. 


VIII. The first and last of four proportionals are called the extremes, and the two 
intermediate ones the means. 


IX. The magnitudes themselves are called the terms of the proportion ; and those 
are called homologous or like terms which have the same name ;—the antecedents forming 
one pair of homologous terms, and the conseguents another pair. 

&. Magnitudes, more than two, are said to form a continued proportion when each 
consequent in succession is taken for the antecedent of the term next following. 


Thus, if A is to B, us B is to C, as C is to D, &c.; then A, B, C, &c., are in continued 
proportion. 


XI. If the continued proportionals be but ¢hree in number, the middle one is called 
the mean term, and the others the extremes. 


RETEST 


AXIOMS. 


I. Equimultiples of the same magnitude, or of equal magnitudes, are equal to one 
anather ; #0 also are equi-submultiples. 
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II. A multiple of a greater magnitude exceeds a like multiple of a less; and a sub- 
multiple of a greater exceeds a like submultiple of a leas. 

III. The magnitude of which a multiple or submultiple is greater than a like mul- 
tiple or submultiple of another, is greater than that other. 

IV. Of any two magnitudes of the same kind, a multiple of one may be taken 30 
great as to exceed the other. 


cesarean tty 


Marks and Signs used for Abbreviation. 


1. To express that four magnitudes, A, B, C, D, are proportionals, they are arranged 
thus: A: B::C:D; and this expression is read, “as A is to B, so is C to D;” or, 
‘A is to B, as C is to D.” 

2. And to express that magnitudes A, B, C, D, E, &c., form a series of continued 
proportionals, they are arranged thus: A: B::B:C::C:D::D:E, &c., which is 
read, ‘“‘as A is to B, so is B to C, and C to D, and D to E,” &c. 

3. Besides the marks +- and — for addition and subtraction, the mark » is some- 
times employed, to denote the difference of the two quantitics between which it is 
placed ; it is useful for this purpose when it is not stated which of the two quantities 
is the greater of the two; thus Aw B means simply the difference between A and B, 
or rather between the things denoted by these letters, without any assertion as to which 
is the greater. The double mark + betwecr two quantities signifies ‘‘the sum or dif- 
ference” of those quantities. Thus by 6+ 2 we should understand “8 or 4.” 

4. Tho terms “greater than” and “lcss than” being of frequent use in what 
follows, convenient symbols for them are introduced: when 7 is placed between two 
quantities it implics that the first of them is greater than the second; and when 7 is 
placed between them, it denotes that the first of them is /ess than the second. Thus 
A 7 B asserts that A is greater than B, or that A exceeds B; and A 7 B affirms that 
A is less than B, or that B exceeds A. 

5. In the following propositions, magnitudes (whether lines, surfaces, or solids), will 
be represented by tho capital letters A,.B, C, &c. They may, indeed, be taken to repre- 
sent any quantities whatever, whether abstract or concrete ; as the reasonings will be found 
to apply without restriction as to the nature of the things represcnted by the letters. But 
when, multiples of these quantities aro taken (that is, when they are multiplied by numders), 
these numbers will be represented by the small letters ; and, in general, by m, n, p, ¢. 


PROPOSITION J.—Txxonem. 


If any number of magnitudes be cquimultiples of aa many others, each of each, 
whatever multiple any one of the former is of the corresponding one of the latter, the 
same multiple is the sum of all the former of the sum of all the latter. 

First, let thero be but two magnitudes mA, mB, any equimultiples whatever of 
two others A, B; the sw#n of the former shall be the same multiplo of the sum of the 
latter. 

Fo¥ the sum of the former is mA -+ mB; that is, m(A +B); and the sum of the 
latter is A-+-B; and m(A -- B) is the same multiple of A + B, that mA is of A, or 
mB of B. 

Next, let there be three magnitudes m A, B, m O, equimultiples of the three A, B,C. 

The sw of the former three is mA +- mB -++-#O; that is, m(A -+- B-+- ©), and 





the swa of the latter theese is A+ B+ C; and wiA -}> Bt C) is che same maitiple 
of A -+}+- B -+- C, that mA is of A, or mB of B,armC eof C. And im the same manner 
is the proposition proved, when there are four magnitudes cquimultiples of.other four ; 
when there are five magnitudes, six magnitudes, or any number of magnitudes, ,", if 
any weunber of magnitude, Gc, Q. ED, 


PROPOSITION II.—Tueorem, 


If, in any proportion, an antecedent and its consequent be respectively the same as 
an antecedent and its consequent in another proportion, the remaining anteccdont and 
consequent in the former, together with tho remaining antecedent and consequent in 
the latter, will form a proportion. 

- Let the two proportions bo— 


A:B::€:D 1n..e.P 
A Be. Bp men: Di: EF. 

For (Def. V1.) #2 being any whele number whatever, C is contained in mD as often 
as A is contained in #B, but not oftener. 

in like manner E is contained in m F as oftcn ag A is contained in mB, but not 
oftener, 

Therefore C cannot be contained oftener in mD than E is contained in mF; nor 
can E be contained oftener in mF, than C is contained in mD; and m is any whole 
number whatever, .°, (Def. VI.) the four magnitudes, C, D, E, BF, are proportionals, ,, tf 
in any proportion, &c. Q. E, D. 


PROPOSITION III.—Turorem. 


If, in any proportion, equintultiples of the antecedents and equimmultiples of the 
consequents be taken; if the multiple of ono of the antecedents be greater than that of 
ita consequent, the multiple of the other antecedent will be greater than that of tts 


A:B::€:D. 


If mA 7 nB, then mC 7 xD, and conversely ; # and n being any whole numbers 
whatever. 

Bor A is contained in mA exactly om times; but, by hypotheses, aB is /ess than 
mA, °, & is contained in #B ives than os times. But (Def. VI.) C is contained no oftener 
in nD, than A is contained in ~B, .-, 0 is contained in #D, less than m times. 

But C is comtained im m oxactly mtimes, ., € is contained in wC.oftmer than it 
is:contamed in xD, >, oO 7 aD. 

In like manner, if the hypothesis be that mC 7 D, may it be shown that mh 7 
2B, :, $f ine proportion, &e. Q. ELD. 

‘ Cor,—-Since m and » may ‘be any whole sumbcrs whatever, let each be =< 1: then 
it follows that :— 

In a proportion if qne..antesedont: be greater than.its consequent, the other anto- 
cedent will be greater than dts consequent. 


2 ORO ielege onatannm SUERTE amg ROUEN rn ete eesti 
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PROPOSITION FV.—Trzomem. = 


In any proportion according as one antecedent is greater than, legs than, or equal 
its consequent, so will the other antecedent be greater than, less than, or equal to és 
consequent. 

It has already been proved (Prop. III. Cor.) that if one antecedent be greater than 


tts consequent, the othcr antecedent will be greater than tts consequent. Let the propor- 
tion be .— 


A:B::C0:D. 

ist. df A # B, then C 7 D, and conversely. Let B —A == P; then.s number m 
exists such that mP 7 A (Ax. 4), -. mB must contain A noftexer than. % comtains B. 
But a D contains C az often a8 » B contains A (Def. V1), .*. o D eontains 0 oftener | 
than mB contains B; that is, oftener than om times, -, O # D. Ocnsequently, if | 
A ZB then C / D. And in like manner may it be shown that if € / D then | 
Af B. 

and. If A=B then C=D, end conversely. | 

For when A=B, if it were possible that C7 D, or CD, or, when C=D, if it were 
possible that AB, or A/B, the foregoing conclusions would be contradlicted, .", in 
any proportion, &c, Q.E.D. 


PROPOSITION V.—TuHeEorem. 


If four magnitudes be such, that whatever equimultiples of the antecedents, and 
whatever cquimultiplos of the consequents be taken, the multiple of one antecedent 
cannot be grenter than that of its consequent, without the multiple of the other 
antecedent beirig greater also than that of its consequent, the four magnitudes are 
proportionals. 

Let the four magnitudes be A, B,C, D. If they are sot proportional, one ofthe 
antecedents, as A, must be contained in some multiple mB of its consequent oftener than 
C is contained in mD (Def. VI.) Therefore, » being any whole number, A must be con- 
tained oftcner in ymB than C is contained in pmD. 

Let nA be the greatest multiple of A that does not exceed ygmB; then nA is not 
7pm, and A is contained in @A, and in peB the same number of times, namely, 
n times. Therefore C is contained in pmD less than » times. But C is rontained.in 
nC exactly n times ", nC7pmD. Consequently of the four magnitudes, equimultiplcs 
of the antecedents, and equimultiples of the consequents, may be taken, as bdlow :— 

A BC D 
nA gmB nO pmD 
auch that nC pmD, and yet nA net WymB: but, by hypathesia, this is impossibla- 
therefore the magnitudes cannot bo other than proportionale; .°, if fber magustudes, 
&e, Q.E.D. 
PROPOSITION V1i.—~Taneowem. 


In any proportion, if like multiples of the antecedents, and like multiples af the 
consequents, be tdken, the results will form a proportion. 
Of the four proportionals, let equimultiples of antecedents and of consequents ‘be 
taken as below, m, n, p, and g being awy whole numbcss .— 
A:B.:C: D 
aA sb mG #D boy 
pnd gxnB pall oiD a 
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Then (Prop. IIT.) if pA 7 enB, it must follow that pnC 7¢nD; or if praC7enD, that 
pmA7qnB. But yma, pm, are any equimultiples of mA, mC; and gnB, gnD, are any 
equimultiples of sB, nD. Consequently (Prop. V.), 
mA :nB:: mC: nD, 
Therefore, tn any proposition, &c. Q. E. D. 
Nore.—Either m or » may of course be unit; as also in every case where the multiples 
are unrestricted, 

In Proposition V. it was demonstrated that—‘If four magnitudes be such that 
whatever equimultiples of the antecedents, and whatever equimultiples of the consc- 
quents be taken, the multiple of one antecedent cannot be greater than that of its 
consequent, without the multiple of the other antecedent being greater also than tts 
consequent, the four magnitudes aro proportionals.” It is now proved that these 
multiples themselves are also proportionals. Consequently (Prop. IV.), according as 
the first multiple is greater than, less than, or equal to the second, so will the third 
multiple be greater than, less than, or equal to the fourth multiple. And this is the 
condition which constitutes Euclid’s criterion of proportional magnitudes, as embodicd 
in his celebrated fifth definition, which, in the version of Playfair, is expresscd as 
follows :— 

Euclid’s Definition of Proportionals (Def. V.) 


If there be four magnitudes, and if any ecquimultiplcs whatsoever be taken of the 
first and third, and any equimultiples whatsoever of the second and fourth, and if 
according as the multiple of the first is greater than the multiple of the sccond, equal to 
it, or less, the multiple of the third also is greater than the multiple of the fourth, equal 
to it, or less; thon the four magnitudcs are proportionals. This definition of Euclid is 
deduced here as a theorem; but in what follows it will be referred to as “ Def. V. 


page 136.” 
PROPOSITION VII.—Turorem. 


The terms of any proportion form also a proportion when they aro taken INVERSELY ; 
that is, the second term is to the first as the fourth is to the third, or the second has the 
same ratio to the first that the fourth has to the third. 

Let the proportion be A: B:: C: D; thonalsoB: A:: D: C. 

For (Prop. VI.) mA :nB::mC: nD. 

And (Prop. IV.) according as »B is greater than, less than, or equal to mA, so is xD 
greater than, less than, or equal to mC; and m, » arc any whole numbers whatever. 
But when this is the case in reference to four magnitudes B, A, D, C, they are pro- 


portionals. (Def. V., page 136). 
*B:A:: D: C. 


Hence the terms of any proportion, &. Q.E. D. 
Con.—Therefore a consequent is contained as often in a multiple of its antecedent, 
as the other consequent is contained in a like multiple of its antecedent, but not 


oftener. (Def. VI.) 
PROPOSITION VIII.—Turoress. 


In any proportion, if equimultiples of the first two terms bc taken, and aleo equi- 
multiples of the last two, the results will form a proportion. 
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Let the proportion be A: B :: C : D; then also 
mA: mB:: nC: nD 
By Def. VI., A: B ::mA:mB; and 8 C:D:: #0: »D 
But A: B:: C : D; ., (Prop. II.) C : D:: mA: mB 
and therefore, by the same prop., mA : mB :: nC : nD; .°, in asiy proportion, 
&. QED. 
PROPOSITION IX.—Tuxorem. 


In a proportion consisting of homogeneous magnitudes—that is, magnitudes all of the 
samc kind—if onc antecedent be greatcr than the other, the consequent of the former 
will be greater than the consequent of the latter. 

Let the magnitudes forming the proportion A: B:: C: D be all of tho samo kind, 
and let A7C; then also B7D. For let A—C=P; then (Ax. 4) there exists some 
number m, such that mP7D, and consequently such that mA contains D oftener than 
mC contains D. 

But by taking the terms of the proportion inversely (Prop. VII.) 

B:A::D: ¢ 
aeA aC 
*, mA does not contain B oftencr than mC contains D (Def. VI.), .°, mA contains D 
oftencr than it contains B, therefore BY D .-, in @ proportion, &e. Q. B.D. 

Cor. I.—In a proportion consisting of homogeneous magnitudes, if one consequent be 
greater than the other, the antecedent of the former will be greater than that of the 
latter. 

This follows from the prescnt proposition by txwersion ; and, consequently, in a 
proportion whose terms are all homogeneous, if one antecedent be greater than, less 
than, or equal to the other antecedent, the consequent of the former will be greater 
than, loss than, or cqual to the consequent of the latter, and converscly. 

Cor. II.—Therefore (Prop. TI.) if two proportions have three corresponding terms 
in cach equal, cach to cach, the fourth terms will be equal. 

Nory..—It must be carefully observed that Proposition IX., as also X. and XT. following, apply 
only when the magnitudes are all four of the same kind. There can be no such relation 
ns that implied in the word ratio between things of different kinds. In the other proposi- 
tions hitherto discusscd, it is necessary only that the first and second of the magnitudes be 
of the same kind, and that the third and fourth be also of the same kind. The latter puir, 
however, may differ in kind from the former pair: one pair may be lines, or numbers, 


und the other pair surfaces, or solids: but no ratio cun cxist between heterogeneous 
quantities, or quantities unlike in kind. 





PROPOSITION X.—Tuxrorem. 


If any number of homogeneous magnitudes be proportionals, then ag gue antecedent 
is to its consequent, so is the sum of all the antecedents to the sum of all the 
consequents. 

First, let there be four proportionals, and let any equimultiples of the antecedents 
and any cquimultiples of the consequents be taken thus :— 

A:B:: ©: D 
mA nB mC «aD 

It is to bo proved that 

A:B:: A¢+C : B+D 

By Prop. III. if mA7mB, then mC 7D; consequently, if mA7nB, then also 

(mA-+-mO) 7 (nB--nD). 
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And conversely, if (mA-+-mC)7(nB+nD), then mA7nB. For, fram the ‘first -pro- 
portion, if this were not the case, neither could mC 7nD; and, consequently, neither 
could (mA+mC)7(nB+«D) ; .°. if this latter condition have place, se, of necessity, 
must the condition mA 7nB. 

“. (Prop. V.) A: B:: A+C : B+D. 

Next lect there bo six proportionals, 

A>B:e: COC: B:: EE: B 
It has already been proved, in reference to tho last four, that 
C:D:: C+E: D+F 
ButC:D:: A : B. 

“vy (Prop. IL.) 4. B:: O+B : D+F, 

Consequently, by the first case above, 

A:B;: AF+C+E : B+D+F. 

And in a similar way as the proof for six proportionals has been derived from that 
for four, so may the proof for cight be derived fram that for six; and so on for any 
number of proportionals; .°. if any number of homogeneous magnitudes, Kc. Q.E. D. 


PROPOSITION XI.—Tuzorem. 


If the terms of a proportion are all of the same kind, they also form a proportion 
when taken ALTERNATELY ; that is, the first is to the third as the second is to the fourth. 
Let the homogeneous proportionals be 

A:B::C: D; thenalso A: C:: B: D. 

For let any equimultiples of A, B, and any cquimultiples of C, D, be taken ond 
arranged as below, 

Ant Bs: C2 DP; A C B D 

mA mB oe a mA nC mB aD 
Then (Prop. VI.) mA : mB :- 2C : *, (Prop. IX.) if mA 7nO, then mB7aD ; 
and if mB 7nD, then mA RC. 

(Prop. V.)A:C:: B: DD. 
Hence, if the terms of a proportion, &. Q.E.D. 


PROPOSITION XII.~Turonzm. 


If in any proportion an antecedent be a multiple or submultiple of its consequent, 
the other antccedent will be a like multiple or submultiple of és consequent. 

Let A, B, C, D be four proportionals, such that AmB, then will C==mD. For since 

A: B::€: D 
v. (Prop. VI.) A: mB:: C : mD; but A=mB .°, C=mD (Prop. IV.) 
Again, let the proportionals be such that B=mA ; then will D=mCl. 
For by inversion (Prop. VII.) B: A ::D: C 
and (Prop. VI.) B :mA:: D : mC, but B=mA ,°, Dam, 
- of in any proportion, &. Q.E. D. 

Cor.—When the proportionals‘are homogeneous, if onc antecedent be a multiple of 
the other, the consequent of the former will be a like multiple of the consequent 
of the latter. 

PROPOSITION XIII.—THxorem, 


In an y proportion, the sum of an antecedent and its consequent is to ee 
_ the sum of the other antecedent and consequent is to the | like term. 


J. a wrermmanee 
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hh operon ee eB eect 
then A+B: A ::0+D: C 
also A+B: B ::C+D: D 
For A cannot be contained oftener in mB than C is contaimed in wD (Def. VI. = = 
cannot be contained oftener in m(A+B) than C is contained in m(C+-D). Nor can 
be contained oftener in m(C-+D) than A is contaimed in »(A+-B); for if it gould, C 
would be contained in mD oftener than A in! mB, which im impessible (Def. VI.) 
“A: A+B: OC: OFD, 
Again, by inversion, B: A :: D: C; therefore, ax just proved, B: A-+B:: 
D: C+D; consequently, inverting the two proportions now deduced, 
A+B:A:: C+D: ©, and 4+B:B:: C+D: D. 
. 9 any proportion, &c. Q. E. D. 
Cor.—If the proportionals are homogeneous, then, by alternation (Prop. XI.), 
A+B: C+D :: A: C0; and A+B: C+D:: B: D. 


PROPOSITION XIV.—THeEoReEm, 


In any proportion, the difference between an antecedent and its consequent is to 
cither term as the difference between the other antecedent and consequent is to the 
like term. 

Let A: B:: C : D be any proportion ; then taking any anteeedent and consequent, 
as A, B, suppose first that B77 A, and consequently (Prop. IV.) that D7C. 

Take any equimultiples of B, D, and the samc of B—A, D—C; and arrange tho 


terms as usual— 
A B C D 


mB mD 
A B—A C D—O 
mB—mA nD—mC 


Then (Def. VI.) A cannot be contained oftener m mB than C is contained in mD ; 
but A is contained in mA just as often as C is contained in oC, namely, m fimer, 
without remainder, Therefore, A cannot be contained in mB—mA oftener than C is 
contained in mD—mC. 

In like manner may it be shown that C cannot be conteimed im »mD—mC oftenct than 
A is sontained in mB—mA; °. (Def. VI.) 

A; BeA:: CC: D—C; ., (Prop. XIII.) B: B-A::D. D-—C 
And inverting these two preportions {Prop. VII.), 
B-A :A:: D—C: C, and B-A: B:: D-C: D 
which proves the theorem when A7B. 
Next lect A7B, and consequently (Prop. IV.) C7D. 
By inversion, B : A :: D: C; .:, as proved above, 
A—B: B:: C—~D: D, and A-B:A:: C-D: C, 
which proves the theorem when AVB; °, AWB: A:: CrHD: C; and AWB: B 
72: CeD: © . in any proportion, &. Q.E. D. 


\ 


PROPOSITION XV.—Twxnonzm. 


If there be three magnitudes and other three, such that, whichever ae be takem,'the 
first in that sot is to the second, as the second in the other set to the shind; than.af the 
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first in one set be greater than the third, the first in the other set also will be greater 
than the third. 

Let tho two sets of magnitudes be— 

ABC A:B::E:F 
Dg Fein thet Oe BC, 

If A 7 C then must D7 F; and if D7 F, thn A7C. Let A7C; and tako 
mA, mC, such equimultiples of A, C that mA may contain B oftener than mC contains 
B (Ax. 4); take also mK, the same multiple of E. Then since by the second pro- 
portion mE contains D only as often as mC contains B, .. mA contains B oftener than 
mE contains D. 

But mE contains F as often as mA contains B (Prop. VII., Cor.), thercfore mI 
contains F oftener than mE contains D, .. D 7 F. So that if A 7 C, then must 
D7 F. 

And in like manner may it be demonstrated that if D 7 F then must A 7C; .-, 
if there be three magnitudes, &c. Q.E. D. 


PROPOSITION XVI.—TueEoREm. 


If therc be three magnitudes and other three such that whichever set be taken, the 
first in that sct is to the second, as the second in the other set is to the third; then the 
first in the one sct will be to the third, as the first in tho other sct is to the third. 

Let the two sets of magnitudes bo— 

ABC ie : Bas Ea k 
DE Re tbs BB A C, 


| it is to be proved that A: C:.D: F. 


Of A, B, D take any equimultiples, mA, mB, mD, and of C, E, F, any equimul- 
tiples, #C, nE, uF; then (Prop. VII1,) mA: mB:.nE. nF (mA mB nC 
and (Prop. VI.) mD: nE::mB:nCS  UnD nE nF. 

Hence the first of the three magnitudes, on the right, are related to the other threc, 


- as in Proposition XV.; .°, if mA 7 nC, then mD 7 nF; or if mD 7 nF, then mA 


7 nC. Consequently, (Prop. V.) A:C::D:F; ., of there be three magnitudes, &c. 
Q. E. D. 

Cox.—If to one of the above sets a fourth magnitude P be annexed, and to the other 
sct, a fourth magnitude Q be prefixed, such os to furnish an additional proportion, 
Q:D::C:P; then, from the hypotheses, and the foregoing conclusion, namely, that— 

ABCP A:€::D:F 
QDE rare such that fo Ds: 0:P, 
it follows that A, C, P are related to Q, D, F, as in the proposition ; and therefore that 
A:P::Q:F. And in this way may the proposition be extended to any number of 
magnitudes. 
PROPOSITION XVII.—Tuxorem. 


If there be two sets of magnitudes, the numbcr being the same in each set, such 
that the firat is to the second in the one set, as the first to the second in the other set, 


_ the second to the third in the former set, as the second to the third in the latter set, and 


so on: then as the first magnitude in the one sot is to the last, so is the first magnitude 
in the other set to the last. 
First, lot there be three magnitades in cach set, namely — 
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ABC A:B::D:E 
D g psineh that {eo EE, 
then it is to be proved that A: C::D: F. 

Take any equimultiples, mA, mD of A, D; and any equimultiples xC, nF, of C, F; 
then (Props. VI. and VII.), 

B:mA::E:mD AC DF 
and B: nC::E: nF mA nC mD nF. 

Let mA 7 nC, then (Ax. 4) a multiple pmA of mA, may be taken so great that 
gmA will contain B oftener than pnC will contain B. But gmD contains E as often 
as pmA contains B, (Def. V.); while pF contains E only as often as pnC contains B, 
.. pmD contains E oftener than pnF contains E, °. mD 7 nF; so that if mA 7 nC 
then mD 7 nF. In like manner it may be proved, by interchanging A, C with D, F, 
and also interchanging B with E, that if mD 7 nF, then mA 7nC; .. A:C::D: F. 

Next let there be four magnitudes in cach set, namely— 

ABCP A:C::D:F 
| DBF pt ttle pea, 
then it is to be proved that A: P::D:Q. And this is done as in the first case, since 
the threo magnitudes A, C, P aro related, by the foregoing proportions, to tho threo 
D, F, Q, as that case supposes; °, A: P::D:Q. And in like manner may the case 
for jive magnitudes be deduced from this for four ; and so on for any number of mag- 
nitudes in each sot; .°, tf there be two sets of magnitudes, &. Q. E. D. 

Cor.—If the consequents in one proportion be the antecedents in another, a third 
proportion may be formed, having the same antecedents as the first, and the same con- 
sequents as the second ; thus if— 

oe Op then A: K::C: I, 


Norsg.—It will be observed that, in the last three propositions, the magnitudes in each set 
are all of the same kind ; but that those in one set, need not be of the same kind as those 
in the other set. 


PROPOSITION XVIII.—Tuxonem. 


In any proportion the sum of the first two terms is to their difference aa the sum 
of the other two is to their difference. 

Tet A: B..C: D; then A+B: Aw B::C+D:C oH D. 

For (Prop. XIII.) A+ B:A::C+0D:0C, 
and (inverting Prop. XIV.) A: Aw B::C:Cw D. 

Consequently (Prop. XVII, Cor.) A+B:Am B::C+D:Cw D, .. many 
proportion, &. Q. E. D, 


PROPOSITION XIX.—Tuezoxem, 


If the antecedents in one proportion be the same as those in another, then the first 
antecedent is to the sum or difference of the first consequents as the second antecedent 
is to the sum or difference of the second consequents. 

Let the proportions be A: B::C:D; and A:E::C: F; it is to be proved that 
A: BtE::C: D+F. 

Inverting the first of the given proportions (Prop. VII.) 

B:A::D:Q , pa 
re, .. (Prop. XVIL, Oor.) B: B::D: F. 
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Consequently (Props. XEII. XIV.) B: B+E::D: D+F; and, comparing this 
with the first of the given proportions, 

A:B+E.:C:Dt+F; .. ¢f the antecedents, be. Q, B.D. 

Con.—If the terms are all homogeneous, then by alternation, A: (::B +E: 
D+F; andB:D::BtE:Dt+F. 

PROPOSITION XX.—THEoreE. 

In. a proportion whose terms are homogencous, the sum of the greatest and least 
terms exceeds the sum of the other two. 

Let A: B::C:D; and first let an antecedont, A, be the greatest term; then will 
D be the loast (Prop. IX.) ; ; and it is to be proved that (A + D) 7 (B+ CG.) 

By Prop. XIV., and inversion, A: A — B::C:C—D: but by hyp. A7,. 
(Prop. IV.) (A — R) 7 (C—D). To each of these unequols adi B-+D, Ate 

(A+ D) 7 (B+ C). 

Next, Ict a consequent, B, be the greatest: then by inverting the proportion, B : 
A-:D:C; and since by hyp. B is the greatest of these, C is the least, and .°. aa just 
proved (B + C) 7 (A+ D); .°. tx @ proportion, Ke. Q. E. D. 

Cor.—If the proportion be A: B:: B: C, then (A + C) 72 B; that is the sum of 
the extremes, in three preportionals, excceds twice the mean. 





The three propositions following, though of no application in the Sixth Book of 
Euclid, will be found useful in the consideration of incommensurable quantities, 


PROPOSITION XXI—TuxronEn. 

If a magnitude measure cach of two others, it will also measure their sum and dif- 
ference. 

Let A, B be any two magnitudes, and let C bo a third magnitude which measures 
each; that is such that A = mC and B = nC, m and » being whole numbers. Then 
Ay Bowl +4+a0 = (w+) C; aso Am B= mC ow nC = (me nC: butC is 
contained in the former m + 7 times exactly, and in the latter m » » times exactly, .° 
C measures both A + B, and A ~ B; .°, if a magnitude Kc. Q.E.D. 

Cox.—If C measure B, and also A + B and A — B, it must likewise measure A: 
fox the, sum of A — B and B is A, and the difference of A + B and B, is A; and, as 
shown above, ( measures both this sum and difference, 


PROPOSITION XXTI.—Prozuzm. 

Two magnitudes of the same kind being given to find their greatest common 
measure. , 

Let thé two given magnitudes be A, B : it is required to find the BAM 
greatest magnitude that will measure both. Let A be the greater of 
the two magnitudes, and from. it. take the greatest possiilé' multiple of “O)B e 
B fvis. »B), leaving a remainder (, less, of conrse, than B. Ip like , Ey 
mamper, telee from B the.greatest possible. multiple af C (viz. 20},  _w, 
leaving @ remainder D, less than C. In like manner take from C the a 
eravtest possible multiple of D {viz.pi), leaving a remainder E jess. i dale 
than D; and so on, as in the margin: the greatest common measur He 
will be that remainder whiokrenactly meagusca the-preceding one . Sor ¥o gp ETO 7m 
instance, if E measures D so that gE = =D, shen # is the greatnt gory 
monn meas af A sed Ri ae ' fof gal “ke. 
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For every common measure of A and B, as it measnres B, will measure mB; 
eonsoquently, as it at the same time measures A, it will mossure A — mB, by. last 
proposition ; that is, it will measure C, This being the case, it must also measure nC, 
and theneforc, last proposition, it must measure B — nO; thet is, it must measure D : 
for similar reasons it must measure E; and so on. Conscqucntly every measure of 
A and B also measures each of the memaiaders C, D, EF, &c. ; and as these remainders 
become less and less, it follows that that must be the greatest common measure which 
is exactly egual to tho last of these remainders, and at which the operation terminates. 
But if the operation never terminates, the diminishing scries of remainders being con- 
tinued without end, then, as there is no Jast remainder, there can be no common 
measuro at all :—in other words, the magnitudes A, B will be tncommensurable. 


A PROPOSITION XXIIl.—Taronzw. 


If one magnitude contain anothcr, and leave a remainder, such that the greater of 
the two magnitudes is to the less, as the less is to that remainder, then the two magni- 
tudes will be incommensurable. Let A, B be the two magnitudes, such that the greater 
A contains the less B, m times, leaving a remainder C; that is, such that A — mB = C; 
then if A: B::B. C, the magnitudes A, B will be cncommensurable. 

For let C, D, E, &c., be the successive remainders in the operation for finding the 
common measure (Prop. XXIT.). ‘Then C cannot measure B, for then B would measure 
A, so that there would not be any remainder (Prop. XII.) ; but C is contained as often 
in B as B is contained in A (Def. VI.). Let mB be the greatest multiple of B which is 
contained in A, and take mC, an equimultiple of C : then (Prop. VIII.) A: B:: mB: 
mC, and (Props. XIV. and XJ.) A: B-: A — mB: B— mC: but by hypothesis A— 
mB = ©, and B— mC =D; therefore A: B::C:D; and since A: B::B: 0, «, 
(Prop. II.) B:C::C:D; hence D cannot measure C, inasmuch as C cannot measure B, 
(Prop. XIT,). 

Let now nC be the greatest multiple of C in B, and take ”D, an equimultiple of D: 
then, from what is proved above, C: D:: D: E; hence E cannot measure D, inasmuch 
as D, as just proved, cannot measure C. And the reasoning is the same for every suc- 
cessive remainder; so that mo remainder can ever measure the preceding remainder’; 
and therefore the operation for the common measure can nover terminate; that is, the 

wo magnitudes A, B ave incommensurable, .. if one magnitude &. Q. E_D. 

The operation explained in Prop. XXIT.,is that actually performed on a pair of 
numbers, when the object #s to ascortain whother those mumbera have acammon measure, 
and to discover the greatest common measure. 

In this arithmetical proccss, should a remainder ever becoma 1, we conclude that no 
common measure of the two numbers exists; because in Arithmetic, as remarked at 
page 131, 1 ig not regarded, as an arithmetical common measure. When the two 

4 numbers have no factor in common, a unit-remainder must, always occur to appriae us of 
the fact, after a finite number of steps of the work j ; Since the remeinders—all whole 
numbers — go on continually diminishing. But. in magnitudes not susceptible of 
numerical representation, the operation referred to equld not be practically applied 
long as anyvemainder occurred, so lengimust the work be continued ; amd therefgre, in 
the, case of, incammensurahlo magnitudes, it would be endless, aven,if we could prec- 
tiogHy parry forwerd the steps, But. the proposition just established furnishas.a geo- 

metrical test of incommensurability that may be readily epgealed to, aa will be gegn in 
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tho proposition respecting the sido and diagonal of a aquare, at the end of the Sixth 
Book. It ia also shown (page 157), by aid of the present theorem, that if a line be 
divided, asin Prop. XI., Book II., the two parts of that line will be incommensurable ; 
and therefore that it would be quite impossible to express doth by numerical values of 
their lengths. 





Rosas 


ELEMENTS OF EUCLID.—BOOK VI. 


DEFINITIONS. 
I. 


Similar rectilineal figures are those which 
havo the several angles in one equal to those in 
the other, cach to each, and the sides adout the Pa 
equal angles—that is, which tcfude the equal ———— 
angles, proportionals. 
mr. 
Two sides of one figure are said to be reciprocally proportional to two sides of 


another, when onc of the sides of the first is to one of the sides of the second as the 
remaining sidc of the second is to the remaining side of the first. 


Ii. 


A straight line is said to be cut in extreme and mean ratio, when the whole is to the 
greater segment as tho greater segment is to the less. 


IV. 


The altitude of any figure is the straight line drawn from its vertex perpendicular 
to the base, or opposite side, and terminating in that side, or the side prolonged. 


Thus the perpendicular A D, drawn from the vertex A to the base B C, is the altitude of the 
triangle A BC, at page 149. 


PROPOSITION I.—THzoReEm. 


Triangles and parailelograms of the same altitude are to one another as their bases. 

Let the triangles ABC, ADK, and the parallelograms E C, F D, have the same 
altitude: then as the base BC is to the ok ¥ 
base D K, so is the triangle A BC to the 
triangle A D K, and the parallelogram E C 
to the parallelogram F D. 

Produce B K both ways to H and L, 
and make BG, GH, &., any number of 

“$1. them, each equal to BC ;* 
and K L, &c., any number of them, each 
equal te D K; and draw AG, AH, &., and 
AL, &c.; then the triangles ABC, AGB, 

#881. AHG, &., are sll oqual;+ % © 2 © DB KK L 
and if the base of the triangle which is the sum of all these be m times B C, the triangle 

“381. itself will be m times the triangle ABC.* In like manner if DL be» 
_times D K, the triangle A D 1. will be. times A D K. 








| 
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base BC * base DK triangle ABC triangle A D K, 
wm. BC n, DK m ABC n. ADK 
Hence if mm. BC =», DK, then m ABC =n. ADK; ifm. BC 7 2. DK, then m. 
ABC 7, ADK; andifm. BC = 2. DK, then m. ABC =m. ADK, and m, n, are 
any whole numbers whatever, .°, (Def. V., page 136.) 
base B G* base D K : : triangle A BC: triangle A D K. 

And because the parallelogram E C is double of the triangle A B C, and the parallel- 
ogram F D double of the triangle A D K, .-. triangle ABC : triangle AD K:: 

+8 V. parallelogram EC : parallelogram F D;+ and, comparing this propor- 
tion with the last, base B C : base D K :: parallelogram E C : parallelogram 

* 2V. F D,* .°. triangles and parallelograms, &. Q. E. D. 

Cor.—If triangles or parallelograms have equal altitudes they are to one another as " 
their bases. 

For if the figures bo so placcd as to have their bases in the same straight line, and 
porpendiculars be drawn from the vertices to the bases, the straight line joining the 

* 231. vertices will be parallel to that in which arc the bases,* since the per- 

+281. pendiculars are both equal and parallel ;+ and .°, if the above construction 
be made, the demonstration will be the same. 


PROPOSITION II.—Turorem. 


If a straight line (DE) be drawn parallel to one of the sides (BC) of a triangle, it 
shall cut the other sides, or these produced, proportionally ; and if the sides, or the sides 
produced, be cut proportionally, the straight line which joins the voints of section shall 
be parallel to the remaining side of the triangle. 

For draw BE, CD. Then 
the triangle BDE = CDE, A K ) 


A 

because they are on the same x 
base DE, and are between 

the same paralicls DE, 

“371. BC;* and . e 

ADE is another triangle, .°. 

BDE: ADE :: CDE: ADE. 

But BDE: ADE :: BD: 5 i 


Ny 

+1VI, DA+ Fora ms ° 
similar reason CDE: ADE: : CE: EA, 

*2¥. ~, BD: DA:: CE: EA.* 

Again, let the sides AB, AC, or these produced, be cut proportionally in the points 
D, E; that is, so that BD: DA:: CE: EA; and draw DE; DE shall be parallel to BC. 

The same construction being made, because 

BD: DA:: CE: EA, and BD: DA:: 

+1 VI. BDE: ADE,+ and CDE: } ., (2 V.) BDE: ADE:: CDE : ADE, 

*1VL ADE:: CE; EA.* 

t9V.Cor.1. But as the consequents are cqual the antecedents are cqual,t .°. 
triangle BDE = triangle CDE; and they are on tho same base DE, and are between 
the samo parallels, .-, DE ts parallel to BC; .. if a straight line, ec. Q.E.D. 


MATHEMATICAL SCIENCES.—No. V. he 











146 ELEMENGS OF GEOMETRY. 


PROPOSITION Il].—Tutvrxm. 


If an angle (BAC) of a triangle, be divided into two equal angles, by a straight line 
which cuts the opposite base, the segments of the base (BD, DC) shall be to each other 
as the remaining sides of the triangle; and if the segments of the base arc to each other 
as the remaining sides of tho triangle, the straight line drawn from the vertex to the 
poiat of sestion, shall divide the vertical angle into two equal angles. 

*3i1. Draw CE parallel to DA;* and Jct BA 


produced meet CE in E. Beeause AC mects = 

tho parallels AD, EC, the angle ACE = P ai 
+291. CAD;+ but, by hypothesis, CAD = 

BAD; ., BAD = ACE. Again, because BE meets i 


the parallels AD, EC, the angle BAD= 

*29%. AEC;* but it was proved that ACE 
= BAD, .. ACE = AEC, and | AE= AC; and é 5 rd 
since AD is parallel to EC, a side of the triangle 

+2 VI. BCE; », BD: DC:: BA: AE;t but AE = AC, 

“. BD: DC:. BA: AC. 

Next let BD : DC -: BA: AC; and draw AD; the angle BAC shall be divided into 

two equal angles by AD. 


* Const. The same construction being made, Al) is parallel to EC,* and 
because 

+2 V1. BD: DC: BA- AC, and) .. (2 V.) BA AC: BA AE, ., AC 

*9V.Co. BD: DC:: BA: AE,t } = 14 


+ 29 1. and consequently the angle AEC = ACE; but AEC = BAD,f and ACE 
*291. s=CAD,* .. BAD = CAD; that is, the angie BAC ts divided qnto two 
equal angles by AD; .°, tfan angle, kc. Q.E.D. 


PROPOSITION A,—THEoREM, 


If the outward angle (CAE) of a triangle (ABC) madc by producing one of its sidcs, 
be divided in two equal angles, by a straight line (AD) which cuts the base producod, 
the segments (BD, DC) between the dividing line and the extremities of the basc, ano 
to each other as the remaining sides of the triangle; and if the segments of the base 
produced are to each other as the remaining sides of the triangle, the straight line drawn 
from the vertex to the point of section, divides the outward angle of the trianglo into 
two equal angles. 


* $i. Through C draw CF parallel to AD.* 
Then because AC mects the parallels AD, FO, the A 
+291. angle ACF = CAD;+ but (hyp.) CAD A 
== DAE, -, DAE= ACF. Again, because FE moets 
the parallels AD, FC, the angle DAE = x 
*391. CFA;* but as just proved, DAB — AOF 
+61. “ CFA= ACF; -, AC= AF + And Eee ereyres 
because AD is parallel to FC, a side of the triangle 3 . m 


BCF, .. BD: DC:: BA: AF; but AC= AF, .-, 
BD:: DE:: BA: AC. 
is ext, let BD: DO:: BA: AC; and draw AD; the angle OAD shall be equal to 
AE. 
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The seme constraction being made, beenuse 


BD: DC:: BA: AC, and BD: 

OVI. DC::BA: Ae i (2 V.) BA: AC :: BA: AF, ., AC = AF, 
+ 51. ”, the angle AFO =: ACK ;+ bat APU. RAD, end ACF — OAD,* |. 
*291. EAD = CAD; .”, f the outicard angie, . @. EBB. 


PROPOSITION [V.—Tuxorum. 


The sides about the equal angles of equiangular triangme (ABC, DCX), are pro |. 


portionals; and those which are opposite to the equal angles are homologous sides ; that 
is, are the antecedents, or the consequents of the ratios. 

Let the angle ABC = DCE; ACB —=DEC; and consequently BAC = CUE; and 
‘let the triangle DCE be placed so that its side CE may be contiguous to BC, and in the 
same straight line with it; then the angle BCA = 

+Byp. CED.+ Add to each the anglo B; then 
BCA + B= CED +B; but the pee ae are i than. 

*lr7 1. two right angles,* CED +- B, are less 
than two right angles, «, BA, ‘ED, if eoduced will 

+ Ax.12. mect;+ let them be produced and meet in F, 
Then because the angle B= DCE, BF is parallel to 

*281. CD; and because ACB =: DEC, AC is parallel 

+ 34 1, to FE; .°. FC is a parallelogram,t °, AF = 
CD, and AC = FD; and because AC, OD are respectively parallel to FE, BF, sides of 
the triangle FBE, .°, (1 VI.). 

BC : CK :: BA: a or since AF= CD, {BC : CE:. BA: CD 
and BC : CE :: FD: DE and FD =AC C:CE:: AC: DE 
soy... BA: CD :: AC: DE,* Alternating these three proportions, 
BC: BA:. CE: CB; BC: AC:: CO: DE; BA: AC.: CD: DE. 
. the aldes about the equal angles, &e. Q.E.D. 
Con. —In similar triangles (ABC, DEF), the 


bases (BC, EF) are to one another as the alti-~. 

tudes (AG, DH). For since the angles B, K 

are equal, as also the right angles G, H, the 

Giang ABG, DEH are equiangalaz, = AB 

AG :: DE : DH; but BC: AB: : /\ 


pa ee ee Cc HH ,f 
{15 V. Cor. DH 5+ henca, alternately, a ae are as as altitudes, 





PROPOSITION ,V.—Tuerorem. 


If the sides of two triangles (ABC, DEF), about,two angles (B, €) of one, and teo 


angles (H, F) of the other, be proportionals, the triangles ahall ba equiangalar; and 
the equal angles shall be thoso which are opposite(to homologous. sides. 


At the pointe E, F, in the straight line EF, make tho angle FEGs:B, and. EF Gan; 
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then the remaining angle G==A, and‘, the triangles ABC, GEF, are equiahgular, 
#4 VI. ., AB: BC :: GE: EF;* but (hyp.) 


sovr.  AB:BC::DE:EF; «, DE: EF:: GE: EF;+ on 
+ DE=GE. Fora like reason DF==FG. And because D 
in the triangles DEF, GEF, DE=GE, and EF common, 
the two sides DE, EF are equal to the two GE, EF, | F mn 
each to each, and DF=GF; .-, the angle DEF— 8 Cc 

«si. GEF,* and the angle DFE=GFE, and 
EDF=EGF. And because DEF=GEF, and GEF= : 

+ Const. B,t °, DEF=B. For a like reason DFE=C, and .°, Da=A; .. the 
triangle DEF is eqguiangular to ABC; .°. tf the sides, &. Q.E.D. 


PROPOSITION VI.—Turorem. 

If two triangles (ABC, DEF) have an angle (A) of one equal to an angle (EDF) of 
the other, and the sides about them proportionals, the triangles shall be equiangular, 
and shall have those angles equal which are opposite to the homologous sides. 

At the points D, F, in the straight line DF, make the angle FDG equal to either of 
the angles A, or EDF; and the angle DFG equal to C; then the remaining angle 
G==B, and ,", the triangles ABC, DGF are equian- 

*avi guar; .. BA: AC:: GD: DF;* A 


but (hyp.) BA: AC :: ED:: DF; -. ED: DF:: D 


$2, GD : DF;¢ ., ED=GD; ., in the : G 
triangles EDF’, GDF, the two sides ED, DF=GD, DF, 

® Const. each toeach, and theangleEDF=GDF;* 

+41. , EF=FG+, and the angle DFG= 

“41. DFE, and G=E;* but DFG=C B co e 
(const.) “. DFE=C; but EDF=A (const.), .”. 
E=B; .°, the triangles ABC, DEF are equiangular ; .-, tf two triangles, &e. Q. F. 1). 


PROPOSITION VII.—TxHeorEm. 
If two triangles (ABC, DEF) have an angle (A) of the one cqual to an angle (D) of 
the other, and the sides about two (ABC, DEF) proportionals; then if each of the 
remaining angles (C, F) be eithcr leds, or not less, than a right angle, the triangles 
shall be equiangular, and shall have those angles equal about which the sides are 
proportionals. 
First let each of the angles C, F be Zess than a right angle: the angles ABC and K 
shall be equal, and .-, the angle C to the angle F. For if ABC be not equal to E, one 
of them, as ABC, must be the greater. At the point B, in AB, make the angle 
ABG=E; then becauso A=D (hyp.), the remaining angle AGB must be 
* 32 I. =F ;* .°, the triangles ABG, ie 

DEF are equiangular, ... AB: BG :: DE: EF. ; 

Bat (hyp.) AB : BC :: DE : EF, .°, AB: D 
+ 9V.Cor.1. BC :: AB : BG, ., BC=BG,t 

and .*, BGG==-BCG; but (hyp.) BCG is less & 

than a right angle, ... BGC is less than a 


_ right angle; .-, AGB must be greater than a . fi ie : 


right angle: but it was proved that AGB=F ; 
. F is greater than a right angle; but (hyp.) it is Jess than a right angle; which is 
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absurd; .°, the angles ABC, E are not unequal, that is, they are oqual; and, as A==D 
(hyp.) °, Can F; .*. the triangles ABC, DEF are eguiangular. 

Next, let C, F be each not ices than a right angle: the triangles ehall also in this 

case be equiangular. For if it be denied, 

A then, the same construction being made, it 

@ may be proved, as above, that BC—BG ; and 

that .. the angle BGC==C: but (hyp.) C is 

not less than a right angle: .. BGC is not less 

G than a right angle .°, two angles of the trian- 

gle BGC are together not less than two right 

5 c U8 ad angles: which is impossible; .. the triangle 
ABC, as in the first caso, is eguiangular to DEF. .*, if tro triangles, &e. Q. E. D. 


t 


PROPOSITION VIIJ.—TuHeorem. 


In a right-angled triangle (ABC), if a perpendicular (AD) be drawn from the vertex 
of the right angle to the base, the triangles (ABD, ACD) on each side of it are similar 
to the whole triangle (ABC) and to one another. 

Because the angle BAC = ADB, each being a right angle, 
and that B is common to the two triangles ABC, ABD, .°, the A 

* 321. angle ACB = BAD;* .-, the triangles ABC, 

+ 4 VI. ABD aro equiangular, .*, they are similar.t In 

anc Def, 1. 116 manner it may be demonstrated that the 
triangles ABC, ACD are similar; .°, the triangles ABD, ACD 
being both similar to ABC, are similar to cach other; ». ima B D Cc 
right-angled triangle, &e. Q. E. D. if 

Cor. From this it is manifest that the perpendicular from the vertex of the right 
angle of a right-angled triangle to the base is @ mean proportional botween the segments 
of tho base; and also that each side about the right angle is a mean proportional 
between the base, and the segment of it adjacent to that side: for in the triangles BDA, 

*4VI. CDA, BD: DA:: DA: DC;* in the triangles ABC, DBA, BC: BA:: 
BA : BD; and in tho trianglos ABC, ACD, BC: CA:: CA: CD, 


PROPOSITION IX.—Prosrien. 


From a given straight line (AB) to cut off any part required. 

From A draw a straight line AC, making any angle with AB; 7 
and in it take any point D; and take AC, the same multiple of AD, 
that AB is of the part to be cut off. Draw BC, and DE parallel to 

*811. — it,* then AE shall be the part required to be cut off 

Because ED is parallel to BC, a side of the triangle ABC, -. ™/—\? 

+13 V. OD:DA:: BE: EA; ., AC: AD:: AB: AE;t but 

* Const. AC is a multiple of AD,* ., AB is the same multiple 
af AE; that is, whatever part AD is of AC, the same part is AE of 

+7. Cor. AB, .>, from AB, the part required, AE is cut of: which 5 0 
weatobedone, - 
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) PROPOSITION X.—Proarz. 


Te davido.w-given straight line (AB) similarly to a given diveded straight line (AC). 
Lat AC, placed so,as te make any angle with AB, be divided in tho points D, E. 


| Drew BC; aad through the points D, E draw DF, EG parallels 7 


te it: AB shall be divided in F,G@ similarly to AC. Through 
D draw DEHK, parallel to AB: then cack of the figures FH 
*24%. HB is a parallelogram, °, DH — FG,* and HK 
= GB; and bocauso HE is parellel to KC, a side of tho tri- F 
t#VI. angle DKG, , GE: ED :: KH: HD;+ but KH B 


{j =. BG, and HD = GF; -. CH: ED:: BG: GF. Again, 
j becansc FD is parallel to GE, a side of the triangle AGH, -, 5 K 


given straight lincs A, B,C, a fourth proportional HF is 
{ found: which was to be done. 


ED: DA:.GF: FA: and it was before proved that CE : ED 
BG .GF; .. the given straight line is dwided similarly to AC, which was to be done. 


PROPOSITION XI.—Prosiem. 


To find a third proportional to two given straight lines (AB, AC). 
Let the lines be placed so as to make any angle A, and produce 4 


| them to D, E. Make BD = AC, draw BC, and through D draw DE 


* 3811. parallel to it:* CE shail be a third proportional to AB, AC. 
Because BC is parallel to DE, ., AB: BD-: AC: CE; but BD nf - 
+ Const. = AC ;¢ », AB: AC:: AC CE; °, to the two given 


} straight lines AB, AC, a third proportional CE is found: which was to 


be done. Q.E. D. 
PROPOSITION XII.—Prontrm. 


To find a fourth proportional 40 three given straight lines (A, B, C). 

Take two etraight lines DE, DI, making any angle D ; 
and upon these take DG == A, GE = B, and DH = C. 
Draw GH, and EF parallel te it: FH shall bo a fourth 
proportional to A, B,C. Besause GH is parallel to BF, .-, 
DG: GE:. DH. HF; but DG = A, GE=B, and DH 
* ¢ Const. =C,* - A-B: C HF, .. to the three 





PROPOSITION XIII.— Prose. 


To find a mean proportional between two given straight lines. 
Let the parts AB; BO be equal to-the two givon straight lines: it is required to find 
a mean proportional between them. ‘Upon AC describe the 
semicircld ADC, and from B draw BD perpendicular to 
‘111, | AC;* BE akall be a mean proportional 
betweah AB, BC. a / 
j 





Draw AD,:CD. "Hhen lenause tho angle ADC, in a 
7311. gemigirede is aright emgle,t and that in the 
right angled tuiangledDG,.DB daxdrawn fram the wertex -4 3B Cc 


of tho right angle perpendicular to the base, DB is s mean proportional setweon AB, 


SUSLID——BOGE WL. Bi 


be done. 


PROPOSITION XIV.—Tuzonem, « 


*8VI.Cor, BC,* .-, between AB, BC, @ mean proportional DB, is found : which was to 


Equal parallclograms (AB, BC) which have an angle (8) ef the one equa: to an | 


angle of the other, ‘have their sides about the equal angles reciprocally proportional : 
and parallclograms that have an angle of the one equal+to an angle of the other, and the 
sides about those angles reciprocally proportional, are equal to-ene another, 
Let the sides DB, BE, be placed in the same straight linc; then because FBD +- 
FBE = two right angles, and that FBD = GBE a ¥ 
(hyp ), .'. GBE + FBE = two right angles; ~, FB, 
BG are in one straight line. It is to be proved that 
DB: RE:: GB: BF. Oomplete the parallelogram D (5 
FE. Then because AB = BC, AB: FE:: BC: FE; 
*1 VI. but AB: FE:: DB: BE,* and BC: FE:: 
+ 2V. GB: BF, .. DB: BE:: GB: BF 3+ |. 
the sides of the equal parallelograms AB, BO, about their 
equal angles are reciprocally proportional, 
Next, let the sides about the equal angles be reciprocally proportional; namely: 
DB: BE:: GB: BF; thenis AB== BC. Because DB: BE:: GB: BF, and DB: 
*1VI. BE:: AB: FE, and GB: BF:: BC: FB* «, AB: FE:: BC: FEF .. 
t2V. AB = BO, .”. equal parallelograms, &. Q.E.D. 


G ¢ 


ty 


PROPOSITION XV.—Txmorem. 
Equal triangles (ABC, ADE), which have an angle (A) of the ene equel to an angle 


of the other, have their sides about the cqual angles reciprocally proportianal; and | 
triangles which have an anglo of the one equal to an angle of the other, and their sides | 


about those angles reciprocally proportional, are equal to one another. 


Let the triangles be placed so that their sides, CA, AD may be in ono straight line; | 
then it may be proved, as in last proposition, that EA, AB ere in one straight line. It | 


is to be proved that CA: AD:: EA: AB. 
Draw BD. Then because the triangles ABC, ADE are: enpral, 
, triangle ABC: triangle ABD : ; triangle ADE : triangle ABD ; 
*1 VI. but triangle ABC: triangle ABD ::CA:AD,* 
and triengle ADE : triangle ABD: ; EA: AB, conse- 
+2V. guently¢ CA: AD:: BA: AB; .°, the sides'ef the . 
equal triangles ABC, ADE, about the equal angles are reciprocally, : 
proportional, C. ; 
Noxt, let the sides of the triangles ABC, ADE, about the equal angles be recipro- 
cally proportional, namely CA: AD :: E&:.AB ; then is trinngle ABC = triangle ADE. 
Draw BD as before. Thon, because OA: AD: :EA:i/AB, and CA: AD:: trineghe 
"LVL ABC: triangle ABD,* and EA: AB: : triangle ADE. triangle.ABD 
42. +, triangle ABU :tangle ABD :< driangle ADE: triangle ABD «+ 
* 9V. Cor. and the consequents beingseghsl, the-aakecedants a20 aqual,® .1, grigngle 





| MBO x triangle ADE.;' .*, equal: Yraeregios, die: BBs > cv: on crs 
capac cca aa aches lkascecccscerspesiacneiet A pT 
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PROPOSITION XVI.~—Tuwonem, 


If four straight lines (AB, CD, E, F) are proportionals, the rectangle contained by 
the extremes (AB, F) is equal to that contained by the means (CD, E): and if the 
rectangle contained by the extremes is equal to that contained by the means, the four 
straight lines are proportionals. 

e1LL From A, C draw AG, CH, perpendiculars to AB, CD ;* make AG = F, 

+811. and CH = KE, and complete the parallelograms BG, DH.+ It is to be 
proved that these rectangles arc equal. 

Because AB: CD:: CH: AG, .°, the sides of the parallclograms about the equal 
angles A, (’, are reciprocally proportional ; they are therefore ‘i 

* 14 VI. equal to one another;* and BG is the rectangle a 


it 
contained by AB, F, and DH the rectangle contained by © ~~~ 
CD,E; .. ABF = CDE. Andfif AB-F = CD:E, then 6 
shall AB: CD :: E :F. Tho same construction being madc, 
the rectangle BG = DH; and as they are equiangular also, 
. B ¢ D 





+14 VI. « AB: CD::CH: AG;+ thatis AB: CD.-.: 
E:F; .. of four stratght lines, &. Q.¥.D. 
Norz.—The next proposition ia merely a corollary to this: it is that particular case of it in 
which the means are equal. 


PROPOSITION XVII.—Tuzorem. 


If three straight lines be proportionals, the rectangles contained by the extremes is 
equal to the square of the mean; and if the rectangle contained by the extremes is 
equal to the squarc of the mean, the threo straight lines are proportionals. 

Con.—The first of the three proportionals (A, B, C) is to the third, as the square of 
the first to the square of the second. 

*1LVI. For* A: C:: rectangle A’ A: rectangle A'C; but AC = B?, |”, 
A:C:: At: Be 

PROPOSITION XVIII.—Pnrosium. 


Upon a given straight line (A B) to describe a rectilineal figure similar, and similarly 
situated, to a given rectilineal figure. 

First, let the given rectilineal figure, CD EF have four sides: it is required to 
describe on A B a figure similar, and similarly situated to C D E F. 

Draw D F; and at the points A, B, in AB, make the angle A = C, and A BG = 

+321. CDF; then AG B= CFD;+ .”, the triangles F C D, G A B, are equi- 

. At the points G, B in G B, make the angleBG H = DF E, andGBH = 
°8l FDE; thnGHB=FED;* 


, the triangles F D E, GBH are equian- 7 
gular. G i 
Because the angle AG B=CFD, and ? 
BGH=DFE; . AGH=CFE. For L K 
like reasons ABH = CDK, ., since A=C, 
and G HB=FED, the fgura ABH G, R C D 


C DEF, are equianguler. Moreover these 
figures have their sides about the equal angles proportionals ; for G A B, F C D, being 


2 rege 
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i ar triangles, «, BA: AG:: DC: CF; and AG: GB:: OF: 

taVIl. FD;+¢ also by reason of the equiangular triangles BG H, DFE, GB: 
GH::FD:FE; ..AG:G@H::CF:FE, In like manner it may be proved 
thtAB:BH::CD:DE, andGH:HB:: FE: ED; .. the equiangular pgures 
ABHG, CDEF have thetr sides about the equal angles proportionals, ~, they are 

* Def. 1 VI. stiniar,*® 

Next, let the given rectilinear figure CD KE F have jwe sides. Draw DE; and 
upon A B describe the fighro A B H G, similar and similarly situated, to the quadri- 
lateral C D E F, by the former case: and at the points B, H, in B H, make the angle 

* $21, HBL=EDK,andBHL= DEK, thn L= K.* 

Because the figures AB HG, C DEF are similar, the angle GH B= FED; 
and BHI. was made = DEK; ..GHL=FEK. For liko reasons ABL = 
CDK; .. the fours ABLHG, CDKEF, are equiangular. And because the 


figures A BIG, C DE F aro similar, -, GH: HB::FE:ED; butHB: HL:: | 


ED: EK, ..GH:HL::FE:EK. For like reasons AB: BL::CD:DK, 


and BL: LH::DK:KE; .°, the equiangular figures ABLHG,CDKEF have | 


their sides about the equal angles proportionals, .°, they are similar. And in like manner 
may arectilineal figure of six sides, similar to a given one, be described upon A B; and 
so on. Which was to be done. 


PROPOSITION XIX.—Tuxonem. 


Similar triangles (A BC, D E F) are to one another as the squares of their homo- 


logous sides. 
The triangles being similar, having the angle B = E, and the side B C homologous 








*Def.9V. to E F,* that is such that AB: BC:: DE: EF, it is to be proved | 


thattrvrABC:triiDEF:: BC?: EF. 

t 11 VI. Take B G, a third proportional to BC, EF ;+ sothat BC: EF::EF: 
BG; and draw GA. 

*11V. Then because AB: BC:: DE: EF, alternately, AB: DE:: BC: 


t2V. EF, but BC: EF:: EF: BG (Const.), -, AB: DE:: EF: BG;+ . 


but triangles which have tho sides about two equal 
*15 VI. angles reciprocally proportional are egual,* 


- ABG=DEF. And bccause BC: EF:: EF 
+17 VI. Cor. BG, °, BC: BG: : BC?: E F?-+ but BC: 
*1 VI. BG: : triangle ABC: BO RT, but 4 
se mrang ee Us triangle A BG:: BC?: EF, but 


ABG=DEF,. *, triangle ABC: triangle DEF: : 
BC?: EF; . similar triangles, &. Q.E.D. 

Cor. If three atraight lines be proportionals, then as the first is to the third, so 
is any triangle upon the first to a similar and similarly situated triangle upon the 


second. 
PROPOSITION XX.—TuEorEm. 


Similar polygons may be divided into the same number of similar triangles, which 
are to one another as the polygons themselves: and tho polygons are to one another as 
tho squares of their homologous sides. 

Let ABCDE, FGHKL be similar polygons, and let AB be tho side homolegeus to 
FG. 


aed 
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From E, Ldraw the diagonals. Because the polygons are similar, 'the augle BAE 
= GFL, and BA: AE:: GF: FL; ., the triangle ABE, FGI have an angie in one 
equal to.an angle in the ether, and the sides about those cqual angles proportionals, .°. 

“8&4. the triangles are equiangular and similar,* °, the angle ABE == FGL : 
but singe the pulygons are similar, the whole angle ABO = the whole angle FGH, .-. 
tho remaining anglc EBC = LGH. Also EB 
: BA:: IG: GF, end from the similar poly- 


A M. 
gons, AB: BC:: FG: GH; .. EB: BC:: “ 
#17 7.Cor. LG: GH,+ that is the sides # ah 
about the oqual angles EBC, LGH are propor- ees 
tionala; .°, the triangles EBC, LGH are simi- : 
D C K FH 


“6 VE. ler.* For like reasons the tri- 
eagle ECD, LHK ave similar, «, the polygons are distded tnto the same number of 
similar triangles, It is now to be proved that these triangles are, cach to each, as the 
polygons themselves, and that these aro to ‘cach other as the squares of their like sifles. 

Becruse the triangles ABB, FGL are similar, as also BEC, GLH, .-. 

*lpVI. triangle ABE: triangle FGL:: BE: at -, ABE : FGL :: BEC : 

12, triangle BEC : triangle GLH :: BE? : GL? GLH.+ 

Tn like manner, because the similar triangles BEC, GLH, as also the similar triangles 
ECD, LHK, are as EC? to LH?. -, BEC: GLH :: ECD : LHK, ~. ABE: FGL:. 

*10 V. BEC - GLH :: ECD: LHK. Conscquently,* ABE : FGL: : polygon 

+19 VI. ABCDE: polygon FGHKL; but ABE: FGL:. AB’; FG?,¢ .. (2 V.) 
the polygons are to one another as the squares of their homologous sides AB, FG; similar poly- 
gons, &. Q. E. D. 

Cor. Tt follows from this and the corollary to Prop. xix., that if three straight lines 
be proportionals, the first is to the third as any rectilineal figure upon tho first to a 
similar, and similarly described figure upon the second. 


PROPOSITION XXI.—Treorem. 

Rectilineal figures (A, B) which are similar to the same rectilineal figure (C) are 
also similar to one another. 

Because A is similar to C, they are equiangular, and have also their sides about the 

*Def.1 VI. equal angles proportionals. * 

Again, because B is similar to C, they also arc equiangular, and havo fheir sides 
about the cqual angles proportionals, ... A, Bare cach of them cquiangular to C, and 
have their sides about the equal angles of cach of them and of C proportionals; 
» A, © are equiangular, and have their sides about the equal angles propor- 

+2. tionals;+ .°. A, Bare similar figures ;* .°. rectilinear figures, &e, Q.E.D. 


PROPOSITION XXIi.—Tuvorem. 


If four straight lincs (AB, CD, EF, GH) are proportionals, the similar rectilincal 
figures, similarly described upon them, are also proportionals: and if the similar and 
similarly described rectilincal figures upon four straight lines are proportionals, the 

straight limes thempelves.also are proportionals. 
7 Drew -AK, OL, making any equal angles with AB, CD; make aleo AK = EF, and 
CL = GH; draw KB, LD. 
By hypothesis and construction AB: AK :: CD:CL; and the angles A, € are 
*GVI. equal; .. KAB, LCD are equiangular ;* .-. 









“. AB? : OF :: AK? : 


+A@ ML, Pose Pema ines 
13, 


“2%. AK? ; OL : : ‘triangle KAB : triangle LOD 
But a polygen on AB : similar polygon.on 








CD :: AB?: CD?; and polygon on AK : simi- x # = 

lar polygon on CL: : AK? : CL?; .*. polygon on G = H 

AB : sim. polygon on CD :: polygon on EF : 

sim. polygon on GH. L\ 
Again, let the last proportion have place, then 

AB: OD .:: BF : GH. A B OC » 


Make equal angles at A and C, as before, as also AK =< EF ; and as AB is to CD, 
+12 VI. so make AK to CL;+ then the trimgles KAB, LCD are eqnian- 
*6VI.  gular;* and ., as proved above, AB® : CD?:- AK? : OL; but AK = 
EF, .. AB* : CD? :: EF?: CL*. But by hyp., the polygons on AB, CD, EF, GH 
are proportionals, and therefore, since similar polygons are as the squares of their like 
+ 20 VIL sidest AB? : CD?:: EF?: GH*; .. CL== GH.* But by consteustion, 
*9V. Cor. 2. the four lines AB, CD, AK, OW, are proportionals; .°. the four Hnes AB, 
CD, EF, GH are proportionals ; .. if four straight tines, &e. Q. E. D. 


PROPOSITION XXIII.—Turorem,. 


Equiangular parallelograms (AC, DF) aro to cach other as the rectangles of their 
containing sides (AB’BC and DE: EF). 

Draw AG, DH, perpendiculars to BC, EF. Then because parallelegrams on the 
same base and between the same parallels are cqual, AC=AG'BC, and DF=DH'EF. 
Also the rectangles AG-BC, AB-BC having A 
the same altitude BC, are to each other as their 
bases, AG, AB. In like manner, the rectangles 
DH-EF, DE-EF are to cach other as their 

*1 VI. bases DH, DE.* But the tri- OSH 7 
angles ABG, DEH having theangles at Band G 
respectively equal to thoso at E and H, are equiangular; », AG : AB :: 

+4vi. DH: DEt » AG-BC : ABBC :: DH'EF: DE-EF, and altcrnately* 

"Hv. AG BC : DHEF:: ABBC : DE-EF; that is, the parallelograms 
AQ, DF are to each other as the rectangles AB‘BC, DE‘EF of their containing sides ; 
. equtangular parallalograms, &. Q. E. D. 








PROPOSITION KXKTV.—Tut0nem. 

Porallelograms (EG, HK) about the diagonal (AC) of a parallelogram (DB) are 
similar to the whole, and to one another. 

+ 29 I, Because DC, GF are parallels, the angle ADC==AGF ;+ and because 
BC, EF are parallels, ABC=- AEF; and cach of tho angles 
BCD, EFG is equal to the opposite angle DAB; .°, BCD = EFG; 
., the parallelograms BD, EG are cguiangular. And because 
the angle ABC = AEF, and that BAC is common to the two 
triangles BAC, BAF, .>, they are equiangular; -°, AB: BC:: 

7471, AE: EF; that is, the opposite sides of paraltdlo- | 
ee De: OB : GF: Fa opie pe x ral 


KE B 





DC : CB :: GF : FE) eqnianguler paral- 
CD: DA :: FG : GA/ lelograms BD, BG, dbout-the eqnal angles, 
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are proportionals: the parallelograms are therefore similar. For like reasons, the 
parallelograms BD, HK are similar; .°, cach of the parallelograme EG, HK ts similar to 
*o1vi, BD: they are therefore similar to each other ;* ..parallelograms, &c. Q. E. D. 


PROPOSITION XXV.~ProszeEm. 


To describo a rectilineal figure which shall be similar to one (P) and equal to 
another given rectilineal figure (D). 

+451.Cor. Upon BC,a side of the given figure, describe the parallelogram BE=P ;+ 
and upon CE describe the parallelogram CM==D, 
and having the angle FCE=<=CBL; then LBC 


A 
-+- ECB = two right angles, .. FCE +- ECB = 
two right angles, .. BC, CF are in a straight [>] K 
*141r,  Jline;* so also for like reasons 
are LE, EM. Between BC, CF find a mean Cc ry 
+18 VI. proportional GII;¢ and upon it ® 
describe the rectilineal figure Q, similar and G H 
E ™ 


* 18 VI. similarly situated to the figure P,* 3, 
Q shall be the figure required. 

90 VI Cor. Because BC : GH :: GH : CF, .. BC : CF :: P : Q;t but BC - 
CF .: BE: EF; ..P.Q:: BE. EF; and P=BE, .. Q=EF; but EF=—D, 
“, Q=D, and tt is similar to P: which was to be done. 


PROPOSITION XXVI.—THrorem. 


If two similar parallelograms (BD, EG) have a common angle (at A) and be simi- 
larly situated, they are about the same diagonal. 

For if not, let, if possible, the parallelogram BD have its diagonal ATIC in a different 
straight line from AF, the diagonal of EG ; and let GF, or GF 
prolonged, mect AHC in H, and draw HK parallel to DA, or 
CB. Then BD, KG being about the same diagonal are similar, 

“Hyp, ..DA:AB::GA: AK; but BD, EG arc similar;* 
“ DA: AB:: GA: AE; «.GA:AE::GA:AK;..AK= 
AE, which is impossible; ... BD, KG are not about the same 
diagonal, that is the diagonal of BD cannot be in a different 
straight line from that of EG, .°. the parallelograms are about 
the same diagonal; .. tf two similar parallelograms, &. Q. E. D. 








PROPOSITION XXVITI.—Tuzorem. 


Of all the rectangles contained by the segments of a given straight line, the greatest 
is the rectangle of the two ZauaL parts of the line; that is, the square of half the 
line. 


This is an obvious corollary from Proposition V., Book II., as already noticed at page 98. The 
corresponding Proposition of Euclid is long and complicated, and Propositions XXVIII., 
XXIX., are still more so. Playfair, in his edition of the Elements, has therefore replaced 
these three Propositions by others of a simpler character; and his example is followed 

here; but the demonstrations of the next two Propositions will be found still simpler 
than those of Playfair. 


PROPOSITION 

To divide a given straight line (AB), so that the rectangle contained by its seg- 
ments may be equal to a given square ((*), not greater than the square of half the linc. 

*101, Bisect AB in D;* then must AD be 
either = C,or 7 C. 1f AD = C, the thing required is 
dono; but if AD 7 C, draw DF perpendicular to 

+111. AB,f+ and make DE = OC, asalso DF = 
AD. With centre D and radius DF describe a circle ; the 
circumferonce must pass through the points A, B, because 
DA, DF, DB are (by Const.) equal. Draw EP, parallel A! iD a oB 
to AB, meeting the circumference in P; and draw PG parallel to ED; then G will be 
the point of division required. 

* 341. For (Const.) EG is a rectangle, -, PG = ED ;* but ED = C (Const.) 

+1SVL +, PG = C: but AG-GB = PG?,¢ .. AG-GB=C%, .. AB és divided 
in G, so that AG'GB = ©?; which was to be done. 





PROPOSITION XX1IX.—Prozirm, 


To prolong a given straight line (AB), so that the rectangle containcd by the seg- 
ments between the extremities of the given line, and the point to which it is prolonged, 








may be equal to a given squaro (C?). 

Bisoct AB in D, draw BE perpendicular to it, and makc BE = C; draw DE, and 
with contre D and radius DE, describe a circle meeting 
AB prolonged in G, F; then will AG-GB = C*, Because nS 
D is the centre of the circle FEG, DF = DG; and (Const.) c ne 
DA = DB, .. AF = BG. To cach of these add AB, then Pore at. 

*13VI. FB= AG. But FB-BG = BE*,* -, AG-GB [ \ 
= BE? = C?, », AB tsprolonged toG, sothat AGGB = FA - D : BG 
C2; which was to be done. 

PROPOSITION XXX.—Prosrem. 
To cut a given straight line (AB) in extreme and mean ratio, 





Divide AB in C, so that the rectangle AB‘BC may be equal A (oo 
+HII, to AC*;¢ then because AB-BC = AC?, .°, 
“IVI. AB: AC: : AC: BC;* * AB is cut in CB 


+ Def. 3, VI. extreme and mean ratio;t which was to be done. 


Norr.—An example is here farnished of the way in which pairs of troommeneuradle lines may 
be found at pleasure. It was proved (Prop. XXIII., Book V.), that if two lines AB, AC, 
are such that AB: AC; : AC: BC'(= AB — AC), then AB, AC, are incommensurable. 
It would be impossible, therefore, to express the two lines AB, AC, accurately by nus- 
bers; and it is thus that a theory of proportion, sufficiently comprehensive for the 
demands of geometry, could never be rigorously established by aid of numbers only: the 
bases of the proposed triangles in Proposition I. of this book, might, for aught we know to 
the contrary, be related as the lines AB, AC above; and therefore could not be nnmeri- 
cally expressed. 


PROPOSITION XXXI.—TuroreM. 

In a right angled triangle (ABC) the rectilineal figure described upon the side (BC) 
opposite to the right angle, is equal to the similar and similarly situated figures 
described upon the sides (AB, AC) containing the right angle. 
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*20 VI. For figure on. AB : figure on AC :: AB? : AC*;* therefore fig. on AB + fig. 
+138 V. on AQ: fig. on AC: : AB?-+-AC?: AQ2,+ 
that is, ig. on AB +- fig, on AC: fig. on AC:: 
BC? : AC%, But fig. on BC: fig. on AC :: 
*2V. BC? : AC?; consequently,* fig. on 
AB +> fig. on AC : fig. on AC: : fig. on BC : fig. on 
AC, .. the consequents heing equal, the ante- 
+9. Cor. cedents are equal,t .*, fig. o« AB + 
Jig. on AC = fig. on BC; .. ina right angie triangle, 


&. Q. E.D. 
PROPOSITION XXXII.—T 


If two triangles (ABC, DCE) which have two sides (BA, AC) of the one propor- 
tional to two sides (CD, DE) of the other be joined at an angle, ao as to have their 
homologous sides (AB, DQ, and AC, DE) parallel to one anothor, the remaining sides 
(BC, CE) shall be in a straight line. 

Because AB is parallel to De and AC meets them, the angle BAC = ACD; for a 
similar reason CDE= ACD; .°, BAC = CDE. And because 
the triangles ABC, DCE havens an angle A =D, and the sides 
about those angles proportionals, namely, BA: AC :: CD: 

* Hyp. DE,* the triangles ABC, DCE, are equian- D 

+6 VI. gular;¢ .°. angle ABC = DCE; and it was 
proved that BAC = ACD, ., ACE= ABC + BAC. Add 
ACB to each, .., ACE + ACB = ABC + BAC +- ACB = 
two right angles; that is, at the point C, in AC, the two 
straight lines CB, CE, on opposite sides of it, make the adjacent angles ACE, ACB, 
together equal to two right angles; .°, CB, CE are tna straight line; .°, if (wo triangies, 
&. QED. 


A 


_ - — 


PROPOSITION XXXIII.—THxonem. 


In equal circles (ABL, DEN), angles (BGC, EILF) at the centres or (BAC, EDF) at 
the circumferences arc to one another as the arca (BC, EF) upon which they stand ; and 
so also are the sectors (BGC, EHF). 

Notr.—In the following demonstration, by ‘“‘ the angle BGL”’ must be understood “the sum 
of the angles BGC, CGK, &c.;”? and by ‘‘the angle EHN,” “the sum of the angles 
EHF, FHM, &c.” 

Take any number of ares, CK, KL, each equal to BC; and any number FM, MN, 
each equal to EF; and draw GK, GL; HM, HN; then the anglos at G oro all 

"371, equal,* -, whatever multiple BL is of BC, the same multiple is the angle 
BGL of BGC. For a similar reason, 


whatever raultiple EN is of EY, the 

same multiple is the angle EHN of D 

EHF; also if BL = EN, then BGL 

= EHN; if BL 7 EN, then BGL | N 
7 EHN; and if BL £ EN, then a Ww. 

BGL < EHN. Consequently (Def. M 
V. p. 1386) BC: EF :: BG@: EHF; V\ NX . 


and singe the angles A, D, are the 
halves of BGC, EHF, each of each, 
' BC: EF::A:D; ., the angles areas tha arcs on which they stand. 
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Agpin, the sectors BGC, CCK, EGL ave equal ; for it is manifest that, # applied'to 
one another, they would coincide ; in like nmranmer the sectors EHF, FHM, MYM, are 
also equal; consequently, if in tho preceding demonstration ‘‘sectors”’ are substituted 
fer “angles,” the conclusion will be that BE’: BF :: sector BGC - sector WHF. 
.. tm equal diroles, &e. Q. ED. 


I shall conelude this treatise with two supplementary propositions of iirterest. 

1. The diagonal and side of a square are treommensurable. 

Let BD be a square: the diagonal A C is incommensurable with its side A B 

With.C as sentre and C B as radius, describe the semicircle k 
F BE: then A BC being a right angie, A B touches the 
civele (16 IIE); .°. (86 IIL.) AE AF=mAB ., (17 VIL) x 
AE: AB:: AB: AF; +, (28V.) the lines AB, A B are y ee 
ineommensurable, .:. AC, AB, are also incommensurable 
for if these had a common measure, that measure would like- 
wise measure A C -+ A B, that is AE; so that AB, A E 
would have a common measure, which is shown to be impos- 
sible: .. the diagonal and side of a square are incommensurable. A B 

2. The surface of a regular tnseribed polygon, and that of a similar circumscribed 
polygon being given, to find the surfaces of regular mnseribed and circumscribed polygons of 
double the number of sides. 

Let ad be a side of an inscribed polygon: the touching lines aA, 5C will each be 
half a side of the similar circumscribed polygon, as is evident from what has beex shown 
in reférence to the inscribed and circumscribed 
pentagon in Propositions XI. and XII. of Book 
TV., and from what is said at the close of 
Prop. XVI. Let the surfaces of these two 
polygens be given. The chords aM, dM, drawn 
to the middle of the arc aMé, will be sides of an 
inscribed polygon of double the number of sides, 
and the touching line, BMC, will be a side of a 
similar circumscribing polygon, as is cvident. 

Fer brovity, let the surface of the inscribed 
polygon, whose side is a), be represented by », 
and that of the corresponding circumscribed 
polygon by P; also let the inscribed and cir- 
cumseribod polygons of double the number of 
sides:be denoted by p’ and P’. 

' It is evident that tho space OaD is the same part of », that OcA: is of P,—that OM 
is of y’,—and that OwBM is of P’; for each of these spaces must be repeated exactly 
the same number of times to complete the polygon to which it belongs: consequently, 
since magnitudes aré as their like multiples or submultiples, whatever proportions: exist 
among these spaces, must also exist.amomg the polygons of which they are 
Now the right angled triangles ODa, OAs, are similar, -, OD: Oa:: Oa: OA; that 
is, OD : OM :: OM: OA; and since triangles of the same altitude are to one another 
as their bases, and that the altitude aD is the same for the triangles ODa, OMa, OAq, 
it follows, from the proportion just deduced, that ODa: OMa: OMa : OAa; that is, the 


{", 













s 
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numerical measure of the surface of the triangle OMa is a mean proportional between 
the measures of ODa, OAa; consequently the surface of the polygon p' is @ mean propor- 
tional detrwoen the surfaces of p and P. 

Again, the right angled triangles ODa, BMA, aro also similar, ... OD : Oe :: BM 
: BA; that is, OD: OM :: 4B: BA; consequently, since the altitude aD is the same 
for the triangles ODa, OMa, and the altitude Oa, the same for the triangles OaB, OBA, 
and that triangles of the samo altitude are to each othor as thoir bases, it follows that 
ODa: OMe:: OaB: OBA; .°. (18 and 6 V.) ODa + xe 20Da:: OcB + OBA: 20aB; 

“ptp : Qs: P C 

The two conclusions now obtained are sufficient to mutts us to compute tho surfaces of 
inseribed and circumscribed regular polygons of 8, 16, 32, &. sides, from having the 
surfaces of the inscribed and circumscribed squares ‘already given. Thus, let the radius 
of the cirele be numerically represented by 1, then if the given inscribed and cireum- 
scribed polygons (p, P) be equares, the side of the former will be 4/ 2, and that of the 
latter 2; and their surfaces will be 2 and 4 respectively; and, from what is proved 
above, the surface of the regular cight-sided tuseribed polygon (p’) will be a mean 
between the two squares p, P, .°. p’ == 4/ 8 = 2°8284271. Again, for the surface of 


tho eight-sided circumscribed polygon (P’) the proportion p -- y’ : 2p :: P: I", gives 
rS ca gee ose == 3°3137085 
ppp = TH Va = Peagag — 29187089 


And from these numerical expressions for tho surfaces of inscribed and circumscribed 
polygons of cight sides, we may evidently, by repeating the operation, and substituting 
the values just obtained for p and P, deduce the 


numerical expressions for the surfaccs of tho N- ofsides. Surf. ofins. pol. Surf. ofcire. pal. 


sixteen-sided polygons, and so on to any : bret Sais7oee 
extent: the results arc as in the annexed 16 30614674 —3'1826979 
table, which was in part given at page 127. 32 3°1914461 3°1617249 

From these numerical values for the sur- 64 3:1366485  3°1441184 
faces of the inscribed and circumscribed poly- 128 31403511 8°1422286 
gons, it appcars that when the number of tho Pe : reer te tian 
sides is 80 great as 32768, the two polygons 1024 3°1415729 3°1416025 
differ so little from onc another, that their 9048 3°1416877.  - 3'141695) 
numerical measures, a8 far as seven places of 4096 31415914  3°1415933 
decimals, are absolutely the same. Now the act S cikeor a aaieae 
circle, with which these polygons are con-  s07g8 © -3-1415926 31416026 


nected, is manifestly between the tivo, as to 


amount of surface; being greater than the inscribed polygon, and less than the cireum- 
scribed one; consequently the surface of the circle must differ /ess from that of either 
polygon than the polygons diffor from each other; and as tho polygons themselves 
differ in numerical measure only, after the seventh decimal of the number 3'1415926, &c., 
it follows that this number, as far as the decimals cxtend, is the numerical expression 
for the surface of a circle whose radius is 1. By carrying on the foregoing process, 
the expression for the surface is found to be 3°141592653589793, &. It will be 
proved hegeafter that these decimals can never terminate. 


{For a variety of Exercises on Book YVI., see Bland’s Geometrical Problems.] 
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ALGEBRA. 


PRELIMINARY REMARKS. 


AtHoveH in the present elementary course of Mathematios the Principles of Geometry 
have been placed before this treatise, yet there is no necessity to defer the study of 
Algebra till Geometry has been acquired. It would be advisable for a learmer, after 
some acquaintance with a book or two of Euclid, to combine Geometry and Algebra 
together. The former subject, as it is independent of all previous knowledge of science, 
may be entered upon by any one who is familiar with ordinary language; he may be 
ignorant of even the multiplication table, and yet be able to master all the propositions 
in Euclid. But the study of Algebra requires a previous acquaintance with the prin- 
ciples of common Arithmetic ; it is upon these principles that its operations are based, 
and the processes of Algebra are, for the most part, only the processes of Arithmetic, 
extended and rendered more comprehensive by the aid of a new set of symbols, taken 
in combination with the well-known symbols of Arithmetic. The symbols of Arithmetio 
are the jigures of Arithmetic 1, 2, 3, &c.; and the new symbols introduced by Algebra 
are the letters of the alphabet, a, 6, c, &. As noticed at page 6, the peculiar marks or 
symbols employed in any scicnce constitute the notation of that science; the notation 
of Algebra is therefore 6f 2 mixed character, consisting of the figures of Arithmetic 
and of the letters of the alphabet. The Jetters may be regarded as standing for figures, 
and the reason why figures alone will not enable us to do all that Algebra will, is 
that a jigure always has a fixcd and invariable signification: thus, a 3 or a 6, or a 7, 
conveys the same meaning to everybody—no one uses the mark or symbol 8 to denote 
anything but three. But a letter, as a, or &, may be used to denote any figure whatever : 
a 3, ora 4, ora 7, &c.; and it may therefore be made to stand even for a figure whose 
value may be unknown to us, and which value it may be the object of the inquiry to 
discover. This is onc of the principal advantages of algebraical notation; that part of 
this notation, which is borrowed from Arithmetic, enables us to express the known 
figures in any mathematical investigation, by marks intelligible to all; while the other 
part, the letters, enables us to represent the figures or quantities, at the outset unknown, 
but which it is the object of the problem to determine. 

But besides the marks or symbols of guantity—the figures and lettere—other marks 
are introduced into the notation, as signs of operation. Some of these are used alike, 
both in Arithmetic and in Algebra—as the sign (++) for addition, the sign (—) for sub- 
traction, and one or two others with which tho reader of the Arithmetic must be already 
familiar. The signs of operation in most frequent request in Algebra we shall now 
explain, and shall give a few easy examples of their application before entering on the 
formal rules of the science. We wish the reader to understand, at the outset, that we 
are about to exhibit the first principles of Algebra to mere beginners, to persons who, 
as yet, know nothing at all of the subject. Some experience in elementary teaching 
has convinced us that, to succeed in an undertaking of this kind, the instructor must 
forego all self-importance, descend to the level of his pupil, and, as it were, sit familiarly 
down by his side, and address him in that simple and unadorned style that no intelli- 
gent schoolboy can fail to understanid. We shall endeavour, therefore, to be very plain 
and simple in the language employed ; and, the better to gain the learner’s confidence 
and attention, shall, as in the Arithmetic, always give whatever explanations we have 
to offer in the first person. 
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DEFINITIONS AND EXPLANATIONS OF FIRST PRINCIPLES. 


You already know, from arithmetic, that numbers arc of two kinds :—adstract num- 
bers, and concrete numbors. An abstract number is simply a figure, or number formed 
by two or more figures: thus, 3, 23, 147, &e., are abstract numbers; but 3 os., 23 ft, 
£147,.are concrete numbers. Abstract numbers merely denote how many étmes or repett- 
tione ; and accordingly whenever you use a multiplier, you use an abstract number. 
Concrete numbers denote how many things ; and some mark or symbol, to tell us what 
the things are, must always be joined to the figure or figures which tell us the number 
of them. The mark or symbol oz., as you know, means ounces ; the symbol /¢., feet; 
and £ stands for pounds, in moncy. In algebra, letters are used to stand for numbers, 
whether they be abstract or concrete. Instead of writing down the abstract number, 23, 
a letter, a, for instance, may be put to represent 23; in like manner, instcad of writing 
down the concrete number 23 (ft., a single lettcr may bo made to stand for it. You see, 
therefore, that a /etter serves for a number of evther kind, while a figure must have a 
particular symbol joined to it when a concrete quantity is to be represented. 

It is the business of a teacher of algebra to show how the operations carried on in 
arithmetic, by the help of figures alone, may be conducted with figures and letters doth. 
The letters, as just noticed, representing numbers, whether abstract or concrete, are 
called symbols of quantity ; and the marks or signs which imiicate operations performed 
with the letters, are called signe of operation. I am now to explain to you some of theac 
signs of operation: most of them, however, have been uscd in the Arithmetic. 

The mark +- is the sign of addition: whenever you sce it put before a number or 
letter, you are to understand that the addition of whatever that number or letter 
signifies is meant: thus, 7 -+ 3, which is read 7 plus 3, denotes that the 3 is to be added 
to the 7; in like manner, a +- 4, that is, a plus b, signifies that the 4 is to be added to 
the @: but you will ask—how can a 4 be added to ana’ My reply to this is that a 
and 4 both stand for sumbers, abstract or concrete; and although I say, according to 
custom, that “dis to be added to a,’”’ what J really mean is that the ntwmber repre- 
sented by J is to be added to the number represented by a. In the case of 7 plus 3, that 
is, of 7 +- 3, I can obey the direction of the sign of operation, and I know that 10 is 
the result ; but in the case of a ++ 4, I cannot obey the direction of the sign till I know 
the interpretation of @ and 4: I can only indicate the addition—I cannot perform it. 

The sign — is the sign of subtraction: whenover it is placed before a quantity, it 
indieates that that quantity is to be sudtracted : thus, 7 — 3, which is read 7 minus 8, 
means that 3 is to be subtracted from 7; and, in like manner, a — 4 means that 6 is to 
be subtracted froma. In tho case of 7 — 3, the result of the subtraction is 4; the 
result of 4 — 4 cannot be given so long as the numbers, represented by a and b, remain 
concealed or unknown. 

The sign X placed between two quantities denotes the smudtiplication of those quan- 
tities together: it is called che sign of multiplication ; thus, 7 X 3 means that 7 and 3 
are to be multiplied together ; and, im like manner, a X 4 means the product of a and d. 
In the pase of 7 X 3, the result or product is 21; in the case of @ x 4, the result 
remains unknown til] the number represented by the multiplier is stated. Every mul- 
tiplier, as you are aware, must be an abstract number; if @ stand for the abstract 
number 6, then a X 6 is 5 X 4; that is, 5 tenes 6, whatever 4 may stand for. Tho 
sign just explained is not akcays used to indicate multiplication; instead of it a dot, 
placed between the two quantitics, is oftcn employed to mean the same operation : 
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thus, 7.3 and 4.6 mean the same as 7 X 3 anda x 6; and, in the case of letters, even 
this sign is usually omitted, and the letters simply written side by side, without any 
intervening mark for multiplication at all; thus od, 4.5, and a X 4, all equally mean 
the product of a and b, When figures are to be multiplied, some sign for multiplication 
muat be put between them, to prevent misunderstanding; if, when we meant 7 x 3, 
or 7.8, we put merely 73, we shoul be thought to mean seventy-three, instead of 
twenty-one. 

Tho sign —-, placed before a quantity, denotes division by that quantity : it is called 
the sign of division ; thus, 12 ~ 4 means 12 divided by four, and a-:- 4 means a divided 
by 4. Division is otherwise indicated by writing the dividend above, and the divisor 


below a short linc, as in the notation for a fraction: thus, 12 <4 end’ mean the 
same thing; as also do a -~- 4 and-—-. 
tion can be only indicated, not actually performed, excopt in the case of numbers. 

The sign == stands for the words equal to; it is called the stgn of equahty: thus, 
5 +2=7 is a brief way of saying that 5 plus 2 are equal to 7; andi —2=3 
states, in like manner, that 5 minus 2 is equal to 3. Also4 24+ 24=62, states that 
four times z plus twice z are equal to six timcs 2; and 4 7 — 2 4 = 2 2, expresses, in 
symbols, that four times x minus twice z is equal to twice «. 

A figure, or number, prefixed to a letter, as a multiplier, is called the coefficient of 
that Ictter; thus, 4 is the coefficient of in the quantity 42; and 6 is the coefficient 
of z in 6z. In like manner, 8 is the coefficient of zy in the quantity 8xy, and 23 is the 
coefficient of xyz in the quantity 23zyz. 

Every quantity which, like each of those just noticed, is not separated tnto parts by 
any plus or minus sign, is called a simple quantity, or a simple expresston—or it is said 
to consist of but a single term. But when a quantity is made up of parte, linked toge- 
ther by plus or minus signs, the quantity is called a compound quantity, or a compound 
expression. The following are simple expressions: they each consist of but onc term. 


- 2ab 8abz 
Lax, aby, l4zyz, ar ae Pa 37amnez, &e. 


The following are compound expressions: the first consists of two terms, the second 
of three terms, and the third of four terms. 


5a — 2b, 3ax +- bby — 42, l6ary — = - 2dma +- den. 


As in the former instances, so here, the opera- 





You thus see what in Algebra is meant by a term and an expression ; the frat row of 
quantities above is formed by six distinct expressions, cach expression consisting of only 
one term: the second row is formed by three expressions, of which the first consists of 
two terms, the second of three terms, and the third of four terms. The first row is a 
row of simple expressions, the second a row of compound expressions. 

I shall now give you a few easy exercises by which you may prove to yourself 
whether you fully understand tho meaning of the signs already explained. You must not 
forget that whenever two or more quantities are placed side by side, without any agen 
af operation between them, the maudtiphvation of those quantities, or rather of the 
nwinbers they represent, is always meant. 
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BXERCISES. 
Nors.—In these exercises a == 4, 6 == 2, c= 8, d==5, m=8, n= 1, 


All that you have to do is to give these interpretations to the letters, thus translating 
the algebra into arithmetic, and then to put dowm@the numerical value of each expression. 
In case I should be misunderstood, I will here show you how to deal with example 4 ; 
that is, with 21m—9d. As m is presumcd to stand for 8, and @ for 5, the translation 
of the expression is 21 K 8-——9 5; that is, 108 — 45 == 63, which is the numerical 
value of the proposed expression, on the supposition that m and d stand for 8 and 5 
respectively. Andina similar manner aro all the other examples to be treated. Do 
not forget that when the multiplication of numbers is indicated, the multipltoation sign 








must be interposed between them. 
Find the values in numbers of the following expressions .— 
1, 3a + 4c* 3m _™ 
2. Be — 2a thie ee 
3. 13n+ 6 ba 4d 
4, 21m — 9d 12, a tH 2c 
& Tat tn ~ 2 e+ a 
, + 4b — 5c = 
7. 6m ~ bn — 8b 18. aes 
8. 14-—8c¢+%m 8a — 45+ Or — 2 
9 llb+n—13 14, ————79 
10. — 4d+ 5m — 2n 
15. side ites Mica Sal 1G 5am — 2he +n —~ 49 ‘ 
: 140 ia 


1. +o ~ bed ad 

The first ten of these exercises are freo from fractions: the next four all contain 
algebraic fractions the fourtecnth is a single fraction; it is an algebraic cxpression con- 
sisting of but one term. The numerator of this expression is, however, a compound 
quantity, as it is made up of simple quantities, united together by the signs + and—. 
The leading term in each of the above expressions, with the exception of Exercise 10, 
has no sign prefixed to it. You must take notice that a term, without any prefixcd 
sign, is always to be regarded as plus: the actual insertion of the +, before a leading 
term, is unnecessary ; since, when it is minus, the sign — is always put before it. The 
plus quantities are all called positive quantities, and the minus quantities, negative 
quantities. There is another thing which you must also take note of. You know that 
the numerical multiplier prefixed to a letter, or to a group of letters, is called the coefficient 
of the letter or letters connected with it. Now, although no coefficient should appear 
before a letter, you are not to say that the coefficient is nothing, any more than you aro 
to say, when the plus sign is absent, that the sign is nothing: the second term in 
Exercise 3, is-{-d, that is, plus once 4, and the coefficient 1, although not actually 
written, is to be understood. Ifthe question were asked, therefore, you should say 
that the coefficient of the é is 1: this 1 is omitted from before the 4 on the same prin- 
ciple that the -++ is omitted from before the 13"; the insertion of either would add to the 
number of symbols, without adding any clearness to tho meaning of the expression ; for 

* The Answers to ali the Exercises nnd Questions in this Treatise will be found at the end of the 
purely algebraical portion of the volume. 
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13n -+ 5 can never be mistaken for anything but + 13% -+ 13, that is thirteen times n 
plus b; or, as an algebraist would read it, thirteen n plus b; the word times being sup- 
pressed. Exercise 15 would be read thus: three a, 0; plus d, m; minus fle b; plus siz 
¢, m3 minus twice nine, or 9 times 2. 

1 dare say, from your recollection of the terms employed in common arithmetic, that 
you know the meaning of the word factor : the numbers which, multiplied together, give a 
product, are called factors of that product: so here, in algebra, every multiplier is a factor : 
thus the factors of Savy are 4, a, z, and y: the factors of beys are b,¢,y, ands. A pro- 
duct, you know, is not altered by changing the order of its factora: the following difforent 
arrangements of the factors all imply the same product; boys, byez, cyzb, &c. &e.; but 
it is usual, when Jetteve arc the factors, to write them one aftcr another in the order in 
which they follow in the alphabet ; so that the first of the above arrangements would 
be that generally adopted. In a similar way, since quantities connected together, some 
hy the additive or positive sign, and others by the sedtractive or negative sign, furnish 
the same result, in whatever order they succeed onc another, the order fixed upon is 
mere mattcr of accident. or choice: Exercise 10, above, is the same expression whether 


written 
— 4d + 5m — Qn, or 5m — 44 — 2n, or — 2n —4d + dm; 


but the second of these ways would be preferred simply because a sign iy thus saved. 
The leading torm there being positive, the leading sign +- is dispensed with. 

I think, from the explanations that have now been given, and from the practice 
afforded to you by the exercises you have already worked, that you must perceive this 
fact—namely, that although the sign +- before an algebraic quantity is a direction for 
you to add, and the sign — a direction to subtract, yct you cannot, in gencral, obcy 
these directions till the algebra is converted into arithmetic, by a translation of the 
letters into numbers. But in many cases you can actually add and subtract, though you 
remain in utter ignorance as to the meaning of the letters; there is such a thing as 
addition of algebra as well as addition of common numbers; and subtraction of algebra 
as well as arithmetical subtraction. I am now going to introduce you to these opera- 
tions; you will at once see how it happens that you can actually perform the operations 
indicated by +- and —, even upon quantitics whose values are unknown, by my show- 
ing you a simple instance or two, as I shall now do, bofore proceeding to Ru.zs. 
Supposo you have such an expression as daz +- 3ax — Jax + ax — ax; you 
would surely not require to know what az stands for, before you could perform the 
operations indicated by the signs ; you would say to yourself—whatever thing az may 
represent, 5 of them plus 3 of them must make 8 of those things: 8 of them minus 7 
of thom leaves one; this, with the two of them following, make $ of them, which 
diminished by one, gives 2 of the things, whatever they be, as the amount of the whole 
row ; you would thus be sure that the result is 2ar; that is, you would state with con- 
fidence that 

bar + 8ax — Tax +- 2ax — ax == ar. 


You have been able to reduce the compound expression on the left of the sign of cqua- 
lity to the simple expression on the right, solely because the several quantities in the 
compound expression are Mke quanttties ; that is, they differ in nothing except in oo- 
efficient and in sign; the letters are the same in all. It is only when the terms of a com- 
pound expression are unlike quantities that the operations indicated by -+ and —cannot 
be performed till the values of the letters are stated. You will no doubt be able of 
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yourself to put the proper simple value, on the right of the sign of equality in each of 

the following cases : 





lL Qry ~ 4ay + 827 + Bey = 2. —axrz — Tart + llaxz + azz = 
a 
8. Omang + Smar — 13mnz = 4, 6s +25 — 65-2 + = 


are additive, and the others subtractive. It differs, therefore, from’ addition in common 
arithmetic in this; that, in the latter operation all the numbers are additive. Addition 
of algebra therefore combines the two operations which, in arithmetic, are called addi- 
tion and subtraction. 
Case I.— When the quantities to be added are ail like quantities. 
Rurz 1. Find the sum of the positive coefficients. 
2. Find the sum of the negative coefficients. 
3. Take the difference of these two sums, and prefix to that difference the sign 
belonging to the greater sum. 
4, Annex to the difference the /etters common to all the quantities, and the 


ADDITION. 
Addition of algebra is the finding the amount of a set of quantities, of which some 
correct sum will be obtained. | 








1. 2. 3. 4 5. 

3a Tz Gay Zax + 3by 5arz — S8bcy 

da — 32 2ay dar — —6arz — 2hey 
—2a —2Qr — 5ay — 5ax + 4by Zarz + Sbey 

Ta 13x ay 4ax — by —Sarz—- bey 
~ 4a — 2 — Day Gax + Tby ~4arz + 4bey 

9a 14x — day 10ux + Llby —6axz+ dbey 


The fourth and fifth of these examples each consists of two vertical rows of like 
quantities ; the first row is always that which ts first computed ; so that in algebra we 
begin with the column at which, in arithmetic, we end. The reason why tho columns. 
are added up in this order is, that it is more convonient to write the results of the 
several columns, with the proper signs, from left to right, than from right to left. 

From carefully looking over these examples, you will see that the only work per- 
formed is merely the adding up all the po-ttive coefficients in each column, and all the 
negative coefficients in separate sums, and then writing the difference of these sums for 
the coefficient of the result, prefixing to it tho sign belonging to the greater of the two 
sums, and then writing against it the /etters common to all the terms in the column. 
The work, therefore, is purely arithmetical, the /etters in the finished result are simply 
copied from the terms above. 

EXAMPLES FOR EXERCISE. 











] 2, 3 4, 5. 6. 

2b 40% 8by Bary 4a +. 3x Bax — 2bz 

7b — ax Sby — axry 2a — 7x baz + Bhs 

98 Sar — Aby —2axy 6a — 2x ~—4az — Bbz 

114 Vaz — bby Taxry fa+ 2 —2ax 4- bbz 
— 83 ian aby —llaxy —~a@— Z lar — 40x 





Siena” 
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7. 8. o 
+ 3mr— Axy2z — Jab — abz— 34+ a—3 
2pqy — 4ma + 2n Bayz + 7ab— 6 —abe+ 2-2 
— 8nqy — 2mz — bn —Iryz — 38ab+ 7 —4abz~ Tx +2 
— 6pqy ~ 5mz — 3n Sryz — ab — 18 5abe — 18% + 4a 
4pqy + mx + 4n_ — Seyz + 4ab + 9 llabz + 5a 
10. 11. 12. 
Dace + 2hey — 4hg 83+ abc — 17mp d4ky — 3mz + 2abe 
2acz — They + 3kg dabe + 4mp — 16ky + 9mz — 8abc 
— 4qex — dbey — 2kg 7z— abe — 38mp — 5mz 
acr + S8hg bz + mp 4ky + 6mz — 3abe 
Jace — Bley 18be — Imp — 5ky + 7abe 
— 4bey — kg — 4abe+ mp 2ky — Tlme — adc 











ad 








EE et NS eS NT 


Add together the following quantities :— 


i = — 3cey + Cer 3abz qe 4cey + Sea 9mx. : 

° Gx + or ] gy © + ry v— wre oid ’ 1 e 

15, 3axry, ae C, Suen 2ab + A _ Ere — dab oe 

5xyz — 2am + 8bn, Tam — Tbn, 6xy2z — bn, dam — dbn, 

17. 6bex+ 3ny, 7mz, — 8ny, 2ber— ny, Sny — 3mz, — 2mz, 

18. Qexz — 18, Tocy + 4, Gexz — 4bey +1, 13bey— 3, 4exz — bey. 
19. — 4mpy — 2ax + 3, — daz ~ 7, 3mpy — 2, mpy + 8axr + 6. 
— cox —4, — bab + 2, 8egx2 — ab — 6, 17, degx + Tab, — 13, 


| eneeemnetel 


Case Il.— When the quantities to be added are not all ike quantitics. 

When rows of quantities are arranged onc under another, so as to present a sct of 
vertical columns, as in examples 1 to 12 above. if the vertical rows are not rows of like 
quantities, then you will have carefully to examine afl the rows, and to pick out from 
among them the different sets of /ike quantitics, and add them together as before ; those 
quantities that havo no dike, must be merely connected with their signs to the sums thus 
found; for we cannot actually add or subtract when the quantities are unlike. The 
following is the rule. 

Ruz.—Add together the different scts of dite quantities; and put down each sepa- 
rate result, exactly as in the last case; then, to the sum thus found, connect, by the 
signs belonging to them, the remaining unlike quantities. 

Although it mattors not in what order a row of algebraical terms is written, yet in 
addition, it is usual to commence with the quantity at the top of the left hand column 
and to select from among all the columns the several quantities like ¢ ; then passing to 
the quantity at the top of the next column to add together the quantities like ¢7, and so 
on. 


1, 2. 
ht actos — fax + Wy —7 
P dy + 62 — 2 8by + 18 — 4z 
—32- 2y+a 4ax— 9 - 
4z-+ 8z—y 26 + 3ax — By 


“react ih on acento mae cane caenacnphy EECEVONYTOO En nT eeumammemanamemmmentl 
Cor Gy + Be +a ae +- Iby + 28 — 4s 
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Gaz + dmx — Sp — bex + 2yz + Sad 

We — By + Baz Zab — 3cx + yz 
— xy— be —az deh — Byz — cx 
—4az + dey — tbe 2er + yz —8 

Gry + baz — bc + dmx — Sp — 4yz + Sab — Tex + Sek — 8 





EXAMPLES FOR EXERCISE. 








1, 2. 3. 
2ax + 3by + 4¢ bry — 8az +7 Sys + 8ax — 3be 
bby + 8¢ — ax Gry + 46x — 3 —Zen — dhe + 2yz 
ve +4ax — 4az — dry +e xyz + dar — 4yz 
Sez — bax+1 —19 + az —ay —2ar— yz + Sex 
4, 5. 6. 
4ab— 3cd + Sef —Txy — dbz + 4w Qamz + 2nx — 3bv 
—Te — 4ab —dbe + 4ry — 8cd 6cw — 8bv — amz 
Ged + ef — 6e 2w — 6bz + Ory 5bv  +4amz+ 6 
ef — Bed + 14 —izy + 3 — bz —amz — 2bv—Tnx 
3e + ab —cd —16 + dry+w —8nx' — 14 





From comparing the examples in this second case of addition with those given in 
the first case, you will see that, although the placing of the several cxprossions to be 
added one under another was of considerable assistance there, becauso the Jike quantities 
all appeared in vertical rows, yet the arrangement is of no advantage here, since we have 
to pick out the dike quantities after a careful search for them among the entire ect of 
expressions. We could do this just as well if the expressions were all written side by 
side, as in the examples below, without taking the trouble of first arranging them one 
under another. If you think it easier, however, you may sclect first one set of like 
quantities out of the expressions in each of the following examples, and arrange them 
as in Case I.; then a second set, and so on. You may thus chango this Case II. into 
Case I, taking care, however, that the un/ike quantitios be connected to the sum of the 
dike quantities in the final result. 

7. 2axry— 3bz + 4, 7bz—6, 5+ 2be— Bary, 4b2 — 3e + 2. 
8. — 6abc — 3de — 4, Sees 4de — 8abc + 8, abe— ff. 


9. 42 + 2y— 7x +9, 8e— gy + 2, By — be + 22, ty — 3:. 


x zx 2 x 
10. 8 + az — 5b, 6b — 4° — Baz, 27 ay 4—7b. 


F z 
ll, —T2yz —37 — 2be, 5 —4mn + p, 12be + Bryz, — ryz—T 5° 
2 1 
12, gaz — by + 72 —= 8, — 59 — 22, 42 — Bax +2y, 3y —9z4 az. 


SUBTRACTION. 


Before giving you the rule for subtraction of algebra, [ must oxplain toe you the 
principle upon which the rule is founded, for whatever part of mathematics you study, 
you must never confide in a “ Rule” till you are convinced of its correctness. 


* 


SUBTRACTION, 


Now, let us take any two numbers at random, say 9 and 4; and let us endeavour 
to subtract the latter from the former, when the algebraic signs +-, — are, the one or the 
other, prefixed to the 9 and the 4, and try to put down what we are certain must be the 
correct remainder. You know that to subtract means to take away ; if, therefore, we 
can actually take away the 4 with its sign, from the 9 with its sign, we shall bo sure of 
the remainder sought. In order to this, let us write 9 in this form, namoly, 9+- 4—4, 
which you see, although it takes up more room is only 9, for 4—~ 4 is nothing. From 
the 9 thus expressed, take away the -+- 4, that is, fancy it actually taken up in your 
fingers and removed, or which will answer as well, take it away by rubbing it out; 
what remains is evidently 9— 4 or 6. 

Again, from the same expression for the 9, now take the —4 away; that is rub it 
out: what remains is evidently 9-4-4 or 13. 

You thus see that if from a positive number, as 9, you have to subtract a 
positive number, as 4, the truce remaindcr will be got by changing the sign of the 
number to be subtracted, and tien adding, asin the margin. And that if, from 
@ positive number, you have to subtract a negative numbcr, the true remainder 
will be got, in like manner, by changing the sign of the number to be subtracted, 
and then adding ; as in the margin. 

Hitherto, the 9 has been supposed positive: let it be negative, and, in imita- 
tion of the plan above, let us write this — 9 in the form — 9 + 4— 4, 

From the —9, thus written, take away, or remove, the -+- 4; the remainder is 
— 9 — 4, or— 13. 

From the same expression for the —9, take away the—-4; the remainder is 
—9-+-4, or — 5. 

You see, therefore, that if from a negative number, as —9, you have to subtract a 
positive number, as 4, the truc remainder will be got by changing the sign of the __ 9 
number to be subtracted, and then adding, as in the margin. And that if from _ 4 
a negative number you have to subtract a negative numbor, the true remainder ~— 
will, in like manner, be got by changing the sign of the number to be subtracted, — 13 
and then adding, as in the margin. aes 

This reasoning, which of course applies to any pair of numbers, as wellasto 9 
9 and 4, at once suggests the following rule for subtraction of algebra. 4 

Rurz.—Change the signs of all the terms in the quantity to be subtracted, or ____ 
conceive them to be changed ; then proceed as if it were addition instead of sub- —65 


lao lol: 
oo! me ca] wm 





traction: the result will be the remainder. — 
1. From 9a + 6b — 5e or, which is the same thing, To 9a + 6b — de 
Take 4a ~ 26 + 8¢ re Add — 4a + 2 — de 
Rem. 5a + 80 — 8e 5a +- 86 — 8e 


In the operation on the left, the signs of the subtractive terms arc only concsived to be 
changed, and then addition performed. On the right the change is actually made, and 
the terms thon added, I need scarcely say that the results of subtraction, like those of 
addition, are written from left to right. 

2. From 4ax — 3by — 7cz 3. From 8mz+ br —6ay—2 
Take Sax + 4by — 9ez—2 Take —2mz— dbx + day — 8 


Rem, —ar— Thy + 2cs + 2 Rem, l0mz + 4br—1l0ay+ 1 
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As subtraction ia thus converted into addition, all that has been said! about addition 
applies of course here. Terms that have no Mike are to be brought down in the remeamm- 
der, those that are in the subtractive row with changed signa. 








EXAMPLES FOR BXEROCISK, 










L 2. 3. 
52 — 6y + 32 Qax + 4by — Tez —4ry — Gar+ 7 
2x + 4y — 52 Sax — 2by +. 4ez —dry + 9ax— 4 
4, 5. 6. 
— Way — 14bx + 6 llabe + 3de— 679 22 — 3a2— m 
—18ay — 9bz —Sabe — 7de + o—4bs + Jer + en 

















ve 8, 
8—6+2—~—4—7 10dy — llex — 12/2 — 8m 
§+6—-9+2—4 9dy — ller + 12fs + 88 — 4 

9. 10. 

—Tayz— 9b7 + 6c — 26e Scexr — Faby + Idx + 11 
4ayz + 8b7 + 2c —4d —3cer + aby — 2dx — 3z 





In the following examples the suitable arrangement of the terms, so as to bring like 

quantities under one another, is left for you to manage yourtelf, 

11, From dar — uy + Tez take 2by — 3ux + 2cz. 

12, From — 4bz —2cy — ax take Sax + 4cy — 8dz. 

13. From 7ay + 564 — 16 take — 3bxr + 4ay + 302% 

. From 442 — 2y + 1382 — 4 take 5c + 6y — dz. 

16. From — 8haxry — 34bz + 4m take —6}bz — 4ary + 2n. 
16. From 6}y2 — d$ax — 2} take 4ay — 3har + 4yz + 3. 

If you have correctly worked the examples now given, you will have acquired a 
pretty good knowledge of Algebraical Addition and Subtraction, and have become 
familiar with the meaning and use of the plus and minus signs. I shall now explain to 
you 4 few further particulars, and shall then give you a short specimen of the applica- 
tion of Algebra to what are called Simple Equations. These will throw some light upon 
the practical utility of the science; they will afford you an insight into the value of 
algebraic symbols in matters of calculation, and enable you to sce the great advantage 
in such mattcrs of combining Jetters with figures. 

You already knw thatthe sign minus prefixed to a quantity indicates the subtraction 
of that quantity. Hitherto the sign has been prefixed to simple quantities only ; but it 
may be prefixed to a compound quantity, so as to indicate that all the simple terms of 
which it is composed are to be subtracted. In order to this it is only necessary to 
unite all the terms by some link, so as to imply that when a sign is put before the 
compound quantity, that sign is to affect the whole quantity, or every individual term of 
which it is composed: whatever be the link employed, it is called a vinculum. Suppose 
we have the compound quantity 4a — 25-+- 3c to subtract from 92 ++ 63 — Se, agin 
Exercise 1, page 169. We might indicate the subtraction thus :-— 


9a + 6b — 5e— (4a — 25 +- 3c); or 9a-+ 65—5o—{ 4a— 2b +80}; oF 
Ga 4- 65 — 5e — [4a — 25 +- 30], 


pt 
oe 


‘doiaasecoctbpitecs en ea ee ee 
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Such vincula as those are also called brackets. It is plain, from the rule of sub- 
traction, that a bracketed quantity may be freed from the brackets, when a minue sign is 
prefixed to it, by simply changing the signs of all the terms which compose it. Thus 
the above expression, without brackets, is, 

9a + 6) «50 ~ 4a 4- 26 — 80== 5a + 84 — Be. 
And the subtraction of a compound quantity may in general be performed in this way 
without taking the trouble of writing it under the quantity it is to be taken from. 
When the terms to be subtracted are all connected, with changed signs, as above, to 
the other quantity, we shall merely have a row of terms to be united, like with like, as 
in addition ; just the same as in the example now given. 

If the sign plus appear before a bracketed quantity, then, since addttton implies no 
change of sign, the signs must remain undisturbed, though tho brackets be removed: 
thus— 
9a + 66 — 5e-+- (4a— 2b + 8c) = 9a + 65 — Be + 4a — 26 + 30 = 18a + 4 — 2c. 


Now, that you may never find yourself puzzled, as to signs, when you have to free an 
expression from brackets, always be careful to notice the sign, whether 4- or —, which 
precedes the bracket; fancy this sign rubbed out along with the brackets; if it be +, 
the terms thus set free present their proper signs, without any change being necessary. 
Of course the leading term within the brackets, if itself a p/us term, as the 4a, above, 
will not have its sign actually inserted ; so that when the -++ before the bracket is rubbed 
out with the brackets themselves, there will be a gap as between the 5c and the 4a 
here; you need scarcely be told that in this gap the + belonging to the 4a must be 
inserted, because 4a is now not a leading quantity. 

But if the sign before the bracket be —, then having rubbed out this sign, with the 
brackets, or having fancied it rubbed out, write all the terms, thus set free, with changed 
signs, For example— 

Sax + by + (— Sax — 3by ) = Bax -+- by — bax — 3by = Bax — By 
Sar by — ( — bax — 3by ) = Ban + by 4- Bax + 3by == 13an + 4by 
You sec that in the first of these expressions you have only to fancy that, with the tip 
of your finger, you rub out the marks -++ (, between the dy and the — daz; and in the 
sccond expression that you, in like manner, rub out —(, between the dy and the — 5az, 
and then that the signs of the terms thus set free are changed. By attending to these 
hints, you will not be likely “ to stick” at bracketed expressions. 

Coefficients are frequently found before bracketed quantities; you arc aware that 
coefficients are multipliers or factors. When the brackets are removed, the factor is to 
be introduced into each simple term, as in the instances following :— 


3 (4a — 2b + 3c) = 12a— 64 4-9c; 6 ( — dax — 3by) = — 30ax — 18by 

—4(— 32 — Say + 2) = 12x + 20ay — 8; 2a (Bay — 22) = Caay — tabs, 
As already stated, brackets are not the only kind of vincwla used to bind a set of simple 
quantities into one compound whole; a ar or line, put over the row of quantities, is 
sometimes, though less frequently, employed; thus, a +- 6-+-a— b, and a-+ b—a —d, 
are the same asa +- b +- (a — 4), and a + b — (4 — 4); but this kind of vinculum is 
getting out of use, though the bar or line, which separates the numerator from the 
denominator of a fraction, still performs the office of a vinculum when there are several 


terms in the numerator; thus, in the fraction— —— a5 _ the minus sign, before the 
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bar of separation, operates as it would do if the compound numerator were inclosed in 
brackets; thus, —-\°" —"¥ a D8 that is, the fraction is the same as Tetons 


I shall not detain you further with these explanations, except to remark that the 
two instances I have given above, to show the meaning of the dar-vincwlum, suggest 
two arithmetical theorems, which, although very simple, you will do well to remember, 
as they are useful. The expressions referred to are— 

a+ b+ (a — b) == 2a, and a + b — (a — 8) == 2. 

Now, as a and 4 may stand for any two numbers whatever, we learn from these 
rosults that— 

1. The sum (a + 5) of any two numbers, increased by their difference (a — b), ts twice 
the greater number ; that is, 2 a. 

2. The sum of any two numbers, diminished by their difference, ts twice the less, viz. 2b. 

Take, for instance, the two numbers 7 and 3; their sum 10, increased by their 
difference 4, is 14—double of the greater, 7. And the same sum, 10, diminished by 
their difference, 4, is 6—double of the Jess; and the samo of any pair of numbers 
whatever. 





SIMPLE EQUATIONS. 

I am now going to show you a few applications of the principles laid down in the 
foregoing articles to the solution of simple equations. What I here propose to give, you 
must regard, however, as only an introduction to the complete consideration of the 
subject ; it will be resumed hereafter. 

An equation is merely a statement, in the characters of algebra or arithmetic, that 
two quantities aro equal: thus, that two and jive are equal to seven, is a statement of 
equality which, when expressed in figures and signs, thus, 2 -- 5 == 7, is an equation. 
In like manner all these are equations—namely, 6 + 2 —3==5,7—4==6 — 3, 
2+8—1=—9, 3e—2=10, &.,&c. All but the last are purely arithmetical equa- 
tions; the last is an algebraical equation, as it contains the algebraical character or 
symbol x, You sec that an equation consists of two members or sides: one on the left 
of the sign of equality, and the othcr on the right. These members or sides, if equally 
increased, or equally diminished, equally multiplied, or equally divided, give results 
that must evidently be new equations, because equal quantities thus operated upon must 
give egual quantities for the results of the operations. This is a general axiom which 
you must pay attention to, as your success in solving the equations I am about to give 
will depend chiefly upon your skill in applying it. But I must tell you what I mean 
by solving an cquation. 

You are said to have solved a question in arithmetic when you have worked it out 
and arrived at the answer ; till you have completed the calculation, the answer remains 
unknown, It is the same in algebra; the solution of an equation is the finding the value 
or interpretation of eome letter or letters which at the outset is unknown. Unknown 
values are usually represented by letters towards the end of the alphabet as s, y, 2, &., 
while letters whose numerical value are already known, are chosen from the beginning, 
as a, b,c, &c. In the equation given above, namely, 3x — 2 = 10,2 represents a 
number, at present unknown, such that three times that number, diminished by 2, is 
equal to 10; the operation by which the number, or value of 2, is discovered, is tho 
solution of the equation. This solution is as follows :— 
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Add 2 to each side ; the result is the new equation 30 == 12; that is, 3 times x is 
equal to 12. 

Divide each side of this by 3: the result is 2 == 4: so that z, at first an unknown 
value, turns out to be equal to 4; and you see that three times 4 diminished by 2 és 
equal to 10. 

As here, so in the examples which follow, « will always be used to stand for tho 
value at the outset unknown; so that the solution of the equation will be the sinding 
the value of x; the operations for this purpose will be very easy: they are called Zrass- 
posttion and Clearing Fractions. 

Transposition.—The operation called transposition consists simply in taking quan- 
tities from one side of an equation, and putting them on the other side, still, however, 
taking care to preserve the equality of the two sides, for whatever operations we per- 
form, we must never disturb the equality of the two sides; the result of each operation 
must still be an equation. Now, if you remove a quantity from one side of an equa- 
tion, and place it on the other side, that is, if you rub it out, sign and all, from one 
side, and then write it down on the other, the change you thus make will not disturb 
the equality of the two sides, provided only the quantity rubbed out be written on the 
other side with changed sign. You will be convinced of this by an example or two. 
Let there be the cquation 4z — 5 = 387 — 2: then if we wish the 5 on the left to be 
removed to the right, all we have to do is to add 5 to both stdes of the equation, the 
result is the equation 42 = 32 — 2-4-5. Hore you sec that the 5 is transposed; it is taken 
from the left side aud put on the right with changed sign. The new equation is there- 
fore 4a== 82 + 3. Again: if we now wish to remove the 3m from the right to the 
left, all we have to do is to subtract 3x from both sides ; the result is the equation 42 — 
32 == 8. Here you see that the 3z is transposed : it is taken from the right and put on 
the left with changed sign. The new equation is thereforez==3. We have thus 
actually solved the equation 4% — 5 = 38x — 2; the z in this equation, at the outset 
unknown in value, is now found out to stand for 3. Ifyou put this 3 for the z in the 
proposed equation, it becomes the numerical equation 12 — 5 = 9—2; which you sec 
is true, each side being 7. 

Clearing fractions.—When a fraction occurs in an equation, we may clear the equa- 
tion of the fraction by multiplying both sides of it by the denominator of the fraction. 
You know from common arithmetic, that if you multiply a fraction by its denominator, 


sd 2 4 2 
the result is simply the numerator : thus, 3 X82; 5x5 = 4; 7 X 7 == 2, and 
YH — se 
soon. In like manner, ; X 3==2; | X65 = 4a; 7 X 7 = 2a, &e. If, therefore, we 


oe 
have such an equation as 22 +- 5 -+ 2 = 22 — = it will bocome cleared of fractions by 


multiplying both sides by 3: the result of this multiplication is the new equation 62 +- 
x -}- 6 == 66 — 82, which is free from fractions. To complete the solution of the cqua- 
tion, that is to find the value of 2, we must, by transposition, bring alJ the unknown 
quantities to one side of the equation, and a/ the known quantities to the other: we 
shall-thus havo 6x -+- x -+- 3x == 66 — 6; that is, 107 = 60; consequently, dividing 
each side by 10, there results finally 2 == 6: and if this be put for z in the original 
equation, you will find the two sides of it to be numerically equal, for each side will 
be 16. 
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Ruze I.—If there be a fraction in the equation, clear it away by multiplying both 

sides by the denominator of the fraction. 

2. If known and unknown quantities are linked together, separate them by Zrans- 
position ; so that al/ the unknown quantities may appear on ono side of the cquation, | 
and all the known quantities on the other. | 

8. Collect the terms on each side into one sum, so that there may be only a single 
unknown term on one side of the equation, and a single known term on the other. 

4. Lastly, divide each sidc by the coefficient or multiplier of z, the unknown quan- 
tity, the result will be x alone on one side, and its value or intcrpretation on the other 
side of the sign of equality. 

Exampur 1.—Given the equation 52 — 8 = 3x2 + 2 to find the value of 2. As it 
is usual to choose the eft hand side of the equation for the unknown quantities, and 
the other side for the known numbers, I shall transpose the known number 8, and thus 
get the equation da = 3x + 2-+ 8, then transposing the unknown quantity 3a, I 
shall obtain the equation 5a — 8x = 2 + 8, the left side of which is occupied wholly 
with unknown, and the right-side wholly with known quantities. Reducing now cach 
side tu a single term, the equation is 22 == 10; and dividing by 2, there resulta # = 6. 
The steps of the solution, as you would be expected to solve the equation, would stand 


Lv solve a simple equation containing only one unknown quantity. 
as follows :— 


Given equation, 5a — 8 = 8x + 2 
By transposition, 6x —3r= 2 +8 
Collecting the terms, 2v= 10 
Dividing by 2, a= 5 


2. Given the equation 22 — 9 == 31 — 3z to find the value of x. 


By Aide tara 22+ 38x = 3814+ 9 
Collecting, bx = 40 
ae by 5, z=8 


. Given the equation 2”. +5 aa 22 == 0 to find the value of z. 


Multiplying by 3, to os oe first peas 
ze 
Qe + F fuss 66 = 0 
Multiplying by 4, to clear the remaining fraction, 
8x + 


32 — 264 = 0) 
Transposing, 8x + 3x = 264 
Collecting, llz = 264 
Dividing by 11, x= 24 


4. Given - “+ 5+ = = htofind the value of z. 


Bc bx 
Multiplying by 3, 2+ 7+ 7=38 
12z 
” by 4, 42+32+———= 12 
» by 5, 202+152+12z2=60 
Pe 472 =60,. 22m om 1d} 


Norse.—The sign .*., as in the preceding treatises, stands for the word therefore; on account 
of its convenience it will be frequently used hereafter. 





Find the value of x in each of the following equations :— 


EXAMPLES FOR EXERCISE. 


EXAMPLES FOR EXEROISE. 
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Nors.—Since any quantity may be removed from one siae of an equation to the other, provided 
Ite sign be changed, it follows that if alJ the signs on one side, and ail the signa on the 
other be changed, the equality of the two sides will not be disturbed; for this changing of 
all the signa is merely the same as transposing the two sides. 


Q4— T= r+4 
62 3 = 82 +5 
6244+2=474+8 
oa — l=“ +7 
82 —138 =4dr—1 


3(c¢—4) = 6 
4(7—1)=7+5 
(x +2) =2 (x + 8) 
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3 (2e— 3) = 4(2—2) 


13. 347) 


16. 2x— (48—xr) =x+12 





17, ort?) 85 
r+3 x 

18. 5 l=, 
x “© 2 





x—§ 2 r—2 
i alee 
3r7—-13 1i—4z__ 





QUESTICNS TO BE SOLVED BY SIMPLE EQUATIONS. 


Every question, whether in arithmetic or algebra, has for its object the discovery of 
some unknown value by means of the conditions, stated in the question, which connect 
it with known values. In algebra, the first thing to be done is to express these condi- 
tions in the form of an equation, some Ictter, as x, being made to stand for the unknown 


quantity; the solution of the equation is the solution of the question. 


If there are 


several unknown quantitics to be determined, as many distinct equations will in general 
be necessary ; at present those questions only will be considered that furnish a single 


equation with one unknown quantity. 


The method of translating such qucstions into 


equations will be better learnt by the study of a few cxamples than by verbal directions. 
I shall therefore here give you some instances of the modes of proceeding. 
1. There are two numbers of which the difference is 8 and the sum 38: what are 


the numbers? 


Let # stand for the smaller of the two numbers: then x-+ 8 must represent the 
greater: and since by the question the sum of the two is 38, we have the equation, 


xa+o2+8 = 38. 


Or transposing the 8, 2r== 30, .*, r==15, the smaller number; and as r+ 8 is the 
greater, .*, 15 +-8 = 23, is the greater. 
You see that these numbers satisfy the conditions of the question ; for 23 — 15 = 8, 


g and 23 +15 = 38. 


2. From two places, 160 miles apart, two persons, A and B, set out at the samo time 


to meet each other. 
they meet ? 


A travels 18 miles a-day, and B 22 miles: in how many days will 


Suppose they meot in x days: then A will have travelled 181 miles, and B, 282 
miles: the sum of these distances is, by the question, 160 miles: hence we have the 


equation, 


. 


18a -+- 2227 = 160; 


that is, 402== 168, °, «== 4, the number of days. 





oe ee pre A RE I 








176 PRINCIPLES OF ALGEBRA. 





8, A father is three times as old as his son; but five years ago he was four times as 
old: what are their ages now ? 

Let the present age of the son be x years: then, by the question, that of the father 
is 8% years. Also five years ago the age of the son must have been z — 5, and that of 
the father 3r—5, The question tells us that this latter number is four times the 
former : that is, 

82 — baz 4 (4 — 5); 
or, removing the vinculum, 2x — 5==42— 20; .°, transposing the 20 to the left, and 
the 3x to the right, 
20 — 5 = 4¢— 32, °, 152; 
that is, the son’s age is 15 years; and 3z, the age of the father, is 46. 

4. A vessel holding 120 gallons is partly filled by a spout which delivers 14 gallons 
in a minute: this is then turned off, and a second spout, delivering 9 gallons in a 
minute, completes the filling of the vessel. How long did cach spout run, the time 
occupicd by both being 10 minutes? 

Suppose the first ran z minutes: then the second ran 10—~z minutes. As the first 
delivers 14 gallons a minute, the quantity delivered by this spout must be 147 gnllons ; 
and the quantity delivered by the other, at 9 gallons a minute, must be 9(10 — z) gal- 
lons; .°. the wiole number of gallons delivered is, 

14r + 9 (10 — x) = 120, by ue question ; : 
that is, removing vinculum, 14x + 90 — 9x = 120; 
.*. transposing, l4z — 9x = 120 — 90; 
collecting, bx = 80, ...2 = 6, 
: tho first spout ran}j6 minutes, and the second 10 — 6 = 4 minutes. 
5. What number is that of which the third part exceeds the fifth part by 48? 
Let x bo the number: then by the question 
Seeds 
ee 3x 
Multiplying by 3, z— euls 
PS by 5, ox—-3z=720; 
that is, 27==720, .-. 2=360, the number required. 

The third part of this is 120; the fifth part is 72; and the difference between these 
parts is 48. 

6. A vessel can be filled from a tap in 3 hours, and from a second tap in 6 hours: 
in what time will it be filled if both taps run together ? 

Let the number of hours be x: then the part of the vessel filled in one hour will 


be the — part 
But the part filled by the first tap in 1 hour is the 3 part, and by the second tap the 


— te ree 
er Bae Yee o 357 


Multiplying by 15, 8= a 
5 


” by 2, 8z saan’ ra li 


*, the time is one hour and seven-eighths. 
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These specimens of the solution of questions by simple equations must suffice fgr the 
present. You will see, from an examination of them, that the only thing of any diffi- 
culty, in thus applying the first principles of Algebra, is the tranalation of the conditions 
of the question into digebraical language, under the form of an equation ; the process by 
which this equation is to be solved, and the unknown quantity in it discovered, is in 
general sufficiently suggested by the appearance of the equation itself. As the aim is 
to isolate the x, so that it alone may occupy one side of the equation, while known 
numbers ocoupy the other, every step in the solution is made to contribute to this end. 
By transposition, clearing fractions, collecting like terms, &c., the equation is mado to 
pass through one change after another, till et length a single unknown term appears on 
one side, and a known number, which is its interpretation, on the other. It then only 
remains to divide each side by the coefficient of z, if it have a coefficient other than 
unity, and z itself becomes known. 





QUESTIONS FOR EXERCISE. 


1. There are two numbers of which the difference is 9, and the sum 43: what are 
the numbers ? 

2. From two places, 108 miles apart, two persons, A and B, set out at the same time 
to meet each other. A travels 17 miles a-day, and B travels 18: in how many days 
will they meet? 

3. Find two numbers of which the difference is 13, and which are such that if 17 
be added to their sum, the whole will amount to 62. 

4. There are two numbcrs of which the difference is 15, and which are such that if 
7 times the less be subtracted from 5 times the greater, the difference is 19: what arc 
the numbers? 

5. A person starts from a certain place, and travels at the rate of 4 miles an hour. 
After he has been gone 10 hours, a horseman, riding 9 miles an hour, is dispatched after 
him: how many hours must the horseman ride to overtake him ? 

6. A person has 264 coins,—sovereigns, and florins: he has 4} times as many florins 
as aovercigns : how many of each coin has he? 

7. A person spends 4th of his yearly income in board and lodging, }th in clothes and 
other expenses, and he lays by £85 a-year: what is his income? 

8. What number is that whose third part exceeds its fifth part by 72? 

9, I have acertain number in my thoughts. I multiply it by 7, add 3 to the product, 
and divide the sum by 2. I then find that if I subtract 4 from the quotient, I get 15: 
what number am I thinking of ? 

10. A man 40 years old has a son 9 years old: the father is therefore more than 4 
times as old as his son; in how many years will the father be only twice as old as his 
gon f 

11. Two persona, A and B, 120 miles apart, set out at the same time to meet each 
other. A goes 8 miles an hour, and B, 5 miles: what distance will each have travelled 
when they meet? 

12. Divide £250 among A, B, and C, so that B may have £23 more than A, and C 
£105 more than B. 

13, A can execute a piece of work in 8 days which takes B 7 days to perform: in 
how many days can it be done if A and B work together? 
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14 A cistern can be filled by three pipes: by the first in 2 hours, by the second in 
and. by the third in 4: in what time oan it be filled by all the pipes running 
ee P 

15. Solve the preceding question when the first pipe fills tho cistern in 1 hour 
20 minutes; the second in 3 hours 20 minutes; and the third in 5 hours. 

16. After A has been working 4 days at a job which he can finish in 10 days, B is 
sent te help him; they finish it together in 2 days: in what time could B alone have 
done the whole ? 

17. Divide £143 among A, B, and C, so that A may receive twice as much as B, and 
B three times as much as C. 

18. A porson has 40 quarts of superior wine worth 7s. a quart; he wishes, how- 
ever, so to reduce its quality as that he may sell it at 4s. 6d. a quart: how much water 
must he add ? 

19. Divide 90 into four parts, such, that if the first be increased be 2, the second 
diminished by 2, the third multiplied by 2, and the fourth divided by 2, the results may 
all be equal. 

20. Divide 39 into four parts, such, that if the first be increased by 1, the second 
diminished by 2, the third multiplied by 3, and the fourth divided by 4, the results may 
all be equal. 

The preceding examples may serve to show you how the first principles of algcbra 
may be applied to inquiries of a practical nature. It is time that you now proceed to 
the other two rules—multiplication and division; for, as im arithmetic, these four rules 
comprehend all the operations in the scicnce. But two or three particulars must be 
previously defined, 

You know that when factors are multiplied together, the result is called @ product ; 
if the factors are all equal, the product is called a power of the factor whose repetition 
in the multiplication has produced it: thus, in the following instances, namely— 

§xX5= 25; 3X 3X 3x 27;2K2X2IKX2= 16, ke. 

25 is the second power, or the square of 5; 27 is the third power, or the cube of 3; 16 is 
the fourth power of 2; 32 is the fifth power of 2; 64 the sixth power, and soon. The 
fourth power of a is aaaa ; the fifth power of x is axrrz, and so on. But as this repeti- 
tion of the factors is tedious and cumbersome, it is agreed to represent a power by 
writing down the factor only once, and placing over the right hand upper corner the 
number which denotes the repetitions ; thus, the fourth power of a is written a4, the 
fifth power of x is written x°, and so on. Suppose, for example, that x stands for 3, 
then 2 == 3, 7? == 9, 29 = o7, 24 = 81, 15 = 243, x* = 729, x7 = 2187, &. The 
small figures, thus meds in the notation for powers, are called exponents or indices ; the 
exponent or index for the cube, or third power, is 3, that for the fourth power 4, and 
80 On. 

The number or quantity, which thus produces a power, is called a root of that 
power; thus, 3 is the square root of 9, the cube root of 27, the fourth root of 81, and 80 
on. There is a convenient notation for roots as well as for powers. 

The sign V, for a root, is called the radical sign; it is prefixed to the quantity 
whose root is meant, and a small figure, denoting what root is to be understood, is con- 


nected with it; thus, V4 means the second, or square root of 4, that is, 2; because the 
seoond power, or square of 2, is 4; in like manner, 4/8 means the third, or cule root of 8, 
namely, 2; because the third power, or cube of 2, is 8; Ve means the fourth’ root of x, 





MULTIPLICATION. r72 


that is, it is a number such that the fourth power of that number is the number that @ 
stands for. It must be observed, however, that in the case of the second or square root, 
tho little 2 is always omitted; so that when there is no ddex-flgere connected with the 
radical sign /, the square root is always to be understood. You will now easily make 
out the following statements or equations :— 

19 = 8, vy 126 = 5, Vat=a, x8 sx 2, i= 2, 


But besides the radical sign, there is another contrivance for indicating roote—a 
contrivance like that for denoting powers, namely, the attaching an exponent to the 
quantity whose root is meant; thus, the equations above, expressed in this other form 
of notation, are as follow :— 

9} ==3, 1254 ==5, (a4)} axa, (x5)i==a, (c2)}bees. . 

In tho case of a power of a quantity, tho exponent is a whole number, which indi- 
cates what power is meant; in the case of a root, the exponent is a fraction, the deno- 
minator of which indicates, what root is meant. The power of a proposed quantity 
may be easily determined, as the multiplication may be actually executed with but 
little trouble; but to find a specified root of a proposed quantity—even of a common 
number—is often a difficult matter; some numbers, indeed, Have no exact roots. But I 
shall have to speak about roots again. 


MULTIPLICATION. 
Casr: I.— When the factors are simple quantities. 


Rozz 1. Observe whether the signe of the two factors are itke or unlike ; if they are 
like, that ia, both + or both —, write + for the sign of the product; but if they are 
unlike, that is, one --+ and the other —, write — for the sign of the product. 

2. After the sign, write the product of the coefficients. 

3. After the product of the coefficients, write that of the /etters: that is, put down 
the letters in both factors, onc after the other, without any sign between them, and the 
complete product will be exhibited. 

Thus, if we have to multiply together the two factors,—4azr and 3y, we first 
observe the signs; these boing unlike, we know that the sign of the product is minus ; 
after this minus we write 12, the product of the coefficients, and finally we place 
against the 12 the quantity alzy, this being the product of the letters when arranged 
in alphabetical order, .*, the product is — 12edzy. Again, if we have to multiply 
— Tbhxz by — 5acy, then the signs being /tke, we write +- for the sign of the product, 
35 for tho product of the coefficients, and adcryz for the product of the letters; .°, 
— Thus X — Bacy == 35aberyz, the plus sign being omitted, as unnecessary. In a 
similar way we have— 

38ma X 6ay = 18amay, 2bey K —4ax == — Babory. 
— 4a5x X 5a%hy == — 20 adbx?, — 3b22 X — 8a%baz == 240852723. 

You will observe that the third of these examples is the same as — 4aax X baaabz 
== — 20aaaaabex ; and that this result, in the more brief notation for powers, is 
— 20a%éz2, And you must perceivo that, by always adopting this notation, the mul- 
tiplication of powers of the same quantity is reduced simply to the addition of the expo- 
nents of the factors; thus, the factors in r2x°x5, factors which are all powers of the 
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same quantity 2, are 2%, 23, 25; the eum of the exponents ‘is 2-+-3-4+ 5= 10; #0 
that 2*2®r5 == 219; nothing, therefore, can be more easy than the multiplication of 
powors of the same quantity. I need scarcely tell you that z is the same as z?, so that 
res xt, re == x, &o, 

The preceding direction, as to the sign of the product of two factors, is called the 
Eide for the signs. It is briefly expressed thus :—Ltke signs give PLUS; unlike signs, MINUS. 

You may satisfy yourself that the rule for the signs is true as follows :— 

Take any two factors whatever, say 7 and 3; then all the possible varicties, as to 
signs, will be these—namely, 

7x8, —7x3, 7x—8, —7x —3. 

The first is the case of common arithmetic, the product being 21; the second case 
requires no consideration ; for — 7, repeated three times, is nccessarily 21. The third 
case is peculiar; but we may arrive at the true product thus: increase the multiplier 
— 3 by 4; the product, whatever it be, will obviously be 4 times 7—that is, 28 too great ; 
dut the multiplier increased by 4 becomes 1; and once 7 is 7, and as this is 28 too great, 
the correct product must be 7 — 28, that is — 21, °. 7 * —8—=— 21. 

Tn like manner, in the fourth case, increase the multiplier—-3 by 4; then, as before, 
the product will be four times — 7, that is, — 28 too great; in other words, — 28 must 
be subtracted from the erroneous product to make it correct; but the multiplier increased 
by 4, is 1, and once—7 is — 7; .°, the correct product is—7-+- 28, that is 21; because 
the sign of the —28 must be changed when subtracted; .°.—7 x —3=221. You 
thus see that when the factors have dike signa, the product is plus; and that when they 
have unlike signs, the product is minus; and, from the foregoing reasoning, it is plain 
that the same conclusion would have followed if any other two factors had been chosen ; 
.", the rule for the signs in multiplication is gencral. 








Ex. 1. ore ae + 
“ Qlaby “—2labr Qaxky® ~ Bbabsry® 22 
C. 1 ls 7. eee 8. 7 ae 2 — ae 
10. ‘Satxtss x Fatay® = Qlaoz ry 23 LL, — 4z°y25 x Batyts = — 2087 y%2t 
12, — 6b%cxr® x — 8btc? x = 18b%c% x? 138, — 20223 x far*2t= —Fa% x22" 





EXAMPLES FOR EXERCISE. 


[Nore.—You will observe that the rule for the signs onables us to fix the sign of 
the product of two factors only ; but it is unnecessary that it should do more than this ; 
if there are three factors, the product of two becomes a factor to be combined with the 
third. It is plain that, however numerous the factors when the number of them pre- 
ceded by the ménus sign is odd, the sign of the product is minus; and that when the 
number of minus factors is even, the sign of the product is pus.] 


1. 9a5y? x4e2y5 2, fbx? y8 x Bbty® 3. —data*ztx—6 
4. —5b5c*yx—Scty*2 6, llatzy229 x —9a 27y52? 
6. —13a%z7y4 x L4atroy? 7 ¥bix dy? x—4b%2y° 8. taxte® x de8yct 
9. 2ar?y x—Ba7y? x—4a5x4 10. —38b2yzx—2y3s° x—4ab5y 

ll, Jary* x §x"yx—S8aty® 12. meme x—farytz 

18. —§a%y? x 3072? x—~9abr7yz. 14, gate x—fatyx—2y2z x —ldetr2? 
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Cass If.— When the multiplicand is a compound quantity, and the multiplier a simple 


quantity, 


Rurz.—Multiply each simple term in the multiplicand by the multiplier, beginning 
always at the /eft hand; connect the several producta together by their proper signs, 
and the complete product will be exhibited. 


1. 4a%x3 — 2by? 
3 


ary 


12a%xty — 6abry* 
3. Gx° yz — 2ay? — 3b7y 


— 2x2 


STeatyet Ff deny? + Oye 


1, 3ax3 — Qhay 2 Sa%y? — dx2y3 8. —Gb%ye3 + 4ab%y? 
ee See Bary i os 
4, [a3bt x6 — Bx2y* + 5 5. Im®nz? — Tat y? — 28 xy 
4axry — Tan®z? 


2 — sary’ — 462 + 2a? 
Saxrz? 


— lba?z2y222 — Wabrz® + War xz? 


4. = ree — by®z + 4ab 
— 6a%6 





- 


EXAMPLES FOR EXERCISE. 








“Ba %ixky + batbtyhs — Bary 


In the following examples, the vincudum or brackets may be removed, and the simple 
factor (the multiplier), placed under the leading term of the compound one, as in the 
preceding instances ; but in most cases, I dare say you will be able to write down the 
result of the multiplication at once, without resorting to this arrangement. 


S athe? As Bar?y 7. (2axy®—8r2z+2x ay 
i Daye 32)x—Omtazy A 1 Wh Ban Gby). 
Bertaat ote 2-324) 12c2xFy2? 


2, {4ay? — (20°22 — y2—2) { 3a%yz3 
14, 


Cee hyde 12a? 3 


(Satzt—(Bbty2+ 2a?x2—day’)} x—2a%b2ry 





Casx III.— When multiplicand and multiplier are both compound quantities. 
Rutz 1.—Multiply ai! the terms of the multiplicand by each term of the multiplier, 
proceeding with cach as in the last case. 
2. Collect together the several products that are /ike, as in addition, and to the sums 
of these unite, by their proper signs, the other products; and the complete product will 


1. Multiply x+y by x<—y. 2. Multiply 2+-y by x+y. 


be obtained. 
a+y 
5. 
‘ +o: xy 
—zy— 7 


“@4+yN Gye = 


 —¥ 


3. Multiply z—y by x—y. 





aty 
x+y 
i+ xy 
ryt #7 
(0 t+ y)t= a8+22y 4+ 
t—y 
w—y 
xzi— xy 


— zy + y? 


ee eet 
ae (« Sas y= tine ary + y* 


7 om ee ete 





: } obx?y3—(Sey%z-+4y2*—329) | x—Baty 


ee Sad 
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I have a-remark to make im-reference to these three examples: you will do well to 
keep it in remembrance ; it is this: since z and y stand for any two numbers whatever, 
we learn that ‘ 

1. The aum of two numbers (x + y) multiplied by thoir difference (r — y) is the 
difference of the sqaares of those numbers (*? — y*). 

2. The square of the sum (x -+ y) of two numbers (x and y) is equal to the sum of 
their squares (x? +- y*), together with twice their product (2zy). 

3. The square of the difference (« — y) of two numbers is equal to the sum of their 
squares (x? -++- y2), diminished by twice their product ( 2zy). 

Examprie.—Lct 7 be one number and 3 the other: then, lst, their sum, 10, multi- 
plied by their difference, 4, is 40; the squares of the numbers are 49 and 9; so that 
72 — 32 = (7 + 3) (7 — 3) = 40. 2nd. (7 + 3)? = 102 = 100, and 72 +. 32 == 49 
+ 9 = 58; also twice 7 x 3, that is, 2X 7 *K 32242; and 68+ 42= 100. 3rd. (7 
— 3)? = 42 = 16; and 58 —42 = 16. 

4, Multiply (x + y)? by z + y, that is, multiply out or develope (x + y)?. 


(e+ y= w+ day + 
gee 2 
B+ lx2y + ry? 
Ret ea Ans 
oe (@ + y= ai+ Bay + Bry? + 


5. Develope, or multiply out (x — 4) (x + 3); (a 4-8) («@ — 7); (22 + 3 (2a + 2) 
and (2 -+- a) (x + d). 





a—4 r+o6 2a +3 2a+a 
“+3 z—-7 bx + 2 a+b 
x— dr at dbx 622+ 9x Lt ax 
ax — 12 —Fx ~ 85 47 +6 bc + ab 
x x —12 a2— 2x — 35 6x2+13.0+ 6 a2-+(a+b)x+ab 


In the third of these resulta the 13x is got by actually adding the coefficicnts 9 and 
4: in the fourth example, the corresponding coefficients of 2, not being nembers, cannot 
be actually added ; but the addition may nevertheless be indicated, as above; and where, 
in the ¢hird example, the middle term of the product was written 13.2, that is, (9 +- 4)., 
the corresponding term here is written (a-+4)a; thisis better than making two terms 
of the same quantity, and writing it thus ar + dx. Here the cocfficients of x areca and 
5; and, being /etters, they are called Jiteral coefficients : the coefficient of x, in the result 
above, is (a -+- 4). Whenever a common factor enters several of the terms of a com- 
pound expression, this common factor may always be written outside a vinculum, and 
whatever multiplies it, within ; repetitions of the same factor are thus avoided; and in 
the answers to questions, or the final results of opcrations, this more compact form of 
expression should be adopted: thus, such a result as abr +4- 4cxr — 38mz, would have 
an unfinished appearance; it should be changed into (ab + 4¢—~— 3m)x. This, you will 
see, is more easily computed than the former, when the letters are replaced by the num- 
bers they represent. Suppose, for imstance, a = 12, d == 6, ¢ = 5, and m= 9; and 
that 2 == 23; you will find that the numerical value of the expression is more readily 
obtained from the second form than from the first. And I may as well tell you here, 





a ac a ee 
EN VOLUTION, 143 
epanteshbamenmmenmamananemmenmaeamenmeeannssneenaeamenaamecen ee eee ee ee 
once for all, that algebraiste slways take care that their reswite are presented in a form 
that will give the deast trouble to the arithmetical computer, This prineiple will in 
general be observed in what follows, 
I shall now work an example which suggests a principle of some interest in arith- 
metic. (6.) Multiply » +r by 1’ +r’, 
n-+er 4 
g2! of 9 
nn! +-n'r 
ar rr 
nn’ +n! r-+-nr’ +rr 





Now suppose a number to be divided by any other number, say 9, and $o leave a 
remainder, which we may denote by r: then, if we express this number, wanting the 
rematnder, by n, the entire number will be denoted by # +- 7. In like manner, a second 
number may be denoted by n' -+ r’, where » and n' represent numbers exactly divisible 
by 9; andy and 7’ numbers leas than 9. You see by the above expression for the 
product of the two proposed numbers n -++ r and n’ +7’, that the whole of it is neces- 
sarily divisible by 9, except tho part rr’, because x or x’ is a factor of every other term : 
you may, therefore, at once conckude that if you divide a multiplicand and its medtipiter 
each by 9 (or indeed by any other number), and note the remainders (r, 7’), and then 
divide the product of these remainders by 9 (or the other number), the remainder aris- 
ing from this last division must bo the very same as the remainder arising from dividing 
the product of multiplier and multiplicand by 9 (or the other number). And thus you 
have the principle of the method of proving multipiication by casting out nines (Arith. p. 
12). The reason that 9 is chosen for divisor is, because that for the divisor 9, the 
remainder is the same whether the number itself, or only the sum of the figures com- 
posing it, be divided ; and it is easier to sum up the figures, and reject the nines, than 
to perform the division on the number. 





EXAMPLES FOR EXERCISE. 


Multiply 2ax2— 8bx — 2 by 37?— 2x 

Multiply 4ay + 3b2 — 4c by 3by + 2c 

Multiply out (529— 427+ 32 — 2) (227— 2 +1 

Multiply out (# + 2) (7 — 2) (x + 3) (w — 8) (See 1, page 182. } 

Multiply out (7 + @) (a@~—a@) (7*— a?) 

Multiply out (22 + a) (4% — 5a) (x + «) 

(8ar — b) (dac +c) (Vax — 3) 8. (dax + 38by — 1) (2ax — by + 2) 


(7—y(wt+y) 10. { x? —(a+b)e+e (2—c) Ll. 39(2? — a2)? 
. (Qe + 3) (22 —8) (42? + 9) 18, {(2+2)(@2—2)} 2 
» (2? — pa $1) (2+ 2c — 1) 


$2) Che See Sore 


poe ee 
He bo 





INVOLUTION. 


Involution is nothing more than multiphication: it is a term employed to.signify 
that the factors multiplied together are all equal, the product or result being a power. 
Examplo 4, for instance, page 182, is a case of involution ; for x -+ y is rateed, as it is 
called, or involved, to the third power. Involution is thus the operatian of raising # 
proposed quantity to a proposed power, and this operation you know is smidyitinatiat. 
The following are examples of the involution of simple quantities. 
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(2ax)* == 8a%x°, (2a%r)4 = 162% x4, (—az%y3) 8 =e — g5z1%y28, Se. 

The Rous for obtaining the powers in such cases as these is pretty obvious. 

To the power of the coefficient annox the letters, with their several exponents smuiti- 
plied by the exponent of the power. 

The rade of signs must of course be attended to. If the quantity to be raised or 
involved be negate, thé sign of every even power must be positive—that of every odd 
power negative. The following examples cannot present any difficulty :— 

1, (Satz? Thy?) 2hizt)? 

5, ae é ety , cae. petty)? 
When the quantity to be involved is a compound quantity, the proposed power of it is 
to be found by multiplying the quantity the requisite number of times hy iteelf, as in 
the examples below :— 

1. To find the cube of a — 2z. 2. To find the cube of 3az ~ 4y. 


a—2z Sax—y 
a—2z 8ax—4ty 
v—laz 9a*z?—ldaxy 
—2azr+4z2 —~llary+16y2 
(a—22)'=a* dae tia Sar—dy)tDaint—Bdasybl 
piey C y Mee Ay azy+léy? 
a’ 4a*2+-4ar? 27a*z*—~7 2a*z* y+ 48azy? 
—2a%z+8ar*—Sx3 —36utzty+Sary—G4ys _ 
(a—2zr)3= a3—6atz-+ llar?—8z' (8azr—4y)®=27a% 2° —108a% 27 y-+ ld4axy?—64y® 





EXAMPLES FOR EXERCISE. 
1 (a+ 22) 2, (Sax — 4y) 3. (atb+e? ~ 4. (Ba%+ 20+ 5) 


5. (a — 2b + Bc}? 6 {(atz)(a—x}? 7. {(@+2)(@@—2)}s 
8. | (2x — 3) (2e + 8)}4 9. {(x—a)*+ 2az} + 
10, $(2+1) @ —1) t+ 1}? uu. ((e—1¥}3 


The following is a table of the powcrs of (a + x) developed in order, from (a + 2)' up to 
(a+.2)®: the result of the actual multiplication is called the development, and sometimes 
the expansion of a power. The table exhibits the developments of the powers of an 
expression, consisting of two simple terms, a and x. Every expression of two terms is 
called a binomial. 


Tuble of the developments of the powers of a binomial. 


a+az)i=a+ 2 

a + a= at+ 2azr + x? 

a+ z= a+ Bate + 3ar%+ x 

a+ x)= a+ datz + 6a2x?+ 4a2°+ 24 

a + x\s= af-+ Sate + 10a%x?-+- 10a228+ Saxt+ x5 

a+ x)*= a®+ babe + lbatz?+- 20a*x?+ l5a7xt-+ Bazi+ x6 

a + rye art 7ate + BWastzt+ batz'+ Bbatst+ 21a%28-+ Jazt+ 27 

@ + w)'= at-+ Sa'x + 28a%z?-+- 56a'x*-+ T0atz'+ 56a*x'+ 28ara*+ Bax'-+ xe 


This table, which may be carried to any extent, shows that the coefficients of the terms 
in the development of a binomial follow one another according to a remarkable daw, by 
observing which they may be derived, each from that which precedes, with very little 
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trouble, so that the actual involution of the binomial may always be dispensed with. 
By examining the several rows of coefficients, you will discover the law to be this, 
namely :-— 

If the coefficient of any term be multiplied by the exponent of a in that term, and 
the product be divided by the number which marks the place of the term, in the row (as 
the 2nd place, 3rd place, &c.) the quotient will be the coefficient of the next term. 
Thus, look at the development of (a--2)7. The jirst term in that development we 
might know to be a’, without actual multiplication. The coefficient of this firat term is 


1; ana 2%<* ==7 is the next coefficient, the complete term being 7a%r. This is the 


x7 
second term : and ~~ = 21, is the next coefficient, the third term being 21a5n?; 





and from this we get deal == 35, the next coefficient, the fourth term being 35a+z°. 


xe 





In like manner, from this we find = 36, the next coefficient ; and in this way 


all the coefficients may be found, one os another, without involution. As to the 
letters connected with these coefficients, the writing of them involves no trouble at all. 
The jirst term is the first term of the binomial, with the exponent of the power over it ; 
the dast term is the other term of the binomial, with the same exponent over tt ; this is 
the highest exponent in the row of terms; in each intermediate term, doth the letters 
occur in conjunction; and, in proceeding from term to term, the exponents of a regu-~ 
larly descend in value, and the exponents of x as regularly ascend; that is, the powers 


of a are— 
at? a® @® at a® g® a 


and those of z, gta gS gt 2d xo yp? 
the sui of the exponents of doth letters always making 7, in every term. And, genc- 
nerally, the sum of the exponcnts, in each term, is always equal to the exponent of the 
power. 

There are one or two other things which it is important you should take note of in 
looking at the foregoing developments. 

1, The number of terms is always one more than the number which marks the power 
of the binomial. Thus, when the exponent is 1, the number of terms is two; when the 
exponent is 2, the number of terms is three, and so on; ., when the exponent is odd 
the number of terms is even, and when the exponent is even, the number of terms is odd. 

You cannot, therefore, with propriety, speak of a “middle term, except when the 
exponent of the power is even ; when it is odd, there are two middle terms ; and you sce 
that the coefficients of these middle terms are always the same—another remarkable 
circumstance, 

2. But perhaps the most remarkable thing of all is, that when, in the case of an 
even power, you have reached the middle coefficient, as above directed, the remaining 
cocfiicients are got by simply writing those which precede the middle one 1% reveree 
order ; eo that these remaining coefficients require no computing. When in the case of an 
odd power you have reached the first of the two middle coefficients, you have only to 
repeat this cocfiicient, and then to write all the coefficients, before the middlo ones, in 
reverse order, as in the other case; so that no coefficient beyond the middle one, or tho 
middle pair, need ever be computed ; they have only to be copied. 
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The present examination affords a good opportunity to bring another particular 
under your notice. The foregoing table presents us with a sot of equations, but 
they differ from the equations solved at pages 174, 175 in a very marked manner; you 
must take notice of this. The equations at the pages referred to fix certain condstons, 
which the value of x must be such as to satisfy—no other values of « would do; but in 
the equations in the preceding table, no conditions are implicd, both a and « in each may 
stand for anything whatever; for the second side, or member, is only the firet sido 
developed, or unfolded, or spread out; in other words, one side is nothing but the other 
side put in a different form; so that, write what we will for a and 7, the two sides must 
of necessity romain equal. Equations such as these, in which one side is only the other 
in a changed form, are called identical equations, or simply tdentitics. Now, as in iden- 
tities you may put anything for the /etters, you may in the table put — y for x; you 
will thus get the devclopments of the differcnt powcrs of a — y, or, to be uniform, of 
a —a; all you have to do is to change x into — r on both sides; you will see that the 
only change in the development is that the second, and cvery alternate term, becomes 
minus; thus— 

(a — 2)9 =a 8 — 8a2r + Bar? — 23 

(a — x)* =a 4 — 4a + 60229 — 4ax3 + 24, 
and soon. With these changes, therefore, in the alternate signs, the tablo exhibits the 
developments of the power both of a+ 2 and @ — x. 

What has now been said in reference to the powers of a + 2, that is in reference to 
the powers of a plus or minus z, must be very carcfully read over, and fully understood. 
I have been giving to you the leading particulars of the celebrated Brnomzat THEOREM, 
and you must try to impress them on your mind. In order to this, I would recommend 
you to write out the developments of (4— 2x)‘, (a—.r)®, &c., and to try (a+ 2)°, 
(2 —zx)*, &., finding the coefficients according to the short and easy method explained 
above ; that is, deriving them, one aftcr another, from the daw shown to prevail, as far 
at least as to the eighth power. It prevails universally, but the general demonstration 
of the Binomial Theorem requires more advanced principles of algcbra; you will do 
right to refuse assent to the law at present, for an exponent higher than 8, unless you 
like to put it to the test for 9, 10, &c. You will find the thcorem in a more gencral 
form hereafter. As an application of the Binomial Theorem, let it be required to 
develope (a — 3y)5, which is the same as (a + 2)5, whon — 3y is put for w. 

From what is shown above, it appears that the terms, without the coefficient, aro— 

a®, a* (3y), a® (3y)?, a? (3y)%, a (By)*, (By)*. 
And from the law of the coefficients, these are— ; 
1, 5, ra (or 10), 10, 6, 1; 
the last three, being those of the first three written in reverse order ; thcrefore, remem- 
bering to write the terms alternately plus and minus, 
(a — 3y) = a* — 5a (By) + 10a (3y)? — 100% (By) + 5a (3y)* — (3y)°, 
; a= a> — lbaty + 90a3y? — 270a%y3 +- 405ay4 — 243. 
Again, let example 2, page 184, be taken, namely (3ac — 4y)°. The terms without the 
coefficients are— 


therefore, introdacing the coefficients, 1, 3, 3, 1, we havo— 
Sax (4y)? — (4y)3, 
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EXAMPLES FOR EXERCISE. 


1. (a+y)*. 2. (a—z)6, 3. (@42z)3, 4, (1—z)*, 5. (1+ Bey, 
6. (@ + 2y7)5. 7. @* + By9)5. 8. (Qa—xy*, 9. (@—~— 24)’. 
Norr.—The preceding process may be extended to expressions of three terms, four 
terms, &c., in the manner following :— 
[a+ b-+- c}??=[ (a 4d) +e}? = (a +b)? 4-2 (a2 +d) +40? 
a= a+ 2ab + 8+ 2 (atdce+e 
== 9 + 58 4 oF + 2 (ab + ac +} bc) 
[at bpef dtl (a+b) + (0+ a) P= (e+ 842 (048) (0-44) + (64a)? 
== a? +2ab + 52 + 2 (ac + ad + be -+ bd) 4- 62 +- 2cd + a? 
== a2 + 52 4-67 +d? +2 (ad + ac -}- ad +- be + bd + cd). 
So that the square of the sum of three quantities, or of the sum of four quantities, is 
equal to the squares of the quantities themselves, together with twice the sum of the 
products of overy possible pair of them; and the same is true for jive, and for any 
number of quantities. 





DIVisioN. 


When onc quantity (called the dividend) is to be divided by another (called the 
divisor), the object is to find a third quantity (called the quotient), such that, if the 
quotient and divisor be multiplied together, the product will be the dividend ; and this 
is to be brought about whether the quantities concerned are the figures of arithmetic, 
or the symbols of algebra. The rule for division is thus suggested by that for multiph- 
cation: it is as follows :— 

Case I.— When dividend and divisor are both simple quantities. 

Ruxe 1.—Determine the sign of the quotient, on the principle that if the signs of 
dividend and divisor be like, the quotient is plus: if unlike, mus. 

2. Having found the sign, next find the coefficient by dividing the coefficient of the 
dividend by that of the divisor, as in common arithmetic. 

3. To the coefficient, annex tho deters, which must be such, that when they are 
united to the letters already in the divisor, they may exactly make up those in the 
dividend. 

It is plain, that by followig thesc precepts, you will get a quantity for quotient 
such that, when it and the divisor are multiplied together, the resulting sign will be 
that of the dividend, the resulting coefficient also that of the dividend, and finally the 
resulting lctters, arising from combining those of divisor and quotient togcther, the same 
as the letters in the dividend. 

If it should happen that thero are letters in the divisor, that is to say factors in the 
divisor, which are not also in the dividend; then, like as in arithmetic, since actual 
division by these cannot be performed, they must be written as divisors in the quotient; 
the quotiont will then appear aa a fraction incapable of reduction to a simpler form-—- 
just as in division of numbers. 

1. Divide — 12a%x*y by 38¢z. Hero ay == — 4a%ry; for the signs being 

ax 
unlike the sign of the quotient is minus; also 12 divided by 3 gives 4,80 that — 4 is 
the coefficient in the quotient; and sinse, from looking at the letters in dividend and 
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divisor, we see that two a’s, one z, and a y, must be united to the divisor to make up 
the letters in the dividend, these wanting letters are those which the quotient must 
supply ; the complete quotient is therefore —4a%zry. If the divisor had been 3azz, then 


the foregoing quotient must have been further divided by <; that is, =e = 





goes > for it is plain that to divide by 3erz is the same as first to divide by 3ez and 
& 


afterwards by the other factor z. In like manner, to divide by 3ary* is the same as first to 

— 124%x? daz. 

divide by 3azy, and then again to divide by the other factor y, .°, rey =o 

All this is the same as in arithmetic; thus, if we have to divide 48 by 36, we may pro- 
48 12.4 4 12.4 




















coed as follows ; 55 = jo g = 9; for tis == 4, and this divided by the other factor 
_ Se 
3, gives 3. 
2, l4atasy? 3. — 8aizxtz —2a? 4, —12b*y7x7 _ Sy*z 
“Daxiyt = a2 desig? xz =pyiz = 3 
5, Taxtys _ rey 6. — Sxtysz® _ Bxty2zt 7. —Sayzt z 
Lazty$ “2- —4arty 4a —taty?z sa 
8. fie s 9. — 4zy\/z — Wz 2/2 
har = fenvy 6xty? ~~ daty  — Saty 





Nore.—When the numerator of a fraction is minus, and its denominator piue, it is 
matter of indifference whether we put the minus before the numerator, or before the 
entire fraction; because, from the rule of signs, a minus quantity is the result of the 
division indicated. Thus, in the last example it is indifferent whether we write 

272 Pat Vs 

~ Baty Saty ° 
rator plus ; for in division of one quantity by another, as in multiplication, whichever 
of the quantities be minus, provided aoe pak other be plus, the result is minus. Thus, 
the following all express the same thing: -- Gap; . For you see that, in 
cither case, when ¢ and 4 are interpreted, an the division performed, the quotient is 
minus. For instance— ree “e 

—6. 6 6 
g=73 _, = — 3, _- 2 == — 3, &e. 

Before proceeding to the following exercises, it will be well for you to look again at 

procept 3 of the Rule, from which you may yourself draw an inference of some 


The same is true when the denominator is minus, and the nume- 


- importance in the general theory of exponents. The inference is, that when the same 


letter oocurs in both dividend and divisor, and that the exponent of it in the former is 


_ greater than that in the latter; the quotient, as far as this letter is concerned, is got 


by simply subtracting the smaller exponent from the greater, and placing the difference 


_ over the Ictter; thus, in example 2, a‘ in the dividend, and a’ in the divisor, give a” in 


* The learner will perceive ha indicated the division by a fraction, whether the — 
tion be aigebralen! or purely nusmeriaal, ail we have to do is to ca: scat 


ae oe: 





noel all the factors common to 
numerator and denominator : the reault is the value oft the fraction, reduced to ite simplest form. 
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tho quotient, and z* in the dividend, and x? in the divisor, give .c5 in the quotient; the 
y* in doth is cancelled, You thus see that, when the same letter or quantity is concerned, 
division becomes the subtraction of exponents; multiplication, as you are aware, being 
the addition of exponents. You will no doubt think, when the exponent in the divisor 
is greater than that in the dividend, that this view of division must be abandoned ; but 
it is not eo, as you will shortly see. 





EXAMPLES FOR EXERCISE. 


1. Divide 8az*%y? by dary 2. — Gbaty2z by Wary 

3, — 12ctysz iy — Sx%ytz2 4, 16ax2y by — da?zy* 

5. Taxtyz? by ” batntye? 6. z by 6b*y62 

7. 24ey® by — Qlesysz 8. — 36a%aty® oy Satay y 

9. Sabz3/y by 10ab*eV/y 10, — 8aretxt by — 12actx8+/z 

ll, —2maty? by 8miaty® 12, — 13x%y24 by — 26yt/z (see page 178). 





Case II.— When the dividend is a compound quantity, and the divisor a simple quantity. 
Ruxz 1. Find the quotient of the divisor, and each term of tho dividend by the 


former rule. 
2. Connect the separate quotients together, by the signs which belong to them, and 
the complete quotient will be obtained. 


1. 
a ar 4az 


=8arz — 2a°— } 


on 47 
3. ester tare Here the compound term in the numerator is to 
be subtracted from what precedes, therefore the signs of tho subtractive quantities are to 
be changed, and they are then to be added (see page — Hence the fraction is— 


32 3 4 
214322 -+-7a2x 3 —42 at4z+28 —3 ar-2—Batp — =23 (a+1)x—6 any — 





7a%x 
EXAMPLES FOR EXERCISE. 
1. 9a%x2*— 8a82*+ Gate 2. l2xty2+- Grit yts*—.3e7y? 
sax 82% y2" 
8. San (Acy — 8ay7)+12axy 4. 82y'-4(dax — Qy) 2 
y 4c7y 
5, 8a2x*y?—2(Sax%ys29— 1) G, 16a‘bta"— (8 — 8a%be') 
dary - 4a? 





Case III.— When both dividend and divisor are compound quanttttes. 

Ruxz \. Arrange the terms of dividend and divisor so that the exponents of the 
powers of some one letter in both of them may appear in decreasing or increasing 
order ; that is if x, for instance, bo the letter chosen to govern the arrangement, place 





t 


| 


| 
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the terms in either of these two ways :—Let the term containing the highest power of r 
be put first; that containing the next higher power immediately after, and so on; or else 
let the term containing the lowest power of x be put first, that containing the next 
lower immediately after, and so on; but do not write the terms at random. 

2. The dividend and divisor, thus arranged, being placed as dividend and divisor, 
are placed in arithmetic, divide the jirst term of the dividend by the frst term of the 
divisor ; the result is the first term of the quotient. 

3. Then, as in arithmetic, multiply the whole divisor by the part of the quotient 
thus found, and subtract the product from the dividend. 

4, To the remainder annex another term, brought down from the dividend, or annex 
more of the terms if more are seen, from the extent of the divisor, to be required ; the 
row of terms thus got is a new dividend, with which, and the divisor, proceed as at first, 
and a second quotient term will be obtained. And in this way the operation is to pro- 
eced, like the corresponding operation in arithmetic, till all the terms of the dividend 
have been brought down. When the last term has been brought down, and annexed to 
the remainder—no term in the dividend having been overlooked or neglected—then the 
row of terms thus got is the complete remainder. Should it happen that the divisor will 
not go into this complete remainder, the opcration is at an end, and you do just as you 
would in the similar case of arithmetic; you place this complete rcmainder, with the 
divisor underneath, in the quotient, as a fractional correction. 

1. Divide 62?—ax—a? by 2z—a. Here dividend and divisor are arranged according 
to the descending powers of x, the highest power of that lctter occurring in the first 
term. If the arrangement be the reverse of this, the operation will be that of the 
second form bclow; snes the dividend is divided by minus the divisor for con- 
venience. * 


Qe — a)6r? —ar—ar(Ir+a a — 2v)a? + ar — 6x? (a + 3c 
672 — sax (2 — %ar 
2ax — a? gaz — 6.x? 
2ar — «a? sar — 6x? 


2. a? + Yaz + a?)o5 + bart + 10a%2 + 1002? + 5atx + at(28 + Sax? + 3a7x + a8 
xs + 2ax' + a*z5 
8azx* + 9at%rs + 10a8x? 
Sact + Ga%xs + 3aSx? 
Ba°r3 + Jair? + Jaiz 
Ba°xt + Gatz? + Bate 
ax + Jaix + as 
aiz? + Patz + as 


8 2 — 2)2a4— 32¢(2x7+ 4x?+ Be + 15 
2rt—~ 423 





42° 
4z8—— 872 
8.x? 
82°— 16x 
16a — 32 
l6z — 82 


* Whether one quantity be divided by another, or minus the former by minus the latter, the result 
isthe same; for 5 is the same as =, whatever @ and 6 may atand for; itis of course the same 
with multiplication: the factors 2, b, give the same product as the factors — a, — b. 

+ This is evidently the same ns 224 -+- 02% -- Oz? +. 07 — 32; so that the — 32 need not be brought 
down till we arrive at the concluding step of the work. 
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4, 4a2— 72) 1225— 1324— T4z8-+ Bet 1(3e8t 222+ 2 4 Ae tL 
12275— 21 x4 4a? me Up 
Sat— 1473 
Bxt— 1427 
Gxt + 1 
82? — 14x 





EXAMPLES FOR EXERCISE. 


ee a ee 


1, Divide x?— 2r — 35 by z--7 2. Divide z?—2r—12 by e+ 3 

8. Divide 627+ 132 +6 by ar +2 4, Divide 1273+2923+-]427 by 3x2+2z* 
5. Divide 1823—33.r?+ 412 — 35 by 3x9— Qe + 5 6. Divide rt— 4 bv x—y 
7. Divide 2t—ar—7azxr*+8a2r—a3 by r—a. 8. Divide x?+(a+6)xr+ab by r+ 
9, Divide 8aty - 223y — 2r2— 8a%y + 7 by 4aty + Bry —1 


10, Divide r6— ri+ 23— xr?— 1 by 22+ a2—1 
11, Divide 3(2277+8) 2?7—20x by 3(2—1)z 12. Divide 23+-px+q by x—a 
18, Divide x'+px*+qxr+r by x—a 
[It is worthy of notice that in cach of the last two examples, the final remainder is 
the vory same as the dividend, when the z in it is removed and a is written instead. ] 


ON EXPONENTS, ROOTS, SURDS. 


You have alrcady been told (page 179) that there are two ways of indicating a root 
of a quantity : one way by means of the radical sign V, placed before the quantity, and 
another by the introduction of a fraction, writtcn in smaller character, over the right- 
hand corner of the quantity proposed —this corner fraction, you know, is called an 
exponent or index. The radical sign is used exclusively for roots; exponents are used 
alike for roots and for powers—thus, a‘ is the fourth power of a, and a} is the fourth 
root of a. But exponents or indices have a wider application still. As yet you have 
had to deal only with positive exponents; algebraists, however, have introduced 
negative exponents. I must give you some account of thesc—show yon how they have 
avisen, and what meaning is attached to them. 

Your attontion has already been drawn to the fact (page 189) that when a quantity 
with an exponent donoting a power, is to be divided by the samc quantity with a 
amaller exponent, the subtraction of tho latter exponent from the former is all that is 
necessary ; thus 


Remainder, l4z + 1 


$ 3 
~ = g°=-* sea? 5 om = a°—2%* oq’ =a, &e. 
Now, this mode of procecding has suggested the cxtension of notation adverted to above, 
giving rise to such expressions as 2°, a— 1, a— 9, &.: thus, carrying out the fore- 
going principle, we have 
1 


a aoa 
— sxa@l—1t = 4°; but— or—= 1, “6° = 1, a remarkable result. 
a ata 


ae? @° 1 ] 
Tn like manner, — = @° -~'%=-a—!; but —=-- s.a- tS 
a a q @ 


* In exercises in division, a'ways expunge, before you begin the operation, whatever factor is 
obviously common to both dividend and divisor, as you would do if you had to deal with a fraction, 
the dividemd being the numerator, and the divisor the denominator, In the example a, the 
factor z obviously enters all the terms of both dividend and divisor ; 1t ia therefore a ueeless encum- 
brance, and should be expunged; the division will then be 1222 + Sox +14 by 8+ 2. Examplel] 
admits of a like simplification, 
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a@-~- a—! | 1 
=e ts Sa *s: but =——, aI= 
a a? a? 





Similarly, 





And in the same way, a—s =, ents =; and generally, J a—"; 
a a™ 
whatever whole number m may stand for. You thus see that boars making any 
inguiry as to the particular values of m and #, you may always write =< a"—": if 
a" 


== 3 and » = 5, then mans, which, as seen above, is only another way of 
writing “ I may here observe that uwnétty or 1, divided by any quantity, is called the 


reciprocal of that quantity; thus, - is the reciprocal of a? ; = is the reciprocal of a; 
and soon. And any quantity with a negative exponent stands for the reciprocal of that 
quantity with a positive exponent ; thus, a 4 means =? a—* means oy &c.; so that 


not only powers and roots, but also the reciprocals of powcrs and roots, are represented 
by exponents. 

In the instances hitherto given of fractional exponents, the numerator of the fraction 
has always been wit or 1, the notation implying a root of the quantity to which the | 
cxponent is attached. When a power of this root is to be indicated, or the root of a 
power, the somewhat cumbersome form used at page 179—namely, (a4)+ for the third 
root of the fourth power of a, or (a#)4 for the fourth power of the third root of a, is not 
the notation usually employed; a single fraction is made to serve; the numerator of 
the fraction denoting the power, and the denominator the root ; thus af would stand 
indifferently for the third root of the fourth power of a, or for the fourth power of the 
third root of 4; whether you regard the power to be taken first and then the root, or 
the root first and then the power, is of no moment; the result isthe same. Thus 
suppose you have 8; if you regard this as the second power (or square) of the cube or 
third root of 8, then since the cube root of 8 is 2 (seeing that 2° = 8), you have 8% = 
2:==4; but if, on the contrary, you regard it as the cube root of the square of 8, then 
since the square of 8 is 64, you have 8'= 644 == 4, as before (sceing that 4* = 64), 
Or take the more general case noticed above, namely, at, If you regard this as (a*)4, 
you consider it the same as (aaaa)*. And if you regard ai as (a})+, you consider it 
the same as atatatal. Now these two results differ only in appearance; for Ict 
a’, that is, the cube root of a, whatever it be, be denoted by ¢; then, of course, @ is o*; 
and it is plain that (c*c*c*c*)t = ccec ; the first side of this ¢dentical equation being 
the former of the Above expressions, and the second side the latter. It is thereforo 


matter of choice with you whether you call 4 * the nth root of a”, or the mth power of 


L 
a”; and, in actual numbers, you may take whichever of these two views you find : be 


most convenient for the purposes of arithmetic. 
Whenever sn exponent in the form of a fraction is such that the numerator and 


denominator are the same, as in a, that exponent may be replaced by unit, or 1; 
because if the mth power of any quantity be taken, and then the sth rvet of the 
result, the original quantity (in this case «) is of course brought back again. 


— — 
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The second operation merely undoes what the first does; the two operations 
m 


mutually destroy one another, and are .", of no si so thata™=—-a. In consequence 
se 


P, 
of this, such an expression asaq ™ is the same as ae since the former means the mth 
root of the mth power of this. You seo, therefore, that when a fractional exponent has 
a factor common to both numerator and denominator, the common factor may be 
expunged, All that is said above applies as well to negative as to positive exponents, 
as cach expression there considered may ‘be equally regarded as the denominator of a 
fraction whose numerator is 1. The following is a view of the principal operations 
with exponents when they are attached to the same quantity :— 


pm Pp 
ai™ — q?; for example, ae = at’? = af, at=a?'t =@? ; &c. 
a" x a= a” ase for example, a? X a? = a5; at x a? m= asta af 


a” = a’ = a” ™; for example, a’ + a’= a’; at + a@t=at—t = ab 
(a™)” =a", for example, (a*)? =a’; (at) = a® ; &e. 
That is— 
To Murtirty. Add the ¢xponents. 
To Drvinz. Subtract the exp. of divisor from exp. of dividend. 
To Express A Powrr on Root. Multiply the exp. of the quantity by the exp. of the 
power or root of tt which ts proposed. 


In evolution, or the extraction of roots, there are some particulars respecting signs 
which require to be especially mentioned. In tnvolution, or the raising of powers, you 
have seen that the sign of the result is always fixed by the rule of signs; it is not so 
in the reverse operation of extraction. For instance, the square of 4 is 16, the 16 being 
plus, whether the 4 be plus or minus; but the square root of 16 is ambiguous as to sign; 
the numcrical value of the root is, of course, 4; but we have as much right to prefix a 
minus to this 4 as a plus; since (— 4)? and 4% are equally 16. Hence y 16 = + 4; 
that is plus or minus 4. And there is a like ambiguity, as to sign, in every even root 
of a positive quantity; because the corresponding even power of that root would be the 
same whether a + or a — be prefixed to it: V 4 or 4? is + 2; V 16 or 16¢ is + 2, 
andsoon. As to an even root of a negative quantity, the thing i is tmpossible. Such an 
exprossion as \/ — 4 implies an impossible operation; for you know the square root of a 
quantity is that which, when squared, reproduces the quantity. Now a quantity 
squared, whether its sign be -++ or —, is always -+ ; it is impossible .°, that — 4 can be 
the square of anything. Such expressions as V — 4, / — 9, / — 1, &c., are ,*, called 
tmaginary or impossible quantities; and they answer this purpose, namely, whenever 
they occur in the solution of a problem, you may take it as a sure indication that the 
problem implics some impossibility or contradiction. You thus see that the numbers 
of arithmetic, when introduced into algebra, divide themselves not only into positive and 
negative, but also into real and tmaginary. Real numbers, too, are separated into two 
classes; namely, rational and trrational, or surd. The following are examples of surds; 
namely, 2, 8, V5, 7,10, &. Surds, you see, are roots; but roots of numbers 
that are not themselves the reverse powers: 3, 5, 7, 10, &c. are not squares; they have 
.", 10 exact square roots, Nevertheless, either of these numbers being proposed, we can 
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elweys find another number such that ite squavo shall. approach as near.to the proposed 
number as we please; we can thus epprovtmate, as it is called, to the square root of 3, 
or 5, or 7, &c., to any degree of nearness, as you knew from your recollection of the 
operation for the aquare root in deosimal arithmetic. There ie thus a marked difference 
between 7/ 3 and 4/ — 3; the value of the former ean be approximated to, to any degree 
of nearness : the value- of the latter cannot be approsched to at all—it has no existence. 
It may be noticed, however, that both swrds and imaginary quantities may sometimes be 
-a little simplified in appearance. Thus, 7/ 8== / ¢:2=2024/2; f 272 1/ O38=3Y 8; 
V¥ —8o2 VW —- 242 —-2; VW —MWeY — 39K 8 y —~8; f —42 yy ~— 1, 
&c, This can always be dene when the number under 7/ can be separated into two fac- 
tors, one of whichis a square; the operation implied in 4/ being actually performed on this 
square, it becomes freed from the radical, which then applics only to the other factor. 
You should never leave under the radical, in any final result, a factor upon which the 
operation indicated by the radical can be actually performed. Thus, such an expression 


as 1/ a2) should be reduced to the simpler form a 4/ 3. In like manner, y az 8y = 


ax yy; V arty 82 axi=Q2xry 2a; and soon. It is customary to call such 


forms as 7 4, y Ys V 2a, &c., in which the operation undor the radical cannot be per- 
formed, algebraical surds ; although, if the letters were interpreted, it is quite possible 
that the algebraical surd might prove a rational number. Thus, if b were 4, then 1/6 
would be +2; which is rational, though ambiguous as to sign. 

I shall now give you a few examples on the evolution of simple quantities, or quan- 
tities consisting of but one term. You have b-en told (p. 184) that quantitics consisting 
of two terms are called binomials ; you will be prepared to expect, therefore, that those 
of one term are often called monomials, those of three terms trinomials, those of four 
guadrinomials; @ quantity consisting of more terms comes under the gencral name of 
polynomial, or multinomtat. 

To extract a proposed root of a simple or monomial quantity. 

Ruxx 1. Write the root of the coefficient with its proper sign, remembering that an 
odd root, like an odd power of any quantity, has the same sign as that quantity; but that 
an even root of a positive quantity takes the double sign +. 

2, Divide the exponent of each letter by the exponent of the radical; or, which is 
the same thing, multiply by the fractional index, by which the radicul may be replaced ; 
and the proposed root will be obtained. 

1. / 16a*¢== 4a? of 2, or 4214, Hore the square root of the coefficient 16 is 4; the 
letters. with their exponents are a‘x1, the index or exp. of the xadioal is 2; .. dividing 
the expopents by this, the /etters of the result are afzt = atzt. Or zeplacing the radical 





nenta within the vinculum, by the exp. without, we have 4(ata2\t — 4a%at — sate. 
The dauble sign is not placed befare the 4: the xcasan is, that the extraction ia not 
complated ;. 7 is a still-unperformed aperation, and the double sign is reganded : 


implied ia. 
2, V Gafa* ox Gabel t Sas® 8. V 2atst an Qatar mer ¥ Ye 
4,7 
It is to be obgeryed that when an irrétional or surd quantity occurs among the 


factors of « term, the letters composing that term are not arranged in alphabetical order 


Ry ee hee a 
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| exoopt when tho surd is expressed by.a fractional exponent; when it is denoted by the | 
sign V, it is always placed /as?, to prevent all mistake as to the extent of influence 
of this sign. If the result in tho last ex. had baen written 8 V/ab'x, it would evidently 
have conveyed a wrong meaning; it is true this might have been remefigd iby | 
marking the extent to which +/ reaches by a bar-vinculum, thus 3 ab. 2; but super- 


flnous marks and signs aro. always to be avoided, so that the form-8.x +/ab®ia to be pre- 
ferred; a bar over ab* is-not: required, when it is uziderstood that «/ covers, or extends 
to, alt the factors which follow it. I havo indeed myself put a bar over similar oxpres- 
sions at page 194, but I did so for fear that you should limit the influence of the radical ; 
it is best omitted when there is no danger of such mistake being made. 

6. rere or — a—85— *, or == a—1a—b—2, The firat of these forms, 


1 
eae rir is that which would, in general, be employod ; negative indives, though 
& 


of much importance in certain gencral investigations, being seldom used in particular 
expressions. But I must tell you that algcebraists do not like to leave surd quantities in 
the denominators of fractions ; for as I said before (page 183), they wish their final 
results to be in a form the best suited for arithmetical computation. Now suppose you had 


1 
to compute Va? a being interpreted to you;—say @==11. You would have first to 


find the square root of 11, to several places of decimals; suppose fowr places were con- 


sidored sufficient, you would then have cee ee eee? and the division here indi- 


Va” 113-3166 
cated would have to be performed. But instead of taking this course, let numcrator 


and denominator of —1_ be multiplied by 4/a, which, from the first principles of arith- 
Va 


metical fractions, you know to be allowable, ri would thus be changed into va. | 
a a 
va Vil 3 3166 


and you would have to compute eee | Bacay You can now, in a moment, 
pronaunce the final result to be ‘3015... , which of course, is the game as tho result 
of ars but it would have taken you much longer to discover it. Hx. 6 therefore | 


should not be left in the state in which I have left it above ; the steps should be — 
1 1 a Va 


a ee no 
ee 








| 
Vas” abtja aba 7 a 
EXAMPLES FOR EXERCISH. 

1. Vatoty 2% Yeratse 8, Batts 4. — Batty | 

5 Y¥—Ratytst 6, YBatyta 7. (aebtat)! 8, Yelytet 
2 _ 10. 7/atx-* ll. 7a-3x-ty § 12 ¥ aa | 

18. (—Sata’y’)’ 14, (9224) 4 15. 2*(Blaty'styt 
16. 7 ~ 16ahaty-° W. (Btavtaty) #18, Barty. | 
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FRACTIONS. 


Algebraic fractions are treated exactly the same as numerical fractions in common 
arithmetic; the only difference being in the symbols, not in the operations per- 


formed, 
To reduce a mixed quantity to an improper fraction. 


A quantity is called a mixed quantity when it is partly integral and partly frac- 
tional; such a quantity may always be changed into an equivalent one, wholly frac- 
tional in form; the result is called an tmproper fraction, as well in arithmetic as in 
algebra, because an integral quantity is really absorbed into it. The rule for reducing 
a quantity partly integral and partly fractional to a form wholly fractional, is as 
follows : 

Ruix.—Multiply the integral part by the denominator of the fractional part ; connect 
the product with the numerator, by the sign of that numerator, and place the dcnomi- 
nator underneath. 

1, ap— = = —— . Here nothing more is done than replacing a by ~” > which is 
of course cae: to it. The integral part a is converted into a fractional form, by 
multiplying it by the given denominator 4, and dividing the result by the same letter, 
thus destroying the effect of the multiplication. And this is all that is done in opera- 
tions of this kind, 








Gigi OE oe go Pe 
x z xy z—y 
4, a Fo _ ety 5. EY ttt SEY (ooo p 182). 
g, +H)? 9 — (9)! ees 
xy = zy = a—b 
8. fetta de! V= (gee p. 195). 


To reduce an improper fraction to a mixed quantity. 


Ruiz.—Divide the numerator by the denominator, as far as the division can be 
carried, and to the quotient annex the remainder with tho denominator underneath. If 
there be no remainder, the quotient, which will then be wholly integral, will be the 
complete value; showing that the so-called improper fraction is an integral quantity 
disguised under a fractional form. 


This operation, you sec, is nothing but that of division : the examples at page 191 
serve as well as any to illustrate the present rule; but a few others may be added here. 





12a*—4a-+-35 = Qt 2? 4-1 1 
4a 2ix?-+-20r-+ 26 xt—82-+ 7 ” tpt 
30-— ~ gt—Tx etna 4, ade t3 =0+ Ba + 7+ B3a43 


EXAMPLES FOR EXERCISE IN THE TWO PRECEDING RULES. 
Prove that the following are IDENTICAL EQUATIONS :— 
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x3 a? 2—y? 7 b+ e\3 4b 
as a Biagee a (bbe) 8 ; 
abet ims ee ae aaa Pier 3+y : ( b =) l= (6—c)? 
at af CP ernest jaa, wt+at 2a 
4, Ae a*--ax-+x i * panpat a~—z 6, 22—a?2 aa aot 
7 (z+y+2) (7+y—2) 1 a" +-y2—2? 8 (z-+-y+2) (x-+-y—z) —2 _(e—y)?—2? 
day Dey aman eas 
Liver ener ay a ge Bd eleprnd 
oxy dry e—2 x—2 





To reduce fractions to a common denominator. 


Before fractions can be either added or subtracted they must be reduced to a 
common denominator. No two quantities can be actually added together, or subtracted 
the one from the other, so long as the denominations of the quantities are different. You 
cannot add 4 shillings to 2 pounds; you can only connect them together as distinct 
quantities, till both are brought to the same denomination. It is only then that they 
can be actually incorporated in one sum; 40s. and 4s. make 44s.; the 2 and the 4 
make 6; but these are neither pounds nor shillings, and have no meaning in reference 
to the things proposed. A fraction, like a concrete quantity, denotes a stated number 
of things of a stated denomination; the number is cxpressed by the numerator, the 
denomination by the denominator ; and ,*, 80 long as the denominators are different, two 
fractions can no more be added or subtracted than pounds and shillings. You see, 
therefore, that before fractions can be fitted for addition or subtraction, they must be 
prepared for these operations by a previous reduction of them to common denominators. 
The rule for this reduction is given below; it is founded upon the obvious principle 
that a fraction is not altered in value, though the numerator be multiplied by any 
quantity whatever, provided only that the denominator be multiplied by the same 
thing; since the new factor in tho denominator just counteracts the influence of the 
same factor in the numerator; a multiplication, and then a division by the same thing, 
leaves the quantity operated upon, whatever it may be, virtually untouched. 

Rue 1.—Multiply each numerator by the product of all the denominators except tts 
own; the results will be the numcrators of the changed fractions. 

2. The product of all the denominators will be the denominator common to all the 
changed fractions. 

This rule will effect the reduction of fractions to a common denominator in all 
cases; but sometimes the desired change may be brought about in an easier way. The 
common denominator, found by the rule, is evidently such that each of the proposed 
denominators is always @ factor of it. It is the object of the rale to make sure of such 
a number in every case; but it often happens that a smaller number exists, such that 
each denominator is a factor of it; and whenever such smaller number can be discovered 
with little trouble, it is of course better to use t#, than a larger number. The smallest 
number possible is called the east common multiple of the denominators; and a little 
examination of the denominators will often enable us to arrive at it very readily, as 

. . a,b, ¢_ ays , bre, oxy 
will be seen in some of the following examples :—1. sty tam aya aye t aye 
Here the three fractions on the right of the sign of equality are respectively the 
same, in value, as those on the left; and the denominator 2ys is common to all. 
ata, 6,1 _ 15(r-4+a) , 100, 6 Qet-S Se+1_ 6a+9  Sat+z 

+atg= 9 tata 8. 7s & ee 
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1 ast : a8 r Here it is plain that 12 ise number, and the Jeast number, such: that 


6 end 4 4 are each a-factor of it, .°, 12a ia the least common multiple of 6¢ and 4, ee that 
the cotamon denominator necd be no higher then 124; this 12c is the first denominator 
above niultiplied by 2, .°, nrultiplying the numerator also by 2, the changed freetion is 
aE), Again, the same 12c is the second denominator multiplied by 3a, .°, mul- 
tiplyirig the numerator also by 3a, the second changed fraction is ca so that 
Qea-+1 , be 2(2r-+-1 léax ; 

ett + = G2 -- Tan * By the raise the common denominator would havc 
been twice as great. 


2 3 
5. reer ge or Here; since we know that (2-2) (x —#) =a? —a?, the 


second fraction will be converted into one with a dénominator the same aé the first, by 
merely multiplying numerator and denominator of the second by x —a, .°, the fractions 


2a 7 3(a — a) 
are —5 rz? —g@?- 


av —@* 








2x x 5 : ‘ ‘ 
1B, aeaps ft apaps + aa Here the coefficient of the common denominator is 6, the 
least number divisible by the coefficients 3, 2, and 6; the letters are @953, the least 


eens é ; 4az 36 
quantity divisible by a%D*, a%3%, and ad, -, the changed fractions are =F; -+ saps + 


2 
steal ; each fraction here differing from that which it replaces only in appearance,—it 
is the original fraction with numerator and denominator multiplied by the same thing. 





It will not be necessary that I should give you any exercises expressly for practice 
in the preceding rule. The examples furnished to you in addition and subtraction,—the 
rule for which I am now about to give, will cqyally afford practice in the forcgoing 
operation ; for, as you have already seen, all fractions must have a common denominator 
before they can be cither added or subtracted. I shall therefore at once procecd tu 


Addition and Subtraction of Fractions. 


Ruite—~Adadttton.—Reduve the fractions to equivalent ones with a common dcno- 
minwtor, which place under the sem of the changed numcrators. 
Subtraction——Reduce the fractions to equivalent ones with a common denominator, 


whioh place under the difference of the changed numerators. 











zfa,6 1 15 (@-+a)-+106+6 ete can 9452—5x* 9+ 5x(1—2) 
: —o t5 a as 30 a Ba Be 
a+b, a—b_(a+b)-4(a—2)*_ 20°04) 4 atd ae © _(q—By* dad 
. a—b a+b a?—b? ~ ab? . a—b a+b a?—b? rr ay) 
5 2e8_ tet? 2e-3—(de42)0_  do*+3 5 44h Lat! 
' “ee "3 3x er? "a Tan pl anti 
ety? grfy%7—(e%—y?) Dy?” x? 3 x? +-43—Dey (x—y)4 
7 iss ate * 3 8. erence Dementia ST, neon went 
wry a+ y* ry ry xy wy 


In this example, as well as in the preceding, an tnésger occurs in comnbction with a 
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fraction ; and it nay here betéticed, that taftinteger may. always be put in the form 
of a fraction by-sintply giving to it 1 for dénomisiator: thus, in the preseritt exantple, 


the 2.may,be regarded as 


EXAMPLES FORK HeeERC ee,’ 

Nors.—It sometimés happens that thé sum or diffgretce of fraction is a fraction such that 
numerator and Gendntinater have o faéfor comizion to both. Sitoh commen factors should 
always be expunged from the final result, whenever they are seen to enter: they only 
serve to give to the fraction an appearance unnécessarily complicated. A fraction thus 
deprived of all common factors in numerator and denominator is said to be in its lowest 
terms, the numerator and denominator béing called the terns of the fraction: 

22 —5 #2—1 2 z 1029 ' 3an—¢" 
at een * ——-- ——— . ennai Reuter 
3 Qx * z—3  2+3 : 8 7 
2o—8 2—b§ r~2 4 1 6g 7 a?z §t& 
: ' gt—ae+a? “x+a "2 "gy yz 
1 4 1 4a 1+-z 
2e—ai 2w+a 4x?—a* l+z+e2 l—r+z23 
a+b? atb a—b 


oR ab abht 


z y 
Show that —— a 14 ee a 
sa sty! oy o—y oty yt2 ytz xz+2 


MULTIPLICATION OF FRACTIONS. 
a 
If a fraction 5 is to be multiplied by an intoger ¢, we have to také a things, of dcno- 


ae 
mination 4, ¢ times; the product is therefore ag that is, ac of those things, just as if 


we had to multiply @ pounds, or @ ounces, by ¢, the product would be ae of those pounds 
or ounces. But, if instead of c, we are to multiply only by the dth part of ¢, then, 
of course, the product will be only the d@th part of tho former; that is, it will be 
= —d, or re ; xX < = a This suggests the rule, which is as follows : 

Roe 1.—Multiply the numerators together, the result will be the numerator of the 
product. 

2. Multiply the denominators together, the result will be the denomenator of the 
product. 

Norsz.—Before performing the operafion, sce whether efther of the fractions can be reduced to 
lower terma ; if a0, reduce the fraction. And after the operation, see whether a like redua- 
tion can be easily made in the result ; if so, reduce accordingly. (See preceding Norx,) 

It is of importance in dealing with algebraic fractions, that you should always keep 
in réméembtande thé factors of such expressions as af—d%, a4—b4, a°—d%, &c. ; as also 
of a2-42ab-+52, and a2—2ad-+-b2, You have scen at page 182, that the difference of 
the squares of two quantitics is the product of the sum and difference of the quantitics ; 
so that a2—b%==(a-++b) (a—b) ; a4+—b4—=(a2+-b%) (a®@—52) ; w&—S8== (a3-+5%) (49-55); 
&c.; aled that a*-4-2ub4-5% == (a+) (a+5), or (a-4+5)?; and that a*—2ab-+4+d%=+(a—d) 
(a—b), or (a-—d)*. ‘You ‘will havo very’ frequent occasion to apply these truths in ope- 
rations with fractions : I repeat them here, that you may have full warmmg of what 
you will be expected to remember. 
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32 az 62% 6a* S2*—z 10 a8 

= =" z+1 7 (2—1) (e-F1) ~~ (w—)2" = 5 x 223932" ee ee 
eaxy to see that the fector x will enter into both numerator and denominator of the pro- 
duct: it is useless to allow it thus to enter, and afterwards to expunge it; we there- 
fore silently suppress or cancel this common factor, and so preclude its appearance alto- 
gether. In like manncr, the factor 6, forescon to enter numerator and denominator of the 
product, is, at the outset, cancelled ; 20 that, before actually multiplying, we imagine the 
factors changed for = x 5 = Ge), the product in its lowest terms. 
You are aware that all this is cxactly what wo should do in common arithmetic: you 
have, in fact, nothing to learn in the management of algebraic fractions that is not 
equally necessary in the fractions of pure arithmetic. Suppose the example here com- 


32°—z 10 , ; 
mented upon had been ———X 5734; then, seeing that the second fraction has the 





factor 2 common to numerator and denominator, you would here, as in arithmetic, 
expunge or cancel that factor ; and, to make each step perfectly plain, might write— 





322—z 10 sate § 382—1 J 8r2—] 
. Xara =) CXS 1 go 23° 





EXAMPLES FOR EXERCISE. 














1. ex 2, exe 3, sas ae 4, xe 

5 ott — 6. ex 7. aXe 

8 a 9, Mex oe 10. oS 
1). x Bx ExF 12, ee x 

13. Sexes 14. Sax 15. (a—=) (G+) 





DIVISION OF FRACTIONS. 
If a fraction + is to be divided by an integer ¢, the result is of course at but if it 


is to be divided, not by ¢, but by only the dth part of ¢, that is by 2 then the quotient 
will be d times the former quotient, as is obvious; that is to say, the quotient will be 
Ax ad oF <. Hence division is converted into multiplication, as directed in the fol- 


lowing rule :— 
Ruix.—Invert the terms of the divisor, or turn it upside down, and proceed as in 
multiplication. 
1, Berd, Seth Be? Te _ 7(82—2) 
© TR Fe oe” Ge4+1 | -2(6x+1) 
yt xttey sry amy _ (ity), 1 (zt-ty*)(2*-¥),. 











AA a oe re 
a _ (& a‘ —x4 az a?—z2 
rs . G-a)=Gt)= ate atpat ae 


| 
| 
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EXAMPLES FOR EXERCISH.- 


Norsz.— Before inverting the divisor, you may always expunge factors common to either both 
numerators, or to both denominators: thus, the z in the denom{nators of example 1, last pege, 
might have been omitted, as also e—y in cach denominator of example 2. 





1 zal 9 a+! a—l 2-9 | 2+3 
*  w—2° 2742 “ @' @ ° 6° 4 

4 62?— 22 Pia 5 Oat — dy? | Sa—2y 6 pee ae eee 
* het * 2-+e ’ “sty  t—y? * Fo dayty? oy 





At page 174 a rule was given for the solution of a simple equation, and several examples 
were proposed to show its practical application. These examples, however, were 
selected with a view to your acquaintance with the operations of algebra at that stage 
| of your progress. You are now, I think, qualified to attempt equations of a higher 
order of difficulty, and to understand and apply the following more general rule. 


GENERAL Ruuz for the solution of a simple equation with one unknovon quantity. 

1. Clear the equation of fractions, if there beany. This may be done by multiplying 
' each numerator by ad/ the denominators except its own; or by taking a common multiple 
of the denominators and then multiplying each numerator by this multiple, after sup- 
pressing that factor in it which is equal to the denominator. 

2. Clear the equation of radical signs, if there be any. This is done by causing tho 
| quantity under the radical we wish to remove to stand alone on one side of the equation, 
and then performing the operation the reverse of that indicated by the radical, on doth 
sides of the equation. Thus, if the radical be 7/, we must square both sides; if it be 


V » we must cube both sides; and soon. This reverse operation evidently disengages 
the quantity from the radical; if two radicals enter, the operation must be repeated in 
reference to the second radical, Transposing, collecting, &c., are sufficiently explained 
in the former rule. It need only be added here that the example itself must suggest 
the order in which the precepts given in cither rule should follow one another. 


















1. * + ; = 5 at + 17. Here, if each numerator be multiplied by the product 


of the denominators of all the otMer fractions (regarding 17 as *), we shall have 24z -+- 


30x == 60x — 402 + 2040, .-, 24x + 302 +- 402 — 60x == 2040; that is, 342 = 2040, .”. 


2040 
to 3 C= 60. 


But if we take tho least common multiple of 5, 4, 2, 3, which is easily secn to 
60 
be 60, we shall have to multiply the first numerator by . or 12, the second by 7 


or 15, the third by . or 30, the fourth by > or 20, and the last (17) by sot 60. The 


equation cleared of fractions in this way will be— 
12x 4-162 = 302 — 202 + 1020, -, 122 + 15x + 202 —302 == 1020. 
20 
That is, 172% == 1020, .. z= “ = 60, 
It is plain that, whichever method be used, the equation free from fractions always 
arisos from multiplying both sides of the original equation by the same quantity ; thus, 
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‘eaten eee tne, 


in the first way, each side is rvaltiplied: by 126; the preduct of the denominators; in 
the second way, each side is multiplied by 60, tho least common multiple of the deno- 
rainators. 
2. 2-++1/6a--o%x8, Transposing the +, agreeably to precept 2, of therule, 4/62-+2* 
=3—z; and squaring both sides, 62-+-1?==9—62-+-22 
3 


9 
. 6 9—6z, .*, 122-9, .°, r= 7" 








3. Yep7—Yrt. Transposing, Y2p7=V 2+. 
Squaring both sides, c--7==r-+2/2+1. Transposing again, to get the radical aione 
on ‘one side, 
a ay”, Semec, .’, (squaring) Oe. 


4. — —3¢=7 Pia deg Oe ne Hore it is evident that (a—z) (a-+-x), or a®— 2? ig 


the least commen nmultiple of the denominators.’ 
-, L-a(at—29)=ax(a-+z) +a(a—2), 
that is l—a°---az*=-a*x-+-ax*-++-a*—axr. Transposing the unknown terms to tho left, .-, 
an—a7e=—43-+-g?—1, that is oy rome aga 
et tel or tata 
i os (i—a)a ’ (1—a)a 
As alroady remarked at page 190, we may if we please always change the signs of nume- 
rator and denominator of a fraction, so that it would be equally, correst to write the 
. ww _ l—(a+1)a? 
preceding expression for « thus: c= ala 
5. VatctyYr2+b=c. Transposing, /a+amc—b—yz, 
Squaring, a+ x== (c—b)* —2 (¢—b) Ye +x. 
Transposing, 2 (c—b) x= (e— b)?—a. 
| Squaring, 4 (e—b)%2#= {(c—6)3 —a} 2, 
Pee ed eto 
a= | 2 (ed) x 
This example is in appearance difficult, but in reality it is easy. If you look at the 
operations actually performed, you will sce that they are very trifling; the work is for 
the most part mercly ¢ndveated, not executed ; and such, in gencral, is the case when we 
have to deal exclusively with Uteral, and not with numerical quantities. The work of an 
algebraical problem is usually the greatcr, as the mcrely numerical operations are 
greater; because these must be actually performed it is the arithmetic, not the algebra, 
‘tHat occasions the labour. An example purely algebraical, like that above, requircs 
only a little address in the deduction of one step from another; a little caution in the 
management of signs, and some care in indicating processes, which arithmetic must 
perform when the symbols are interpreted by numbers. It is not easy, however, to 
embody in a rude all the expedicnts and artifices which may with advantage be resorted 
to in the solution of a simple equation; these must be acquired by observation and 
experience, by the exercise of your own ingenuity, and the suggestions of common 
sense. <A little thought and reflection will often do more for you than tho most elaborate 
rule. The following example will serve to illustrate these remarks :— 


6, eae -* ms. In this example the removal of the radicals is evidently 
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the first thing we'should try to effect; amd it is easy to sec that if we were to attem 
this by implicitly, following the precepts in the rule, we should soon have to deal 
complicated expressions. Let us try to evade these by a little ingenuity. ‘You see that 
if we were at liberty to subtract the denominator of the first member from the nume- 
rator, the upper radical ‘would be removed at once : this sagyeste the subtracting 1 from 
each side, we therefore make the following the first step, namely — 








vee tet; that ia, ——->" Be de 
Ya? +2? —2 ya? +22 rte ¢ 


And as it is in general less inconvenient to have a radical in the numerator than in the 
denominator of a fraction, we shall take the reciproeals of these fravtions, that-4s, chal] 
simply turn them upside down, writing the equation thus— 


a 2 _. 2 b 
ve tes Vetoes pat = Foe... [A] 








”, squaring each side, sail ied ie iat 
a? (bee Abo (6 — c)? * atb—0) a(b — c)4/ be 
$2 GS = pip eae 


The step marked [A] may be reached a little differently by help of a property of two 
equal fractions, which you will do well to remember, and apply in examples like that 


above. Let ° be two equal fractions may stand for the first member of the given 


equation above) ; then swdtracting 1 fiom cach, we haye— 
feel: Pe aed 
q 6 


DAG Ore 
gq € 


Now divide these results by the former, and we get— 
pt+a7_ ote 
p—q 6-¢ 
By applying this preperty to the given equation, we get at once— 
Aan ai oes and thence a? 4+-2° = bey. 
x b—e b—¢ 


Also, adding 1 to cach, we have— 


EXAMPLES FOR EXERCISE. 


No1ge,—Examples 8, 9, 10, 11, and 16, have been selected with a view to the application of the prin- 
ciple just explained. Remember, in ex. 15, that sum. X dif. = dif of squares. 

















20 x te Car ae 
anny a aaa % gtgt ant am ay a a as 
4 +e 6. 5. 01 pe ie 
x x 8 2 

anne eae y a 

6, VeT+e=7 7. Va-a—b0 5 es 
Yxt+28 Yx+88 10 Yrtla Yxride 
Yrts4 Yxr+6 * oa+d ox+3d 


Yer—a Siar Qa 


11. Vata = Share be 12, /(e~24)=y/z—2 13. Y(4e+-21)=2Y 241 





art eee a ce eat 
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9 bx-9 =o bz—-1 Vet+l—Ye—1 1 
14, 9 (22+3)=3 14. ——= -—— 164, ———_—____=— 
) Voxt3 2 Virityenl 2 





Simple equations with two unknown quantities, 


There are three methods of solving a pair of simple equations containing two 
unknown quantities. I shall illustrate them by an example :— 
1. Find the values of # and y in the cquations, on 


From the first oqua., by trans., 2% == 23 — by 1 om Bay, 





From the second equa., by trans., 37 == 6 + 2y “| eo staf 


Equating these two differcnt expressions for x, we have soe = oy 


69 — Idy = 12 + 4y |. trans. — 19y = — 57 », y = 3. Substituting this 
value for y in either of the expressions for zx, the second, for instance, we have 2 == 


”. (clearing) 


+s = 4°, 2==4,y—3. This method, you sce, consists in equating the expres- 
sions for the same unknown quantity, as deduced from the two equations. 








2. Having found an expression for x from one of the equations, as, for instance, x= 


6 + 2y substitute it for 2 in the other equation, and we get OY) + 5y == 28; 
clearing and removing brackets, 
12 + 4y + l5y = 69 .°, 19y = 57 , y= 3, 


ao that 2 or “TOY SES ey pays, 





This is called the method of substitution. 





3. In the third method the first object is to convert the proposed equations into 
forms such that one of the unknown quantities may have the same coefficient in each, 
thus :—multiplying the first equation by 3 and the second by 2, they become changed 
into 


6z +- 15y = 69 
Gz — 4y == 12 
By subtracting, 19y = 57 s,. y= 3 


And this value put for y in one of the given equations, in the second for instance, 
there results, 8c — 6 = 6°. emad, 

Or without, in this way, borrowing from the method of substitution, multiply the 
first equation by 2, and the second by 5: they then chango into 


. 4x + 10y = 46 
162 — 10y == 30 


By adding, 197 =76 «.¢@=4 


This is the method of equalizing the coefficients of the same unknown quantity in the 
two equations, When this equality is brought about, then addition or substraction, 
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according as the signs of the equal coefficients are unlike or like, will of course remove 
one of the unknown quantities altogether : when one of the unknown quantities is thus 
got rid of it is said to be eliminated. 

The operations by the three methods may be stated in a rule as follows :— 

Ruz 1. By equating two expressions for the same unknown. Find an expression for 
one of the unknown quantities from the first equation. Find an expression for the 
same from the second equation. Equate these two expressions and you will then have 
but a single equation with one unknown quantity, the value of which may be found by 
the former rules. The value of the other unknown is got by substituting the valuc 
just found in one of the expressions for that other unknown. 

2. By substitution, Find an expression for one of the unknowns from either equation, 
and substitute this expression in place of that unknown in the other equation: an 
equation with but one unknown will be the result. 

8. By equalizing coefficients. Multiply the two equations by such numbers (or 
quantities), the smaller the better, as will cause the resulting coefficients of one of tho 
unknowns to be the same in the two changed equations: then by addition or subtraction, 
according as tho equal coefficients have unlike or like signs, an equation will arise 
having only one unknown quantity. Both unknowns may be eliminated one after the 
other in this way; or having eliminated one, and then found the value of the other 
from the resulting equation, the value of the former may then be got by substitution, 
as in the example above. 


ad 
or ee 
1. Find the values of x and y from the equations ae 
aren 
Multiplying the first cquation by 2 and the second by 3, 
lee reg ee 
ae is 
oY, ¥ 
argah 
. oe & 
Subtracting, 473= 8°, 94 — 42 = 60 , 52 = 60 «, x12 
“, (equation 1) 2 +f=6 o ‘= 4s.y¥= 16. 
7 st+g=7 , Clearing, 32 ++ 2y = it -.. [A] 
“1 1V—3 2x + 3y = 48 cps 
3tae : 


Substituting this in the equation above, 72 —<# + 2y = 42 
*, 144 — 9y + 4y = 84, 60 = dy, Ly 
And a =: 24 — °¥ == 24 —18 = 6. 


Or, subtracting the upper frdin the lower of [A], 


—z2py6o yb +2. 
Substituting this in the former, 
8a + 12 be Qe me 42, 6 ee 80 ee ey eb ee 12, 


ee ete pene 
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This latter is the easier mode of prooceding : wach | i from rule, as in 
equations with aneauknown, msy often he sdapted Adyantege. 


net 


BXAMPLES FOR EXERCISE. 





3% 94 
1. etgy=28 2 brity=58 os 
52—Py=16 +1y= t+8aen181 
Bx— Ty Qa+y+1 6, 2 
+ ag spe 6 Beane | 
21 9-70) Yt? 4 107=192 
1 12 Here the unknowns had better 
es 
7. sill deo 8. pa pe 3 be regarded as a when 
ar Per 25 these are fond, the recipyo- 
can be taken. 
10, 2-2 __ 0-2 y—10_ 11. +6 _yt2 
5 8 4 7 +4 y—2 12, t+y=19 } 
a y+2) sy tit | 248 y—7_{ ee p. 203) 2x95 
3...» 8 4 z+l 4-13 


Questions in Simple Equations with one or two Unknowns. 


1, Find a number such that whether it be divided into two cqual parts, or into 
three equal parts, the product of the parts shall be the same. 
Let z be the number; then by the qucation 


Y £2 ££ fB 
a~2=39X% 3% Zo 
. 2 2 | x 27 
thatis =p Gy Se Se Se. 


When tho question implies parts of the unknown quantity, fractions may generally 
be avoided in the solution by representing the unknown not by z, but a multiple of z, 
such that the proposed parts may be integral: thus, in the present case— 

Let 6x be the number; then by the question 

8a 82 = Qe K 2x K Wz 
that is 92? — 8r3 -.9= 8x «+ =s “, 6a = Fe 63. 

2. A person after spending one-fifth of his jncome and £10 more; found that he had 
£35 more than half his income left; what was his income? 

Let 10z represent his income ; then by the question the number of pounds he spent 
is 22 -+- 10, so that he had 10% — (2a 4 10) left; that is 8x — 10; but by the ques- 
tion he had 52 +- 36 left, 

“, 8% — 10 == be + 396 Bee 46 oa 15 |, 10m 160 
so that his income was £150. 

3. There is a fraction such that if 3 be added to the numerator, ‘ite-velue'is'}; and | 
if 1 be subtracted fren: the denominator, its value is 4: what is the fraction ? 





| QUESTIONS IN SIMPLE EQUATIONS. 207 


Let z be the numerator aud y the denominator; then the fraction is” ;. and by the 
question 








2+38_o1 

y 8 of MHEES 

we 1 62 = y —1, ory = be +1. 
y—1~ 6 


Hence, equating these two expressions for y, we have 
fe +1lm—3er+9 .. 278 ., r= 4, the numerator. 
And y = dz + 1 = 21, the denominator, .-, ~ is the fraction. 
4, A man and his wife could drink a barrel of becr in 15 days; but after drinking 
together 6 days, the woman alone drank the remaindor in 30 days. In what time could 


either alone drink the whole barrel? 
Suppose the man qould drink it in z days, and the woman iny days; then in one day the 


man’s share is * of the whole, and the woman’s i so that 15 times the sum of these 


shares is 1 whole barrel: that is— 


But by the question 

6 6 30 6. 36 

rs La ys that is, a er = 1, 
So that dividing the firet equation by 15, and this last by 6, we have 


oe 
a’ y 16 
| 6 1 
ety os 
By subtracting 
Pe 
y 6 16 30 Yo..% ”" 
_ 6 1,165 8 ,1%_, 1 . 38 7. ; 
Alo ame, 19 | 1 ee a 
“Tame ws 21, 


Consequently, the man alone could drink it in 21#days, and the woman in 50 days. 
1 1 
In this cxample > sad y are, negarded,as ;¢he unknown quantities, as recommendod 


at page 206, example 9. 





1. Find a number such that if it be increased by one-half, one-third, and one-fourth 
of itself, the sum. shall be 50. 

2. There is a fraction such that if 4 be added to the denominator the value is 3; 
and if 3 be added to the numerator, the value is 2: required the fraction. 

3, What number is thet such that ifit be increased by 7, the square root of the sum 


ahall be equal to the square soot of theampber itealf and 1 mare? 





eee rc a rn a ee ee ne 
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4. Fifty labourers are engaged to remove an obstruction on a railway: some of 


them are by agreement to receive ninepenceo each, and the others fifteen pence. Just £2 
are paid to them: but, no memorandum having been made, it is required to find how 
many worked for 9¢., and how many for 154d. 

3. A person ordercd a quantity of rum and brandy, for which he paid £19 4s.: the 
brandy was 9s. a quart, and the rum 6s. He has, however, forgotten the exact number 
of each he has to reccive ; but he remembers that if his brandy had been rum, and his 
rum brandy, his outlay would have beon £1 13s. less. How many quarts of each did 
he buy? 

6. A person has spirits at 12s. a gallon, and at £1 a gallon; how much of cach sort 
must he take to make a gallon worth 14s. ? 

7. A merchant has spirits at @ shillings a gallon, and at J shillings a gallon; how 
much of each must he take to make a mixture of d gallons worth c shillings a gallon ? 

8. In the composition of a certain quantity of gunpowder, two-thirds of tho whole 
++ 10lbs. was nitre; one-sixth of the whole — 4ilbs. was sulphur; and the charcoal 
was one-seventh of the nitre, all but 2lbs. How many lbs. of gunpowder were there ? 

9. A farmcr wishes to mix 28 bushels of barley at 2s. 4@. a bushel with rye at 3s. a 
bushel, and wheat at 4s. a bushel, so that the whole may make 100 bushels worth 
3s. 4d. a bushel; how much rye and wheat must he use ? 

10. Two persons, A and B, are engaged on a work which they can finish in 16 days ; 
but after working together 4 days, A is called off; and B alone finishes it in 36 days 
more. In how many days could each do it scparately ? 

11. A composition of copper and tin, containing 100 cubic inches, weighed 505 ounces ; 
how many ounces of each metal did it contain, supposing a cubic inch of copper to 
weigh 54 oz., and a cubic inch of tin to weigh 44oz. ? 

12. A cask is supplied by three spouts, which can fill it in a minutes, ) minutes, 
and c minutes respectively ; in what time will it be filled if all flow together ? 





Simple equations with three unknown quantities may be solved by imitating the 
operations in equations with two unknowns; that is, by first climinating one of the 
unknowns from two of the equations, and then climinating the same unknown from one 
of those two and the third; the results of the climinations will be a pair of equations, 
with only two unknowns: for example, 

A and B can perform a piece of work in 8 days; A and C in 9 days; and Band C 
in 10 days. In how many days can cach alone perform it ? 

Suppose A, B, and C can do the zth part, the yth part, and the zth part respectively 
in one day: then by tho question, 

82-4-8y = 1 (the whole), 974-92 == 1, 10y-4-10z = 1. 

To equalize the cocflicients of y, multiply the first by 5, and the third by 4; and wo 

haye 


402-+40y = 5 
40z-+40y = 4 
", Subtracting,  40z—402==1. Mult. this by 9, and the second equa. by 40: 
360z-—3602 = 9 
860x-4-360z = 40. 
Adding and subtracting, 7202 = 49 and 720s=m31, .", 2 =: kad peg cs a 


A Ee Ce apereeee 





Se re rer tin  es m 


Pe aires est as a ere rt te nae nner a eens A 





QUADRATIC EQUATIONS WITH ONE UNKNOWN QUANTITY. 209 





41 41 
ae 104 4. 102 = 10¥ +i= 1 Pa 10y = 72 ae oe 


Hence A can do 8? of the whole in 1 day; B can do rao and C 


720 
*, A can do the whole in m days, B in 72) asys, and C in 70 “3, days. 
That is, in 149% days, 173% pean and 23,7, days, respectively. 

Equations which, like those considered in the preceding pages, imply distinct 
conditions, all existing together, are called simultaneous equations ; the conditions of the 
foregoing problem are implied in the three simultancous equations at the commencc- 
ment of the solution. 


: 730 





Quadratic Equations with one Unknown Quantity. 

A quadratic is an equation in which the sguare of the unknown quantity enters, and 
entcrs in such a way as to require a peculiar process for its removal. It is possible that 
even a simple equation may contain the square of the unknown; but then, in order that 
it may deserve the name of a simple equation, this square must be removable by trang- 
position or division, or by some other of the operations common to simple equations 
in gencral; whereas a quadratic, properly so called, requires for its solution an addi- 
tional principle: what this is, is now to be explaincd. 

And first, you are to observe that the square ofa quantity, consisting of but one 
term ; that is, the square of a monommial is itself 2 monomial : thus the square of 2 is 2? ; 
the square of ax is a*z?, and so on. But the square of a binomial consists of three terms; 
that is, it is a trinomial : thus, (x-+a)? == 2? +-2ar--a?, (2—a)? == 2?— 2ar-+a?, and 
80 On. 

The next thing you are to observe is, that if only the first and second terms of the 
square of a binomial, r+, or «—a, be given, the third term of it can always be found ; 
for you sce that thts third term ts nothing more than the square of half the coefficient in the 
second term. Thus, if the first and second terms, viz., r?-+4-2ar, or x?—-2az, be written 
down, we can complete the square to which these two terms belong, by dividing the 
coefficient of z, namely 2a or —2a, by 2; and then adding the square of the result. 
Thus, half the coefficient of x, in z?-++2axr, is a; the square of this is a? ; adding this 

*, to the two terms proposed, we have x*+-2ar-+a’, for the complete square of z-+-c. 
In like manner, knowing the two terms x*—2az, we have only to add to them the square 
of half—2a, that is, (—«)*, or a*, to get 2°—2ar-}-2?, the complete square of (x—a)?. 
It follows from this, that whenever we have an expression of this form—namely, 7?-+- 
px, whether p be positive or negative, we can always add to it a term, easily found, 
that will make the expression a complete square; this term being no other than the 
square of 49; that is, 1p"; and moreover, that the root of this squarc may at once be 
pronounced to be z+3p. In fact, common multiplication shows that z?+pr+j}p? = 
(z-+-} )?, whether p be -+ or —. 

I shall give you an example or two of completing the square, as it is called— 

1, Having the two terms x?+67, complete tho square to which these two terms 
belong, and express the root of that square. Here half the coefficient of x is 3, .°, the 
wanting term is 37=9, ,°, the square is z?-+-6z-+-9, and the root being 7, with the half 
coefficient taken with its own sign added, we have +7-++62+9 = (7+8)?. 

2. Given 2*—Sz to complete the square. Here the half coefficient is — 4, of which 
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the square is 16, ,*, the complete square is 2?—8x-4-16, the root of which being 2, toge- 
ther with the half coefficient, we have 2*—87-+16=(2—4)?. 

3. Given 2*--3” to complete the square. Here the half coefficient is — 8, .°. its 
square is %, .*, the complete square is 2?—32-+$-——-(2—#)*. 

I think you ean now find no difficulty in rendering an expression of the form 
x? +x, in which the coefficient of 2* is unity, and that of x anything, a complete square. 
It is the accomplishment of this sizgle raattet thet constitutes the whole mystory of 
quadratic equations, as you will now see. 


To solve a Quadratic Equation. 


Rutz 1.—As in a simple equation dispose all the unknown terms on one side of the 
equation, and all the known on the other; the unknown side, whor the terms are col- 
lected, will then consist of but 4vo terms—the first containing =z”, and the second x 
simply. 

2. If c*, in the first term, have a coefficient other than unity, divide both sides by 
that coefficient; the equation will thus be reduced to the form z?-+-ya==a, where a is 
the Anown side, and p a known coofticient. 

3. Add the square of half this cocflicient to both sides; the unknown side will then be 
a complete square, viz., the square of «+}y, the sign of p being the samo as that in the 
above reduced form; and the Anown sido will be a + dp’. 

4. Extract the square root of each side, and the result will be a simple equation, viz., 


a + gpm (a + fp’). 


You will observe that although I say catract the square root of each side, yet as far as _ 


the unknown side is concerned, there is, in reality, no actual extraction performed ; you 
have nothing to do but to write down x together with half the coeticient of z, in tho 
reduced form »*+-pa ; but, as respects the known side, when this is a number, the 
square root is actually found by common arithmetic, unless it is seen to be a surd, 
when we may leave it under the sign 1’, the extraction being merely indicated. You 
must romomber, however, that when the square root of a number is actually determined, 
the sign to be prefixed to that root is ambiguous (see page 193); it may be either + or —. 
1, Find the values of z in the equation x? +627==55. 
Completing the square, w?-+6z-+9==64, 
Extracting the square root, #4-3== 8. 
(, wzz—8 T8255, or — 11. 
If 5 be put for x, the proposed equation is 25-4-30=255. 
If — 11 be put for a, the equation is 121662265. 
2, 3@2-+227—-9=-76. Transposing, and then dividing by 3, the coefficient of 22, 
wo? Jams, 
Completing the squaro, 2?4-Jx-+ $= °24pan%3s, 
Extracting the root, z+ 47 *2°=+'8, 


7 


ro om p Poh 0: ~ 2. 
3 82*-9z—4==80. Transposing, and dividing by 3, 2? —8a—28. 
Completing the square, a*—Sc0-+- 998-4 Bee a= 
Extracting the root, z—pny/ P= tt} 


J. wR S7, or —4, 








nt a PO a ar ee i fs a a A I 
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5 sys ‘ 
4. a+-=6 }- Multiplying by 5z, to clear fractions, 
w°+-2G=—226e, .°, c—-86ea=—-26. 
Completing the square, #9—-262~-}-1322m0169—25=2144. 
Extracting the root, c—13=-/ 144==+12. 
*, @rl3 112-35, or 1. 





——=-5. Clearing fractions, 


7x +-22+-2=-52* +52. 
Transposing, 57?—4a=-2 |, ao = 


Completing the square, z *— et i a=itig : — 


ee 


Extracting the root, oe w= 14. 


: 4/14. 
° atts 5 vY 
Tho square root of 14 is found, by arithmetic, to be 3°742 ; and ; of this is °748; 


also since — we have wmz'4 1'748==1°148, or —'348. 


6. a 7. Multiplying by 2, to cloar fractions, 
x 
tL 1e+9- 4072? 622-1579. 
6 

Or dividing by 6, ae 

253,25 49 
Completing the square, ge a 6 hell 616" 

at. 


Extracting the root, ria ao 


1 


te a or “3 


* Clearing fractions, and remembering that sum x difiseadif. aqrs. 


2a4-2 wa=16—# », 24 x= 16—3z. 
Squaring, to remove the radical, 
44==266—9627-4-922 ,-, 927—-100x7==—256. 


2Yx+2 4— & 
“44y7a Va 


00 5 
Dividing by 9, a 
100 ~~ 2500 256_ 196 
Completing the square, 2?— 9 * tar aa a ier) 
= iu 
Extracting the root, eT=V5 wemecen ars 
_# 504M 8h ee 


We might have completed the aise aes clearing the radical from the equation 
22-+4-21/1*—16—z2, thus: by transposing, 
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2 16 
8242 r16 -, t+3V ra 
Now, since 2 in the first term is the sguare of 4/z in the second, it is plain that we may 
treat this as a quadratic equation, regarding 4 as the unknown quantity .°. com- 
pleting the square, 
2 1 16,1 49 
tr -== 
tyVety=s t= 5 
Extracting the root, 
1 49 7 
Verg=Vv G=s5 
1 7 8 64 
ae Vam—, to=2, or—g; .°. 74, or” 
Norz.—And in a similar way may any equation of the form, 2””--px"==a, in which 
the exponent of « in the first term is double that of x in the second, be solved as a 


2 16 
quadratic; the equation just considered is rays = where the exp. 1 of 2, in the 
first term, is double 3, the exp. of z in the second. 





EXAMPLES FOR EXERCISE, 





1, xt—deren5, 2, 22482=33, 3, 22-Bra9, 4, 822427=16). 
5. Tet—20r=32, 6, at—e—-170=40. 7. Satt4ernO73. 8, — aii: 
9. e+ Poo, 10, 522+3—4x4159. lL. 62 Pt _ 44-0, 
12. Poteet 18, eeu or 48e-2432x2-1=11 (See p. 192). 
14, x4—40074890=0, 16. a2+ar+d=0, 16, are peat, 17, SAV 2H 20. 
18.* (32-2) (1-2) =4, 19, 1542—482+45=0, 20, viatyitiat. 


The preceding method of solving a quadratic cquation is that which is usually 
employed for the purpose ; in certain cases, however, it is attended with inconvenience ; 
in those cases, namely, where the completion of the square introduces numerical frac- 
tions into the work. I am now going to show you an improvement upon the common 
rule, by adopting which, in your own practicc, you will prevent the introduction of 
fractions. 

The most general form of the quadratic equation, after the proper preliminary re- 
ductions, is az? +- bx ==. Let cach side be multiplied by 4¢; the equation will then 
be 4a°x* +- 4adx == 4ac, or, which is the same thing, 

(2ar)? -+- 2b(2ax) == 4ac. 

The first member of this, you will observe, consists of two terms :—namely, the 

square of 2ax and 26 times 2az; so that regarding 2ax as the unknown quantity, we 


* The roots of this equation, and also those of equation 19, sre imaginary; that is, the values 
of z in each will be found to involve the square root of a negative number ; we may conclude, there- 
fore, that it is not possible to satisfy either of these equations by any real value of x (see p. 198). 
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shall complete the equare by adding 5°; and the root of that square will be 2az -+- d: 
we therefore proceed thus— 
Completing the square, (2ax)* +- 26(2ax) -+f- 69 == 4ac +- 3°, 
Extracting the root, Zax -+- b == 7/(4a0 + 6°). 

Hence any quadratic may be reduced to a simple equation, of which this is 
the general model, without the introduction of any fractions. The steps from the 
proposed quadratic ax* + bx =, to the simple equation 2az +- 5 = 4/(4ac + 5°), 
need not be gone through in each particular example; the reduced equation may be 
derived at once as follows :— 

Rule II.—Take twice the coefficient of z* in the proposed quadratic; this will be 
the coefficient of x in the derived simple cquation. 

To the first term thus found, connect with its own sign the coefficient of x in the 
proposed : and the first member of the derived simple equation will be obtained. 

To form the second member, multiply the second member of the proposed by four 
times the coofficient of x?, add the square of the next coefficient (that of x) to the result, 
and cover the whole with the radical sign. 

This is the rude for the solution of any quadratic; it is a mere translation in words 
of the formula for the solution ; namely, 

Proposed quadratic. Derived simple equation. 
ax* +. by =. 2ar + b == y/ (4ac + d*)., 

You may either commit the rule to memory, or keep the formula before your mind’s 
eye; remembering that, as a square is always plus, b? is to take the positive sign, 
whether 4, in the quadratic, is -+- or —. Thus (sce ex. 6, p. 211), 

Quadratic. Simple equation. 
622 — 15x = 9 
or 
Qu3—Se==38 . 1... 44-5 =o (24 4+ 26) = 7/49 = +t 7. 

Again, ex. 5, p. 211, 

Se® —~ 402 . . 1. Oe — 4 o/ (40 + 16) = 7/56 = YA. 

Also ex. 3, p. 210, 

wt — Brrr 28. . . . We — 8S Y(1124+9— Yl +11. 

And from each of these simple equations you may deduce the value of x, ata single 

step: thus— 
ex. 3. em bE 7, 0r—4; ex. 5, oS TOMM et yu; 


ex, 6. pm ltt uy, or — 3, 
as at the pages referred to. You will do well to return to all the examples you have 
worked by the common method, and re-solve them in this way, which you will find to 
be much the shorter and easier, whenever fractions are unavoidable by tho former rule. 
I refrain from giving additional examples here, solely because I expect you to act upon 


this recommendation. 





To solve a pair of equations, with two unknown quantities, when one ts a simple equation 
and the other a quadratic. 


The mode of proceeding in this case scarcely requires any formal directions. From 
the simple equation an expression for one of the unknowns may be easily found in terms 
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of the other and dnewn quantities, as at page 204; and this expression substituted in 
the quadratic will, of course, givo an equation with only one unknown quantity; the 
other being eliminated in consequenco of the substitution. Thus— 
1. t+ Wy =F From the first equation z==7—2y. Substituting this 
a* + Bay — y? gal a the second, it becomes-— 
(7 — 2h? + BCT — Qy)y —~ y? 228; that is, 40 — 28y + dy? 4 21y — 6y? — y% = 23, 
or 8y? + 7y == 26 
+ Rule IL, 6y 7 == 7 (312 + 49) == /36lext 19 
; y= iit 2 =2or— a= 7 — 2y= 3, or 1533 
so that the two values of 2 and y which satiafy the proposed pair of simultancous 
equations are either— 





res z= 162 
cay oe eae 44, 
= 1+-3 ‘ F 
" oy? rane kif ore 20 From the first equation @ = as . Substituting this 
in the second, it becomes— 
2 2 
Pt + 3yy + it SY y — dy? = 20; that is, at eye + yt en — Sy == 20, 
or, multiplying by 2, and transposing, 2y? +- 7y = 39 
-, Rale IL., 4y + 7 == (812 + 49) = 7/361 =+19 


Ps 











aI 19 13 By _ 
yep Bore pee 5 = 6, or — 94, 


so that the valucs of # and y are either— 
M5) x=—9} 
ea ae 64. 
Somctimes pairs of equations, coming undcr the present head, may be most convenicntly 
solved, independently of rue, by exercising a little ingenuity. Here is an example .— 
8. &@--y=l2 By squaring the first equation, and then subtracting the second, 


e* by? == 74 Qey 70 , 4xy = 140. 
From the sq. of the first, viz. 7? 4+-2zy-+-y° == 144 
Subtract Any = 140 
27 —Iy+ty= 4 
Extracting the square root, LZ—Yy =-+ 2 
But, aby = 12 


“, adding and subtracting, 22 == 12+ 2, and Qy = 12 42 
’, @=7,or5; and y= 4, or7 
that is, the valwes of x and y are cither— 
ee | y= 
y= x} td 4 == 6. 


4. In a similar way you may treat the cquations 2 — y= 6, a? 4-y* = 50; and 
you will find that the values of x and y are eithor == 7, y= 1; ora@=z—~1, y= —7. 


Questions requiring the solution of Quadratic Equations. 


1. The fore-wheel of a carriage makes 6 revolutions more than the hind-wheel in 
going 120 yards; but it is found that if the circumference of each wheel be increased 
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1 yard, that it will make only 4 revolutions more thay the iad-wheel im the aime 
distance ; required the circumference of each wheel. 
Let « = No, of Coane in circ. of larger wheel, 


y= » 6 6 « « @maller wheel, 
then 22° = No. of revolutions of the former, and “ = No. of revolutions of latter ; 
and by the question, = = — 6, Wy = 2x — zy , ey = 2x — Wy. . [A}. 


120 120 
Also by the question, —— eg eer sy a 4°, 80(y+ 1) = («+ 1) (29 — »/), 
that is, 30y + 30 = 29¢-+- 29 — ay —y .°. xy = 294 — Bly — 1. 
Substituting this expression for zy in the equation [A], we have— 
292 — 8ly —1 = 207 — 20y -, Se = lly +1.... [Bl 
This equation [B] is a simple equation, and [A] is a quadratic, or an equation of 
two dimensions, because of the term zy. 


From [A] we have z = es a this substituted in [B] gives— 


v] ‘ 
bt ia = ty _ooy -, Ly? + y = 220y 4 20 ~ 180y = 40y + 20 


“, lly? — 89y = 20 
~, Rule I1., 22y — 39 = a + 392) = 4/2401 = +49. 


“39449 _ 5 ly + i 





From the nature of the cise it is aia that the negative values of x and y are 
inadmissible; they fulfil the aigebraical conditions [A] and [B], as well as the posttéve 
values, for thore is nothing in those conditions to exclude them ; and it will often be 
found that the algebraic translation is free from the particular restrietions embodied in 
the question itself. The algebra furnishes al? the valucs of the symbols, whether 
positive or negative, rcal or imaginary ; and those of them are afterwards to be rejected 
which the restrictions of the question necessarily exclude. In the present case the only 
answers to the question are r = 5, and y = 4, 

2. A company at a tavern had £8 15s. to pay; but before the bil was settled, two 
of them left; in consequence of which, those who remained had each 10s, more to pay. 
How many persons were in company at first ? 


178 175 
Let # represont the number: then ~~ is the share of each in shillings, and —> 
5 1 
the portion each paid, after two had loft . the difference is a — ue == 10 by the 


question, .*, clearing fractions, 
1752-—-1 7524-350 = 102(z-—-2) ; 
or, dividing by 10, 35 az 2% — Qe, or #? — 2e=—= 36, 
 Qe— 2 (14044) = t Woes a = 1+ 6=7,or—5. 

Consequently they were 7 persons at first, 

3. What number is that which, boing divided by the prodact of its two digits, the 
quotient is 2; and if 27 be added to it, the digits will be inverted or transposed. 

Lot « and y be the digits, then the number jis l0# + y; and when the digits are 
inverted or transposed, the number is 10y -+- s. 





| 
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1 
By the question, eM 2 . 102 + ym Qry.... [A] 


and 10% + y -+- 27 = 10y +a, Ox + Woy ete Bmy. 
Substituting this value of y in [A], we haye— 
lla + 3 = 227 + 62», 247 — bz == 3 
O48 ef (24 4+ 25) = 49 — 7 es 27 3, or — } 
J. y¥ma+ 3 = 6, or 24. 
The only admissible values are z = 3, and y = 6, .*, the numbcr is 36. 





1. Divide the number 33 into two such parts, that their product may be 162. 

2. Find two numbers whose difference is 9, and which are also such that their sum 
multiplied by the greater gives 266 for the product. 

3. A company at a tavern had £7 4s. to pay; but two of them having left, the 
others had each 1s. more to pay than his fair share; how many persons were there at 
first ? 

4. A purse contains 24 coins of silver and copper ; each copper coin is worth as many 
pence as there are silver coins, and each silver coin is worth as many pence as there 
are copper coins: and the whole is worth 18s. How many are therc of each ? 

5. Two messengers, A and B, were dispatched to tho same placc, 90 miles distant, 
A, by riding one mile an hour more than B, arrives at his destination an hour beforo 
him. How many miles an hour did each travel ? 

6. A grocer sold 80lbs. of mace and 100Ibs. of cloves for £63, but he sold 60lbs. 
more of cloves for £20 than he did of mace for £10. What was the price of 1b. of 
each? 

7. The product of two numbers is 240, and they are such, that if one of them be 
increased by 4, and the other diminished by 3, the product of the results is still 240. 
Find the numbers. 

8. A and B set out at the same time for a place 150 miles distant. A travels 3 miles 
an hour faster than B, and arrives at the place 84 hours before him. How many milcs 
did each travel per hour? 

9. What number is that the sum of whose digits is 15, and if 31 be added to their 
product, the digits will be transposed ? 

10. There is a certain number consisting of two digits. Tho left-hand digit is equal 
to three times the right-hand one; and if 12 be subtracted from the number, the 
remainder will be equal to the square of the left-hand digit. What is the number? 





A pair of simultaneous equations, with two unknown quantitics, cannot in general 
be solved without the aid of higher equations, when the proposed ones are doth 
quadratics. There are only two particular classes of such simultaneous equations to 
which general methods of solution, capable of being explained here, apply. These 
classes are called respectively homogeneous equations, and symmetrical equations. I shall 
very briefly consider them in the present article. 

Homogeneous quadratica.—A pair of quadratics is said to be a pair of homogeneous 
equations when each unknown term in both is of ¢wo dimensions ; that is, when no 
term, occurs without either the square of one of the unknowns, or the product of both; 
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the presence of two unknown factors—whether equal or unequal—in a term, being the 
circumstance that renders that term of two dimensions. The following is a pair of 


2 —s 
homogencous quadratics, each unknown term being of two dimensions : ae 7} 


The following is the general way of solving such equations :—Put sy for z, and the 


equations become 
pra arn 77, and 2%—?=12. 


=. 
From the first, yaa from the second, y’=7—j . . . . [A] 


77 12 
hg yal *. WePt—B8e=—77 

By means of this aia viz. the putting z times one of the ioe for the 

other, we easily obtain a quadratic equation involving z only: solving this, we have 
242—65= 7 (—77 X 48-4652) = 4/ 529=F23 
_65F23 _ 11 cf 
“4 3) e 
Substituting each of these in equation [A], we have 
12 12 hat i ae 16 - yep or 14 
23 3” a 8, Y'—> or FT 2 b ] — 
i saya y2, or sr 

You sce that each of the unknowns has four values; for 7/2 is either + or —: such 

is usually the case when the proposed equations are each of two dimensions, From the 


y? =, OF 


first equation above yt ; and if this be put for y in tho second, the result, 


cleared of fractions, would evidently be an equation of the fourth degree; and it is 
proved, in the Theory of Equations, that an cquation always has as many roots as there 
are units in the number which marks its degree: this is the reason that the valucs of 
x and y abovo are four in number. 

Symmetrical Quadratics.~—An cquation is said to be symmetrical, in reference to the 
unknowns which enter it, when they so enter that they may be interchanged without 
producing any alteration in the equation: thus z+y=a,; 2*-+-3ry4y'=d ; 2x>—d3z%y" 
+2y3=c, &c., are all symmetrical equations; because for every 2 you may put y, and 
for every y, Z, without altering either df the cquations. The following is a pair of 
symmetrical quadratics ; namely, 

H+y—%—y=18) The general method of dealing with such equations is as 
ry+2+y=19 ) follows -—Put w+ for x, and w«—v for y, and tho cqua- 





tions become 
(uv) 2+ (w—v) 2—2u=18 eo fe ie we EA] 
(utr) (u—v) + ou 19} 42—vt + 2u=19 
By adding, 2u%--w=28 °, 4u-+l=7(224+1)=+16 - .u= Tee or —4 
7 1 "1 
*, [A); Stet 5=0 “az 6. wets 


16+02+4=9 |<, ot=—ll 5, v=y—1l 
sesubos dts, or —4+)/—11; that is, 2=4, 3, or —4ty—1l 


y=u—v= LF), or —454/—11; that is y=3, 4, or ~4¢Y—l1 
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The two elasses of equations here exemplified will always yield to the foregoing 
methods: but particular cases of these, as also of other kinds of simultaneous equations 
for the solution of which no gencral rules can bo given, may often be solved more 
easily by the exercise of a little tact and ingenuity: for instance, you would not think 
of applying the first method to such a pair of equations as #*+2y=9, y*+ay=16; 
because the slightest inspection of them would suggest to you the better way of adding 
thom together, which would give you 2*+2zry-+y2=25, whence z+y=+5; and since 


the first is (x-+y)z=9, you would have at once +52=9; and thence o=+3 1. yt 


9 1249 me - Or you may proceed thus: the two equations give 





—rL= $545 


oty =, and rty=s Sy l6r y= ae , by substitution in the given equa- 


tions, you would have 
25 400 


ot =9, and gi? = 16: 
These equations give no diffrent values for z, since the second is nothing but ~ 


; 9 16 16 
times the first: hence the only valucs of sarez=+t, y= or=isg. 


Ratio and Proportion. 

The abstract number which arises from dividing one quantity by another of the 
same kind is called tho ratio of the former to the latter. Jtatio, therefore, is only 
another name for the quotient of onc quantity by another of the same kind:—the first 
quantity (the dividend) is called the antecedent of the ratio, and the second (the divisor) 
the consequent : these are the terms of the ratio. Thus, of the two quantities a, 4, the 
ratio is 33 or, which is the same thing, ¢ —- ); but the little mark between the two 
dots, in the symbol for division, is usually omitted in expressing a ratio; so that the 
ratio of a to b would be denoted bya: 4. Thus, the ratio of 8 to 4, that is 6 : 4 is 3 or 
2; this ratio is of course the same as the ratio 4 : 2, or the ratio 2: 1. 

When there are four quantities such that the ratio of the first to the second is equal 
to the ratio of the third to the fourth, the four iets are said to be in proportion : 
thus, if the four quantities a, }, o, d, bo such that = ee =i or, which is the same thing, 
a:b==c: d, then a, d, c, d are in proportion ; a we express this by saying that a is 
to bas cis toa; or by writinga:3::¢:d. Of these four ¢erms, the first and last (a 
and @) are called the extremes ; and the intermediate terms (4 and c) the means. 

From what is here said you see that two equal fractions may always be converted 
into a proportion, and a proportion into two equal fractions. All the properties of 
proportional quantities may therefore be derived from those of equal fractions, the 


following are the most useful :— 
1. In four proportional numbers, a: 4::¢:d, the product of the cxtremes is equal 
to the product of the means: for since © ;= tie ad == be. 


Conversely, if the product of one pair of factors be equal to the product of another 
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pair, the four factors are in preportion: the factors of one preduct being the means and 
those of the other the extremes: thus, if ad == be, then a : 3 :: ¢ : d; because from ad 


=> be, we get, by dividing each side by 4, 5 es 
3. If four quantities are proportional they are proportional when taken <nversely, 
that is, the second is to the first as the fourth to the third: thus, ifa:4::¢: d, then 


b:a::d:¢; because from ; = “we get, by taking the reciprocals, : =f 


4. They are also proportional if taken alternatcly, provided the four quantities arc 
all of the same kind; that is, tho first is to the third, as the second to the fourth: thus, 


¢ 


ifa:b::e:dthna:e:: b : dif the quantities are alike in kind ; because from 5 = — 


= = If a and ¢ were quantities of different kinds, as 


for instance, pounds and ay they could of course have no ratio; ratio being always 
an abstract number expressing how many times the antecedent is contained in the 
consequent. 

5. Three quantities a, b, ¢ are in proportion when they supply the equality 
ae ; that is, whena:6::4:¢. It is plain that three such quantities must always 
be of the same kind; tho first of them is to the third as the square of the first to the 


squaro of the second; that is, a: ¢::a%: 0%; because from c—=*, wo get, by multi- 


le 


we get, by multiplying by - 


: ba _b* @ 
1 --=—= 
P ying by = c ce b2 
6. It is further obvious that you may multiply or divide the first and sccond terms 
of a proportion by any number, and the third and fourth by any number, without dis- 


turbing the proportion; for =5 is the same as —— . And that the first and third 
1” 


may be multiplied or divided by any number, as also the second and fourth; for 
from? i=; owe get Moreover, since oe leads to =) whatever be m, it 
follows that the same powers or roots of four proportional numbers are also in proportion. 
7. The terms of two proportions, when they aro numbcrs, may also be multiplied 
together; that is if— 
@:6::¢:4@ 
and e: f::g@:h 
then ae : bf :: eg: dh 


for this is only multiplying the equations © =") aa together. 


b 
pire ae! 7) thona:¢::¢:f. This follows from multiplying together the 
mre @ which give ? op 9.9, 
equations ae aw ich gi - 7 = 


“an end- 


a 


By thus deducing different equations from the equal fractions or ratios ; — 
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less variety of sets of proportionals may be obtained ; but the most general of these 
deductions’ is derived from the following principle, namely :— 


If two fractions, ° “ are equal, then we may replace the terms a, } of the first by 


any expressions involving @ and 4 that are homogeneous in reference to these quantities, 
provided we also replace the terms c, d by expressions involving ¢ and din the samc 
manner. For instance— 
2a*—3ab-+-)? is homogeneous as respects a and 4: cach term being of two dimen- 

sions; so also is 5ab-+-4a*—2b2, we may therefore substitute these for ¢ and 4, provided 
we put the similar expressions 2c? — 3ed + @? and ded-+-4c?—2d? for c and d; that is, 
we may infer that because— 

ac. 

oa 
The reason of this is pretty obvious; two fractions cannot be egal unless onc is con- 
vertible into the other by multiplying num. and den. of the former by some factor (m) ; 
so that in the above, ¢c must be=ma andd=mb. Now if in the second of the changed 
fractions above you put ma, md for their equals ¢ and d, you will sce at onco that that 
fraction will be nothing but the jist fraction with its num. and den. multiplied by m?. 
If the homogeneous expressions chosen for the terms of the first fraction had been of 
three dimensions, then after the substitution of ma, mb, for c, @ in the similar terms of 
the second fraction, the result would have differed from the first fraction only by the 
num. and den. being multiplied by 22, and so on, as is obvious. The particular case 
of this general theorem which is most frequently employed is this, namely :— 


ac atm _ ctmd 


— 
> 


6b d'°apnb” cp nd’ 
or, froma: b::e:d 
LS atmb:agnd:: ce md: cynad 


where the values of # and x are arbitrary. In most applications they are chosen cach 
equal to 1, or one equal to 0, and the other equal to 1. I need scarccly mention, that 
when any of the conditions of a question are expressed by a proportion, the product of 
the cxtremes equated to the product of the means converts the proportion into an 
equation. 


ARITHMETICAL AND GEOMETRICAL PROGRESSIONS. 
Arithmetical Progresswn. 

An arithmetical progression is a row, or series of quantities, such, that cach quan- 
tity, after the first, is merely the preceding quantity with some invariable valuc added 
to it, or subtracted from it: thus, 1, 3, 5, 7, &c., and 1,—1,—- 3, — 5, &c., are arith- 
metical progressions ; the terms after the first in the former are obtained, each from the 
preceding, by adding 2; and in the latter by subtracting 2. The constant quantity 
thus added or subtracted is called the common difference: it is usually denoted by @; 
and as @ may stand for a quantity either positive or negative, the following will be the 
general way of expressing an arithmetical progression—viz. : 

a,a+d,a+ 2d, a+ 3d,a+4d,....a+ (n—1)d; 
where # stands for the number of the terms: the last term being evidently derived from 
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the first by adding to it as many times d as there are terms after the first ; that ia,n—1 
times d; so that calling the last term /, we have /==a-+ (n—1)d. You thus see that 
the problem—Given the first term, the common difference and the number of terms, to 
find the last term, is one of very easy solution. I shall therefore proceed to the next, 
| which is this -— 
Given the first term (a) the com. diff. (d), and the number of terms (n) to find the 

sum of the scries (8). 

Saat (ot) + (a+ 2d) + (a 43d) +....5 
or writing tho terms in reverse order, 

S==J + (1—d) + (J—2d) + (1 — 8d) +-....0, 

* adding, 28==(a+l)+(at+D+(@+O+(@tOt+....a+2. 

And as there are # terms in each series for 8S, there must be # egual terms in this 
last series; that is to say, 

W—on(a+l) ..S=4n(at+D; butdm=a+ (n—1)d 
» S=4n {2a + (n—1)d} 

The foregoing expressions for 7 and § will enable you to determine any two of the 
five quantities concerned when the other three aro given; as shown in the following 
examples. 

1. The first term of an arithmetical progression is 5, and the ninth term 37; what 
is the common difference of the terms ? 

For the particular numbers here given, the formula 

l=a-+ (n—l1)d 
is 87 = 5 + 8d |, a= 4, 
Therefore, the series is 5, 9, 13, 17, 21, 25, 29, 33, 37. 
2. Required1+3+5+7+9-+ &c, to twenty terms. 
S=4n {2a+ (n—1)d} 
=10 {2 +192 }= 400. 

3. How many terms of the serics } + 4+ 3+ &c. (where d = — 4) must be taken 

so that the sum may be nothing ? 


Se, 








a a 
therofore, the series is 5 t—3 + G+ °——g—5—G- 


4, Insert four arithmetical means between 2 and 17. Here 2 is the first, and 17 the 
sirth term of an arithmetical progression, and we have to find the common difference. 


t=a+(n—1)d 
1d 
Wo=2+ids d= zs 
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., the means are, 6,8, 11, 14; which oridontly fill up the gap between the first 
term and tho sixth; the series being 2, §, 8, 11, 14, 17. 
5. How many terms of the acries 9 + 7 + 5, &c., will give 24? 
S= jn {2a+(n—1) 4] 
”, 24 = be 18 — 2(n — 1) } sz 102 —~ 9° 


“mn? ~10n = — 24 *, 2n—10 = 100 — 96 = +2 
“m= £or6. 
Consequently, whether we take four terms of the proposed series or siz, the sum in 
either case will be 24; thus— 
Sour terms 9 4+-7 +5 4-3 = 24. 
sit terms 9+-7+643+1—1 = 24, 





EXAMPLES FOR EXERCISE. 


1. Find the sum of sixteen terms of the serics— 
142+3+4+ &. 

. Find the sum of fourtcen terms of the scries— 
4+3+2+1+0—1—2—&c, 

3. Sum the scrics 3 + 13 + 22 + &c., to twenty terms. 

4, Insert three arithmetical mcans betwecn 2 and 0. 

5. Insert fivo arithmetical means between } and — 3. 

6 

7 


tS 


. The first term is 5, and the fifteenth 47: what is the common difference ? 
. How many terms of the scries 12 + 113 + 11-+ 105, &c., must be taken to make 


8. The first term of an arithmetical progression is 7, the common difference — 3: 
required the ninth term. 

9. The sum of eight terms of an arithmetical serics is 2, and the common differcnce 
— 14: roquired the first term. 

10. The first term of an arithmetical series is — 33, the common difference 4: ro- 
quired the sum of twerty-one terms. 


Geometrical Progression. 


In an arithmetical progression the several terms give equal differences ; in a geo- 
metrical progression they give equal gwotients ; and this constant quoticnt, arising from 
dividing any term by that which immediatcly precedes it, is called the common ratio. 
The general form for a geomctrical series, continucd as far as » terms, is 

a, ar, ar, ar®,ar4, 2. 1. wwf arnt 
where @ is the first term, andr the common ratio; the last, or nth term, boing 7 = 
ar*-1; which formula enables us readily to find any remote term (the nth term) when 
the first term and the common ratio are given. 

By glancing at the above general form for a geometrical scries, you will at onco 
see that the product of any two terms is always equal to the product of any other two 
equidistant from them; and that if the number of terms be odd, the product of the 
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extrnne terms is always equel to the square of the middle or sean term. 
produot of the first and fifth terms is equal to that of the second and fourth, as also to 
the square of the third: that is 

art X a= ar X ar = (ar?)? = a7", 

When the first term of a geometrical progression is given, it is plain that we only 
require to know the contmon ratio in order to write down the succeeding terms to any 
extont; and from this it follows that whon the leading term and any remote term are 
given, we may always find the intorvening terms, and thus fill up the gap: for instance, 
if a and ar be given, to find tho three intervening terms we should divide ar* by a; 
and knowing—from the fact that there aro jive terms altogether—that the quotient 
would be the fourth power of the ratio, we should obtain the ratio itself by taking tho 
fourth root of that quoticnt: by help of the ratio, the wanting terms may be easily 
supplied, as noticed above. Theso intervening terms are called gecmetrical means 
betweon the given extremes; if only ove mean is to be insertcd between two extremes, 
it is found by taking the square root of the product of the extremes. Suppose, for 
example, it were required to find a geometrical mcan between 2 and 8: then, since the 
aquare root of 8 X 2, or 16, is 4, we know the mean to be thisnumber ; the progression 
being 2, 4, 8: if the proposed extremes had been — 2, — 8, we should have taken tho 
minus root of 16, and have written the progression thus, ~ 2, — 4, — 8: never- 
theless, whether the given oxtremes be both plus or both sinus, the square root of their 
product with etther sign may be truly regarded as a mean, for the following are gcome- 
trical progressions, as well as those above, 2, —4,8; — 2, 4, —8: the common ratio here 
being — 2; in the sects above it was 2. 

Again, suppose we had to insert ¢wo geometrical means between 3 and 81: then, as 
there are four terms altogcthcr, the exponent » — 1 above, is here 3, .°, 81 — 3 = 27 
= + r= 3. Honce the progression is 3, 9, 27, 81; the required scans being 9 and 27. 


To find the sum (8) of n terms of a geometrical progression. 


Since Seea tartartarp-at+... art tar! 
+ Sr sar tar + ar at tw art tar) ar 
Subtracting the first expression from the second— 
ar" —4a@ ce wae 
fap pode 
We have seen above that the last term / is ar*—', so that ri = ar", ., tho first ex- 
pression for S may be written 
S = rl—a (1) 
Smo ee Cl) 
and this formula, expressed in words, furnishes the following rule :— 

Rvuitz.—Multiply the last term by the ratio; from the product subtract the first 
term, and divide the remainder by the ratio minus 1. 

This rule applies, of course, whcther the ratio be whole or fractional, positive or 
negative. When it is a proper fraction, the series is a decreasing onc; and if carried on 
to an unlimited extent, must supply terms approaching nearer and nearer to zero or 
nothing, the terms at length differing from 0 by quantitics too small to be assigned. 
Although we cannot write down such an infinite number of terms, yet we may affirm, 
with confidence, that they are all comprehended between these extreme limits, namely, 
the first term a, and 0; with these limits included; for including the 0 in the series 








Sr+S+ar"—as,.S= 
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cannot affect the value of the swm. In finding this sum we may therefore regard 0 as 
the Jast term of the infinite decreasing series; so that, for all such series, the formula 
above, 2 being 0, will be— 





a 
= a> cet. whe 


and from this you sce—strange as the thing may at first appear—that it is easter to find 
the entire sum of an injinite geometrical decreasing series, than to find the sum of threc 
or four of its leading terms ; because the formula (1) involves more calculation than the 
formula (2). For distinction soke, it is usual to replace the symbol S, for the sum of a 
Jinite series, by X when the scries is infinite; that is, to write the formule (1) and (2) 
thus :— 


a -F yt 
r—l l—r 


1. Required the sixth term and the sum of six terms of the scries 1+2-+44+ &c., in 

whica a= 1, r=2, and n==6, /=ar*—1= 2? = 32 ; B=" t= 2X 32-1 =63, 
. ime 
2. Required the sum of five terms of the serics 1—4=16—64-+ &c., in which 
==—4, 

rl— —1024—1 
— eg = 205. 
8. Required the sum to seven terms, as also to infinity of cach of the serics, 1-4-4 


+}-+ &c., and 1—4-++-4—&c. In the first series r=}, n=7 .”, tart (Hea. 
.g _t-a_/l )- 1 127 63 


Here 7=256; S= 


—3 = jos x2=1 64" 


This is the sum of scven terms. When the number of terms is infinite, that is when 
== oo,* the sum is— 


— es —_—_— ne 


= _ =1>—4—=2; 
—r 
so that the sum of the tnjinite scries is just double of the first term; and you sec how 
much more easily the sum of an infinite number of terms is found than the sum of seven 


terms, 
6 


_ i 


In the second series r= . for the seventh term we have /=art—! — (— 5) = 


Sale (6 )- 3 127. 2__127 


r—1 \128 °/* ~~ 2” 128°37 192° 
h See ite 
And when» = ©, = >= lg =1X_ =35- 


1 
4, Insert five geometrical means between 2 and 30° Here, when the means are 
1 

supplied, there will be seven terms ..,% = 7; alsog = 2, andl = g53 but 7 == ay—! 
1 1 1 
a= Obs ee Beat eee — co 
SS Re ES ep Gg os 

Consequently the five means are +1, 4, +4, 4, + ps, 80 that the complete seven 


terms are either 2-+-1+4$+4+4+ rte or2—l+¢—tt+4—yet ve 
* This symbol stands for the word infinite. 





rd 





arr a ee 
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EXAMPLES FOR EXERCISE. 


Required the sum of five terms of the series 1 4- 2° + 24 + 26 + &e. 
. Eight terms of 1— 4+ 4—4+ &c. 

Ten terms of 1 + 2+ 4+ 8 + &c. 

. What is the geometrical mean between 6 and 54? 

Ingort two geometrical means between 2 and 64. 


ete 1 1 se 4 
6. Sum the series ty + oa + jos + &e to infinity; that is, find the truc 
fractional value of the recurring decimal ‘1111... . 


7. The first term of a geometrical series is 3, the common ratio 5, and the last term 


375: find the sum. 
8. The first term of a geometrical series is $, and the common ratio — 4: find the 
sum to infinity, 
9. Insert three geometrical means between 4 and 5. 
10, Required the sum of the infinite scrics, 


1 1 1 
L+oo+ tae tb &. 


and thence deduce the values of % in the particular cascs of x = 2, and r= — 2. 


oP 9 


Besides the two classes of progressions just treated of, there is a third kind which 
may here be briefly adverted to, namely, harmonical progression. This name is given 
to every series of which tho terms are the reciprocals of those of an arithmetical 


progression. Thus the reciprocals of the terms of the arithmetical serics 1+4- 2 +4 3 + 
n give the harmonical serics 1+4-4+4+ .... i. It has been 


found that musical strings, of equal thickness and tension, when their lengths are as 
the numbers 1, 4, 4, &c., are in harmony when sounded together ; and hence the term 
harmonteal progression. : 

There is no gencral formula for the sum of an harmonical scries, but any number of 
harmonical means may be inserted between two given extremes by help of the cor- 
responding problem in arithmetical progression. Thus :— 

Insert four harmonical means between 2 and 4. 

First insert four arithmetical mcans between } and 4, from the formula 7 = a + 
(4 — 1)d, where a = 4, n= 6, and 7 = 4: we thus getd=}+ 5d; -.d= (4—}% 
+5 = — gy .". since } = 48, by applying the constant difference — j;, we have, for 
the four arithmetical means, the quantities 85. 3%) 5) a4; that is 4%) % sb v3 2nd, 
taking the reciprocals of these, the required harmonical means are 

28, 24, 29, 33. | 

And in this way you will find that two harmonical means, between 1 and 2, are 14 

and 14; and that four, between 2 and 12, are 23, 3, 4 and 6. | 


Questions in which proportion and progression are concerned. 


1, Divide 18 into two parts so that the squares of those parts may be the one to 
the other, as 25 to 16. 
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Let x be one part, then 18 — x is the other, and by the question, 
w? > (18 — 7)? :: 25; 16 
“, (Theo. 6p. 219)” : 18—a# :: 6: 4 
or (p. 220) x : 18 a ae 
“, (Theo. 6 p. 219) 2 : 2 3°82 1 

. (Theo. 1 p. 218) # == 10 +, the parts are 10 and 8. 





2. A merchant scold seme brandy ‘for £39, and gained as mueh per cent. as the 
brandy cost him. What was the original price ? 
Lot &2 = the cost price, thon the gain was éz per £100, 


D4 


*, 100: 8::@: 2, the mumbar sf pounds gained. 


2 
But the number of pounds gained qwas also 29 — z .°, a= 39 — z. 


“1, a? + 1002 = 3900 *, 22°-+ 1002 + 502 = 3900 + 2500 = 6400, 
2, ©4+ 50 = +80, e = 30 or — 130. 


”, the cost price was £30; the negative value of x, though satisfying the algebrai- 
cal conditions, being excluded from the nature of the question. 

3. The sum of three numbers in amthmetical progression is 9, and the aum of their 
ewsbes 163. What are the numbers? 

Let # — ¥, ©, & + y reprosent the numbers; then 

—ytapetysser=9 c= 38 
' 1638 — 3x3 

(a—y)3 +23 + (4+ y)® = 849 + Gry? = 1538, y? = aay Pugs =4.5.y 
= + 2, .*, the numbers are either 1, 3, 5; or 4, 3, 1; being the same sot, whether the 
common difference y be taken positively or negatively. 

4, A person travels 9 distance of 198 miles as follows: namely 80 miles the first 
day, 28 the second, 26 the third, and so on: in how many days will he have finished 
the journey ? 

Here we have an arithmetical progression, in which « = 8, d= — 2, and 8 = 
198, to find », the number of terms or days. 


1 
By the fornzula, p. 221, 8 = 5% {9 a+ (n— 1)dt, that is, 


I 
WoT A 160 —(n — 1)2 \ = Sin —n? + n* — 3149 = — 198. 
“, In — 81 of (81% — 798) = oy 160 = + 13. 
ine DEO = 2 oro, 


It would scem from this result, that he might arrive at his journey’s ond either in 
9 days, or in 22 days. But you must always remember, in solving particular questions 
by algebra, that the equation which embodies the conditions of the question is not 
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neeessarily resirinted to thom conditions. Theselution will farnish ok the values which 
can satisfy the eguation; whereas, from the limited nature of the question, seme of 
these may be inadmissible. You perceive, in a moment, that the question solved above 
is of wider meaning than that proposed : it includes the proposed and something more ; 
for it is this—namely, The sum of an arithmetical scries is 198, the first term is 30, and 
the common difference — 2. find the number of terms. The answer is perfectly gencral ; 
for the series consists of either the nine terms 30 + 28 + 26 -+- 24 + 22 +20 + 18 
+ 16 + 1¢ = 198, or of the twenty-two terms furnished by axtending the series to 
the thirteen additional terms +12 -+10+1+6-4-4-+4+-2+0—2—4-—6— 8— 
10 — 12, for you see that these additional terms amount to 0; and therefore that the 
sum of nine terms, or of twenty-two, equally amount to 198. It is plain, therefore, that 
the algebra would have been imperfect if» = 22 had not been contained in the result, 
though the limitation of the question excludes it. this limitation evidently is, that 
each day's travel adds to the distance from the starting poimt : tho traveller is presumed 
not to go back, so that a subtractive day’s journey is forbiddem. 

5. The sum of three numbers in geometrical progression is 13 ; amd the product of 
the mean and sum of the extremes is 30; required the mumibezs. 


Let the numbers be represented by ; x, and wy; the condition that they are to form 
® geometrical progression bemeg thus secured. 
Thon the ether two conditions arc as follow, aamely— 


zx 

,tetw= 

d(- = 80. 
an Gre x 


From the first of these oquations + xy = 13 — =... .. (A). 


x 30 30 
Mrb tn che Boron ie eli W-c= 


- 18a — 2? = 30, or r* — 137 = — 30, 
Consequently, by Rulo IT. of quadratic equations, page 213, 
Qn —13 = 4/( —120 + 137) = 7/49 = +7, 
2 ETS mors, ‘ 
ee (A), we have ° ee a 13—3 = 


", 3+ 3y2 = 10y, or 8y2 — 10y = — 3; 
* 6y —16 = yf (— 36 + 10) = Y G4— + § 
w+ 8 i 
ce 


Hence, puting 3 for x, and 3 for y, in 7 zy, the numbers arc 1, 3,9; or putting 





1 i 
3 fora, and = for y, the numbers are 9, 3, 1; forming the samo goometrical progres- 
sion written ia revere oper, Tf, instead of « =< 3, the other value « = 10 bad been 


—_ ee 
i a nn ie antennae 








‘ 
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taken, the corresponding values of y would havo been imaginary, or impossible: thus, 
putting 10 for z in (A), the equation becomes 
7 ty = 13 —~10 = 3 °, 10+ 10y¥* = 3y, or 10y¥? — 3y = — 10, 


3 +y — 391 
* 0y — 8a y(— 400-49) = y — 391, .y = ay oe 


These two values of y are imaginary ; so that the three numbers, 1, 3, 9, determined 
above, are the only rea? numbers that fulfil the conditions of the question. 


1. Divide 49 into two parts such, that the greater increased by 6 may be to tho less 
diminished by 11 as 9 to 2. 

2. Two hundred stones are placed in a straight line at intervals of 2 feet, the first 
stone being 20 yards in advance of a baskct : suppose a person starting from the basket 
collects the stones, and returns them one by one to the basket. How much ground 
does he go over? 

3. The sum of four numbers in geometrical progression is equal to 1 added to the 
common ratio; and +, is the first term : required the numbers, 

4, From two towns 165 miles apart, A and B set out to meet each other. A 
travels 1 mile the first day, 2 the second, 3 the third, and so on: B travels 20 
miles the first day, 18 the second, 16 the third, and so on: in how many days will 
they meet? 

5, The sum of the first and second of four numbers in geometrical progression is 
15, and the sum of the third and fourth 60: what are the numbers ? 

6. The sum of three numbers in geometrical progression is 35; and the mean term 
is to the difference of the extremes as 2 to 3: what are the numbers? 


MISCELLANEOUS INVESTIGATIONS. 


A few particulars connected with that portion of algebra to which the present 
treatise is devoted, remains to be noticed. These might have been introduced earlier, 
and are so introduced in most books on the subject. I have thought it expedient, 
however, with a view to your own facility of progress, to postpone them to this place. 


To extract the square root of a polynomial.» 


When we set about extracting the square root of a quantity, whether a number or 
an algebraical expression, we proceed on the supposition that the proposed quantity is 
really a square; that is, that it is capablo of being produced from two egual factors. 
You know that, in numéers, this is not always the case; 2,7, 8,10, &., are not 
squares, and therefore, in strictness, have no sguare-roots ; by the aid of decimala, how- 
ever, we can approximate, as it is called, to the square root of any of these numbers ; 
that is, we can find a number such that the square of it shall differ from the number 
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proposed by as small a decimal as we please; so that, for all practical purposes, the root, 
thus determined, may be used for that of the proposed number; since it is the exact root 
of a number differing from the proposed one, only by a decimal too minute to be 
appreciated. The difference here spoken of would be actually exhibited by the 
remainder left at the close of the operation ; for, by subtracting this remainder from the 
number proposed, we should convert that number into a complete square; we always 
take care, in such arithmetical operations, to push the approximative process sufficiently 
far to render the correctional remainder of no moment, in reference to the practical 
inquiry in hand. 

It is much the same with algebraical expressions or polynomtals ; we proceed (by the 
rule presently to be given) on the supposition that the square root actually exists, 
carrying on the process, as in arithmetic, till the terms of the polynomial have all been 
used up; if a remainder be left, we conclude that the polynomial is not a square, and 
can assign the correction necessary to make it a square; for this correction, as in 
arithmetic, is the remainder. In algebra, it is usual to stop as soon as the proposed 
polynomial is exhausted ; the object boing, in general, more to ascertain whether the 
expression submitted to the process is a square or not, than to seek algebraical approxi- 
mations to imperfect squares. Indeed, the term algebraical approximation would be 
meaningless, as [ am sure you must sce; for, in the absence of all mumerical interpre- 
tation of our symbols, how could we speak of a set of symbolical expressions 
approximating, as to value, to any other such expression? When numerical values are 
given to the letters, we may with propriety speak of such approximations; but, even 
then, what are approximations for some numerical values, will be departures for 
others. 

Let us now take a complete algebraic square, and try to discover by what process 
its root may be evolved. And first, let the square be that of a binomial, namely, the 
square of a +- 4, which is a2 +- 2 ab + 37. 

Now write down this expression as in the margin, a? + 2ab + b7(a +5 
and mark off a place for the root, to the right. The a? 
square root of the first term isa, which weknowto 2a-+6] 2ab-+4 52 
be the first term of the sought root ; and subtracting 2ab -+- 5° 
a? from the given expression, we get 2a + 5? for 
remainder. Consider this remainder as a dividend, and let us see whether, by help of 
the term a, already in the root, we cannot discover the leading term of a divisor for this 
dividend, suited to give }, the other term of the root. A glance at the dividend shows 
that the proper leading term is just double the partial root a, already obtained; we 
therefore write 2a for the first term of the divisor we are seeking to form; and as, 
in algebra, the jirst term of a divisor is all we want, to get a term of the quotient, we 
at once pronounce 4 to be the second term of the quotient or root; and, to complete the 
divisor, we put this 4, not only in the quotient, but also in the divisor; and we find 
that 5 times the complete divisor, 2@ -++- 3, equals the dividend ; and thus the operation 
terminates, and the required root is discovered. 

Guided by this easy process, let us now endeavour to evolve the root from the 
square of a trinomial; namely, from the square of a + 5 + ¢, which is (a + 4)" + 
2(a + b)e-+-c?; this being evidently the square of (a -+ 4) -+-c. Writing the poly- 
nomial in the usual way, it would be a2 + 2ab + 52 + 2(a + 6) ¢ -+ 07; and the 
following operation, for discovering the terms a, 4, o, of the root, one after another, is 
in exact imitation of the operation above. 
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Za -- 3 20b+# 
2 ob + Be 
B(a -+ b) + «} 2 (a + 5) e+ 
(e+ dete. 

Here the first term @ of the root is found as before: we then get the remainder or 
dwidend 2ab + 08; the double of the known portien « of the root furnishes the tria/ 
or tncomplete divisor 2a, by help of which the second term 4, of the root is foamed; 
after whieh the divisor is completed by joiming this 5 to the incomplete form: we then 
get a seeond remainder or dividend 2(a -+- 5) ¢ + ¢?, and take the double of what is now 
in the root for the corresponding incomplete divisor: this gives for quotient c, the third 
turm of the root; and the addition of this ¢ completes the divisor, the multiplication ef 
which by the quotient-term c, finishes the process, es no remainder is left. 

in like manner by applying the same proceeding to the sqmarc of a quedrinomie] 
a@+5+¢+d,we skould obtain the several terms of the root, one after another ;. the 
polynomial whoae root is sought being written in the form 

a? +(2a+5)b+ (2a+8+oc+e, 
as & mere contemplation of this form, in connection with the above process, makes suf- 
- ficiently evident. And as the square of any polynomial (@ + 6+ ¢+d-+.. $2, 
may be written 
a® + (2a+ 5) b+ (2 (a+) +c)e+(Matst+e)+ad+....42, 
the process is general: it is expressed in words as follows :-— 

Rue 1.—Arrange the terms of the proposed polynomial as if for division, marking 
off a place as for quotient. 

2.—Find the square root of the leading term, put it in the quotient’s place, and the 
square of it under the leading tcrm, which will of course be equal to it. Draw a line, 
as if for subtraction, and bring down, under it, the next two terms of the polynomial . 
these will form a dividend, and a place, to the left of it, is now to be marked off, for a 
divisor. 

3.—Put twice the root-term, just found, in the divisor’s place: sce how often this 
tncompiets divisor is contained in the lcading term of the dividend, and connect the 
quotient, with its proper sign, both to the root-term, and to the incomplete divisor : the 
divisor will thus be complated, 

4,—Multiply the complete divisor by the root-term just found, subtract the product 
from the dividend, and to the remainder unite the two next terms of the polynomial ; 
and a sevond dividend will be obtained. 

Proceed with this as with the former, marking off a tase for a new divisor, and 
putting in that place tavics the root-quantity already found, for an iscomplete divisor, by 
aad of which the third root-term may be found, which, added to the incomplete divisor, 
renders it compiete. And this uniform process is te be continwed till all the terms of 
the polynomial have been brought down, as in the following examples :— 

1, el + 16a?— 8x + 4 (Ga? — 22+ 2 


62? —~ dx] —122° + ber? 

— F249 + 474 
Ger? — 4074-2} 2y:% — Br + 4 
1247 — Br + 4 
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2. ee Re ie eee Pee ae Ged 
4@:8 —Ga?] ~~ —24e5 + 60x! 


pie ic 
4x¢3 — 1277462] 2424 — 80x? + 6022 
Iie kr 
4x3 — 12x? + 12.7 — 2] — 825 + 242? — 24+ 4 


38, aim — daim 4.on 4. Gaim 4. 3 ggm + 3n 4 gin (g?m — Jam +n + gin 


a 4m 





azn — Aqn + n|}— 4a3m +n 4 Bare + tn 
—4aiin+n + Agim 4. 20 
Qq2m — 4qr + n - tn i] “Qaim + fa 4a” + sn +a 4n 
Qatm + 3n — dam But gin 
4, dat—4a9— 82 + Or HA (229 x —1 
4ic* 


ee 


4x? — a] — de? — 3x8 


— 473 4. 2% 
4x? —987x~1] ~— 422+ 2n+ 4 


— 427 + Ww +1 
> «se 

In this example there is a remainder, after all the terms of the proposed polynomial 
have been uscd: we infer therefore that the polynomial is not a complete square; but 
that it would be madc one, by subtracting 3 (the remainder) from it: the expression 
222 — x2 —1 is the complete square root of 4a* — 423 — 3x? + 22x +1: the polynomial 
proposed cannot be preduced from two egal factors: it is the product of the unequal 
factors (279 —#—1+-y — 3) (229? — 2 —1—7/ — 8). 


Low 





EXAMPLES FOR EXERCISE. 


Extract the sqnare root of each ef the following expressions :-— 


1. @? 4 4b2-4 40°. Root, x4 2d. 

2. 9at +1208 +1007 + 42-+ 1. Root, 327+ 22-+1. 

3. Oat + 12 23 + 34 2? 4-20 x4 25. Root, 3 7 +42a+5. 

4, edo Wt Oat—Ae + 4. Root, x8 +-2at — 2 +2. 
5. —495+10et—4a°9—-Tr?494r416. Root, —-Qe*+3x+-4. 
6. st 6a bo ant 15 x +> 26. Root, 2.09 + 52 +5. 


In this last cxample you may, if you please, maltiply the polynomial by 4, in order 
to get rid of the fraction: the square root of the result will, of course, be the square 
root of tho given expression, multiplied by the squaro root of 4: that is, by 2; you 
must, therefore, remember to divide the root by 2. 

The above goneral rule, for the square reet of an algebraical expression, applica, of 
course, to numbers; and suggests the arithmetical operation given at page 40 of the 
Arithmetic. The first step im this operation, is to separate the figures of the number 
into periods, by marking off two figures, commencing at the units’ place, then ture tt 
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the left of these, and so on. This enables us to determine the local value of the leading 
figuro of the root, and thence the number of integer-places in the complete root. Thus, 
taking for example the number 76807696 we see, by help of the periods, that the first 
figure of the root must be in the place of thousands, the square of it being so many 
millions, like the 76 in tho first period, The detailed operation, as suggested by the 


Algebra, is therefore as follows :— 
76 80 76,96(8000 + 700 + 60-44 = 
64000000 8700+60+4= 
16000 + 700 = 16700)12 80 76 96 8760 +- 4 = 8764 
11 69 00 00 


17400 -+ 60 = 17460) 1117696 
104 76 00 


17520 + 4 = 17524) 7 00 96 
7 00 96 


The above operation is the same, in principle, as that at page 40 of the Arithmetic ; 
by a reference to which you will sco that the more compact form, which the work 
assumes in the placo referred to, arises merely from the suppression of the useless | 
ciphers or noughts, and the postponement of the successive periods till they are actually 


wanted in the several dividends. 





To extract the square root of a binomial, one of whose terms ts rational, and the other 
@ quadratic surd. 


It sometimes happens that expressions of the form 7 (a+ 74) occur in the results 
of algebraical problems: if thcy be loft in this form, and then when a and 3 are inter- 
preted, the operations of arithmetic be applied to them, you see that if 3 is irrational, 
we shall have to find the square root of 4 to a certain number of decimals, and then to 
extract the squaro root of a + 7 4, a quantity necessarily involving decimals. The 
square root of 4, may be taken out of a table of square roots to several decimal places, 
when 6 consists of not more than four or five figures; but the square root of a number 
consisting of three or four figures, followed by five or six decimals, cannot be found to 
any degrce of nicety by existing tables; so that, in such a case, the arithmetical opera- 
tion must be executed. As I have told you before, algebraists seck such a form for 
their results as will give arithmeticians the least trouble in the numerical computation 
of them ; and this is one reason why they have sought to convert 4/(a+ 7 4), into the 


simpler form 7/ a’ + y JU’. 
In order to show you how this is done, a theorem or two respecting binomial surds 


must first be established. 
1. The square root of a quantity cannot be partly rational and partly a quadratic 


surd: that is to say, the condition 7/ p—gq-+ y r is impossible, provided p and r are 


not themselves squares. 
For, assuming this equation to be possible, we should have, by squaring each side 


enna” 3 — ° e Ld Ld 
pog+t2¢qy¥r+r, so that Yr= an a a rational quantity, which is con- 


trary to the supposition, as it shows that » must be the square of the second member of 
this equation. 
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2. In every equation of the forma +7/ b= 2+ v° y, where a, and # are rational 
quantities, and +/ 6 irrational or surd, a must be equal to z, and therefore dtoy. For 
if a and x had any difference, then by transposing the a, we should have the square 
root of a quantity, not itself a square, expressed either by a rational quantity, which 
is absurd, or by a quantity partly rational and partly irrational, which has been 
shown above to be impossible. It follows that 4/ y must be irrationa] as woll 
as 7/ b. 

3B. IfY(a+y 6)=r+y: then must ¥(a— y 6) =2—-y; where y disa qua- 
dratic surd, and a, y one or both also quadratic surds. 

For by squaring the first equation a + y b = 22 4+-Qry-+y?, whero 2* + y* is 
necessarily rational, and .*, 2xy irrational (by 2 above) being equal to 7 b: that is 
(by 2), 

amity, Yb= ry, a—-Yba=xr’?—Iyt+y’, VY a@-Vd)=a-y. 

By holp of this latter principle, combined with theo. 2 above, the extraction of tho 
- square root of a binomial surd consisting of a rational term, and of a quadratic irra- 
tional term, may be effected, as in the following examples :— 

1, Extract the square root of 7+ 2 7 10. 


Put V(7 +27 10) = e+y 0. V (7-24 10) =r—-y; 
”, faking the product, 7 (49 — 40) =a? —y*, 7, 3 = a? — y?. 
But 74+24 10=29+2ry4+ ¥3, 0. 7m atty’, 10> 277,4=2y3 
evi y=V~Anwv(7T+2YV W) = VY S5+Y 2 


You will at once sec that the change of 7/(7 +2 7 10) into YW 5+ ° 2 facilitates 
the arithmetical computation: a table of square roots gives us 7/ 5 = 2°'2360680, and 
YY 2 == 1°4142136 ;* so that the root sought is 3°6502816. If the unchanged form be 
used, we should have, from the table, 4/ 10 = 3:1622777; twice this increased by 7 
is 13°3245554, and the square root of this we should have to find by actual extraction, 
on account of the necessarily limited extent of the tables. 

2. Find the square root of 10 — Y 96. 


Put 4/(10 + 96) ==ar+y, «(10 —Y 96) = 27 y. 
(100 —96) = aw? —y? = 2.2 2 og 
Also +7 + 2r7y + y7? = 10+ /7 96, pensar i ee 
Y(10— y 96) =v 6 —2. 


3. Find gencral expressions for the square roots of a+-/ 4, anda—y b. 
Putting x + y, and x — y, for the required roots, we havc— 


: a+y4b=x9-+ Qry+y) , = 
ey baat aay yt} tee 
Also x? — y® = 1/(a? — 3) 
By adding and subtracting 
pe attv@-i ,_e-Vve-9) 
= 2 ie 2 


* See Bariow’s Tables, revised by Professor De Morgan, and published under the superin- 
tendence of the Society for the Diffusion of Useful Knowledge. 
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therefore z ++ 9, « — y, that ia y/ (a + 4/5) and 4/ (a — 7/8) are respectively 
v(a+ perm ver 4 SVD 


V(a—-Ya) = yo ~4 cave 


These gencral expressions show that, whenever a? —d is not @ square, nothing is | 
gained by changing 7/ (a+ 4/4) into the new form, but in fact something lost in the 
way of simplification. the changed form is less complex than the original only when 
a? —b isa square: it is prudent, therefore, to ascertain whether or not this be the case, 
before entering upon the proposed transfermation ; and to leave the form unchanged if 
a* — 6 be not asquare. 


IXAMPLES FOR EXERCISE. 


lL (19+ 873)=4+ 73 2. Y(12—-4'140) = V7 —y5 
8 ¥(7—2Y 10) = Yi-y2 4. 7 (8+ 739) = 27/26 + 6) 
5. (76 — 8324/3) = 8 — 2/3 6. (31+ 12Y —5)=64+y—-5 


eee 


On Multipliers which render binomial surds rational. 


It has already been noticed (page 195) that it is in gencra]l inconvenient to have the 
result of an algebraic operation in the form of a fraction with a surd denominator; and 
when the surd so occurring is monomial, the mcans of removing it have been explained. 
IT am now to show you how, in like manner, a fraction having a binomial surd 7a + 1/0 
or /a — 7b for donominator, may be converted into an equivalent fraction with a 
rational denominator ; in other words, I am to explain the method of sationalizing bino- 
miul surds of the above form, This is very casy, the rationalizing multiplier being at 
once suggested from the binomial surd itself: if it be a+ 74, the multiplier is obvi- 
ously fa— 7b; and if it be ya — 7/4, the multiplier is 4/4 + 4/); and you thus have 
a uscful application of the principle that the sum multiplied by the difference of two 
quantities gives the diffcrence of their squares. Suppose, for example, our fraction is 


wy, say a form which is inconvenient for computation, because after getting 7/5 +- 


7 we should have the troublesome operation of dividing 3 by a number consisting of 
many figures. But by multiplying numerator and denominator by 1/5 — 7, we 


change the fraction into so nyo = KY7 — 5), by which change the long divi” 


sion spoken of is avoided. 


ae 





As a second example, let 3 be proposed. The rationalizing muitiplicr here 


8) 
is 6 + 1/3, and the changed fraction is (YEE + ¥S) i+ bys. 
Sometimes the binomial urd to be rationalised is of the fom 4/a+-y'2 : in this 
case the suitable multiplier will be teinomdad: it wilk commist of the sgemree of both the 
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irrational terma, and of their product with changed sign, as actual multiplication will 
show ; for 
(Vat Vb) (Va? tab + 70%) = ats, 
The rationalizing multiplier is therefore easily remembered: tho following is an 
example of its application :— 
Comvert the fraction -———__— : ;— into am equivalent onc with @ rational denominator. 
— 72 
_ HY 2 + VIF VS) _ 
25 + 10 + 4 
ae = V8 + YF A 
And this form, though involving three cube-roots, 1s of casicr calculation than the 
original, if tables of cube-routs arc uscd ; because thcro is no long-division operation. 


EXAMPLES FOR DXMRCISE. 








Proye that— 

Wii =fay7 + 37/2). 2, ye. 
g. evi o ed 2/2 4. ae ag = HVE +6474). 
5. sae =? 49 + 35 + 25). 6. eae = 11/2 —4y/15. 


To Luxtiact the Cube Root of a Compound Quantity. 

In order to diseover the means of arriving at the cube root of a polynomial, we may 
proceed in imitation of the course adopted for the determination of the square root. 
Thus, to begin with the simplest case, let us take the eube of a + 6; that is, the 
expression 2? ~- 34° + 3b? -+ 5°; and, availing ourselves ef our previous knowledge 
of the cabe root of this expression, ct us inquire by what steps it may be evolved. 

We sce that the first term a of the root is at once obtained from the leading term of 
the polynomial; we thus have the step 

3 + 347d ++ 8a02 + 53(a 
a3 
3476 +- 8ab? + 53 
and regarding the remainder, here exhibited, as a dividend, it remains to find a divisor 
of it, such that the quotient may be 6. It is plain that three times the square of the 
root term @, just found, taken as a ¢rial or incomplete divisor, suffices to suggest the 
second term é of tire root; and we see, moreover, that if three times the product of the 
two root terms, a and 4, as also the square of 3, be added to the trial divisor 3a?, that 
the complete divisor, corresponding to the quotient. 2, will be obtained; hence the 
finished process is as follows: 
i a° + da% + 32h -- B(e-+ 5 
a 


Sa? + Bab+ 42) Seth + Bad? + 48 
Ba% + 3ab8 +. 5°, 


If the root consist of throe terms a + 4 ++ o, that is, if the potynomial be (a -}- b -+ ¢)*, 
RPA Ce al cL Nr SRI AP ARIPO AD TAA OG CAIN 
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or (4 + 5)? + 3(a + 5)%c + 3(a + b)o? + c3, then the portion (a -+ 4) of this poly- 
nomial may be exhausted, as above, and the first two terms a -+ 4 of the root thus 
found. And, just asin the former case, ) was derived from a, so here it is plain that c may 
bo derived from 4 + 4. From thess considerations the following rule is suggested : 

Ruuiz.—Arrange the terms according to the powors of ono of the letters, as in the 
operation for the square root. Put the cube root of the leading term in tho quotient’s 
place, subtract the cube of it from the polynomial, bringing down the noxt three terms 
for a dividend, to the left of which mark off a place for the divisor. In this place put 
three times the square of tho root term just found; this will be the trial divisor, and the 
quotient it suggests will be the second term of the root. 

To three times the product of this new term and the preceding, add the square of 
the new term, and connect thc result to the trial divisor ; the whole will be the complele 
divisor. 

Multiply the complete divisor by the new term, subtract the product from the 
dividend, and annex three more terms of the polynomial to the remainder; the whole 
will be the second dividend. 

For the corresponding trial divisor put three times the square of the root-quantity 
now found, in the divisor’s place; and with this trial divisor find the third term of the 
root; and then complete the divisor, by adding to what is already in the divisor’s 
placo three times the product of the new term and the preceding part of the root, and 
also the square of the new term; proceed then as in division, adding three new terms 
of the polynomial to the remainder; and so on, tillall the terms of the polynomial 
have been brought down. 

You will perceive that the principal part of the work consists in forming tho 
successive divisors, each of which is made up of three portions—namely, thrice the 
square of the part of the root previously obtained, thrice the product of this part and 
the new term, and the square of that new term. The first of these portions is what 
I have called the trta/ divisor; but you will not fail to notice, that, as in the operation 
for the square root, the leading term of the first divisor is always sufficient to make 
known any subsequent term of the root; so that after the first divisor is obtained, every 
new term of the root may be discovered at once, without the aid of any special trial 
divisor; and therefore every subsequcnt divisor may be inserted at once, in ita proper 
place, and in its complete form. 

The following is an example of the operation :— 

w& — 6x5 + lbxt — 20x3 + lix? — Gx + 1 (x? — 27 + 1 


xré 
34 — 6x3 + 472) ~ = 645 4 1lda4 — 2023 
— 645 + 12x* — 8r° 
at — 12¢8 + 152? — 6z + 1) 324 — 1249 + 1dr? — 6x + 1 
This is made up of 824 — 1275 +. 1527 — 62 + 1 


3(2* — 27)® +- 3(22 — 2z) +1 
As a second example, the following may be taken :— 
Qa — 54e6 +. 6324 — 4475 + Aix? — 6r-+ 1 (322 — r+ 1 


2778 
2744 — 182? + 402) — 545 + 6324 — 442° 
— 54x° + 364+ — 82? ™ 
27x24 — 86x25 + 2127 — 6x41) = 2744 — 36z5 + 2le* — 62 + 1 
This is made up of 2724 — 36x53 + 21x? — 6x + ed 


3(327— Qx)? + 3 (878 — 27) +1 
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The operation conducted as above is tolerably short; but there is some work, in 
finding the several divisors, which does not appear to the eye in looking at the finished 
form. I am going to show you another mode of proceeding, much more complicated in 
appearance, but very simple indeed in the performance. It presents to the eye three 
columns of work, as below; they are formed thus :— 

Write down 0, 0, and the given polynomial, as tho leading quantities of three ver- 
tical columns of work; and then proceed to fill up the column thus :—Put the first term 
of the root not only in the quotient’s place, but also under the first 0; to which, for 
uniformity sake, you may consider it to be added ; multiply the sum by the same root 
term, and add the product to the next 0; multiply the sum still by the same root term, 
and subtract the product from the polynomial, bringing down, however, only three terms 
for remainder. 

Return to the first column, and add the same term anew, multiplying the sum and 
carrying the product to the second column as before, but not extending the work to the 
third column. Return again to the first column, repeating the former operation, and 
there stop. With tho last result in the second column, taken as a trial divisor, find the 
second term of the root; and go over with this exactly the same proccss, extending the 
several columns, by successive additions, till the polynomial is exhausted. As an 
inspection of the operation will convey a clearer idea of the several steps than words 
will do, I here give the work of the last examplo in the form proposed. 














0 0 278 — 6425+ 63 at — 44 23 + 210? —6rt 1 (3a? —Ir41 
32? Qat 2728 
82? 94 — 54a5+ 63at —44 08 
3a? 18 24 — 5425 + 3624 —8 23 
6x? 27 a! 27 xt — 3628 + 212°—62+1 
327 —18¢25+427% 2Wat— 3625 +4 2177 -62e+1 
Qa? 27 xt —18 28 +422 

— 2a —18 23 + 8 x? 
9x2 — Qe 27 xt — 36 #3 + 12 2? 

— 2¢ 9'43—62+1 
9x? — 42 2724 — 3623+ 2la?—62+1 

— Qa 
Qn? — Bx 

- 

92? —6r + 1 


Norz.—It would be be very easy to contrive means of abridging the work here exhibited in 
the fullest detail: but a learner will more clearly see the entire texture of the process by 
having every item of it thus put before him. 


By the very same process the fifth root, the seventh root, and indeed any root what- 
ever of a polynomial, may be extracted: we have only to form, as abovo, as many 
columns of work as are sufficient to mark the number of the root; that is, five columns 
for the fifth root, seven for the seventh root, and go on; to construct the first column 
by that number of additions of the first root-term, of the second root-term, and go on ; 

and to carry on the formation of the other columns as above. Whether you adopt this 














> 
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methed of arranging the work of extracting the cube-nect of 2 golynemiad ar nat, it is 
the arrangement I would recommend you always to abscrva, in extmoting dhe oabe- 
root ef 2 aumber; as it prockades the necessity of netaiamg in the momery 2 samewhat 
intricate rule: nothiag can be mane easy fo remember than the very simple setes of 
recutring operations of which the seweral steps of the followme process are mache upp : 
the close of each of these steps I have marked by em Meyptian Seure, im ender thet you 
may the more distinctly see where one step of the eperation ends, and another begims. 
Teall that a step which eampprises the work between the determination of ane spat- 
figure and that of the immediately succending figure. 


1. Required the cubc root of 3 to five or six places of decimals 


~~] Rw] wet tT eS 


aia 


Lee 


be | te 
r |] wes 
2 | ee 
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4°326 


ee 





670496 
1712 
—~—3 

6°2208 

86414 





6°229444 
8648 


——-— 4 


6,°2,8,8092 


3(1-442949 |. 


=a 

2 

1-744 

——2 
256 
"241984 





3 
14016 
12458888 
—* 
1567,112 
1248 





309 

249 
60 
oG 


! 


{Nors.—This exasaple is placed first, instead of third, for ths comvenieswcr of printing: the two 
exampice next following muy be examined before it, as they aze somewhat more simple. ] 








2. Requisad the cube sont of 188119224. 














9 ® 
5 25 
5 25 
5 80 
— =a 
18 ve) 
é 1999 
—i enecreare 
15 8599 
7 1148 
— — 2 
157 S747 
7 6856 
164 981556 
7 
— 2 
171 
1714 
3. Required the cube-root of 469 640,998,917. 
0 0 
7 49 
7 49 
7 98 
= —4! 
14 147 
7 1519 
ee | emaasbiads 
21 16219 
7 1568 
— 2 
217 17787 
16219 
224 1794919 
7 16268 
—2 3 
231 1811187 
69939 
2317 181188639 
2324 
7 
——3 
2331 


189, £19,224(874 
425 . 





64119 
60193 
CT 
39 2622¢ 
8926224 





469 640,998,917(7773 
343 
1 





126640 
113683 

2 
13107998 
12564433 





3 
548565917 
543665917 
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Se saad 


It is easy to foresce that after the step marked @ (Ex. 1) is reached, the work of the 
subsequent steps can have little or no influence upon the three leading figures 6°23 of the 
forthcoming divisors, so that regarding these three figures as constant, and recognising 
the others, 8092, only for the sake of what is carried from them, we may, as above, 
make sure of at lcast ¢hree true decimals of the root, beyond the three alrcady found, 
by common division, provided we reject a figure of the constant divisor, 6°23, at each 
step, taking care to secure accuracy in the carryings from the rejected figures. 

When you arrivo at the Theory of Equations, you will find a systematic method of 
applying such contractions fully explained, as also a complete investigation of the prin- 
ciples on which the foregoing practical operations depend: what is here exhibited is 
only a small isolated portion of a department of modern Algebra of very comprehensive 
scope, and of as much theorctical interest as of practical utility. 

Ex. 1. The cube-root of 2° + 925 + 6a4 — 9923 — 4222 + 441r — 343 is 
a? + 32-7. 

2. The cube-root of a° + 62° + 4025 — 962 — 64, that is of 26 + 6x5 + 074 — 
4028 + 0 4? + 96 2 — 64, is x? + 2r—-4, 

3. The cube-root of 12994449551 is 2351. 

4, The cube-root of 2 is 1:25992104989 

5. The cube-root of 959 is 9°8614218. 

6. The cube-root of a* — 1525y + 69rty? — 138.xr7y' — 60zry5 — oa is 2? ~S5ry —2y? 


I here conclude the treatise on Elementary Algebra. The subject in its widest 
acceptation is one of very considerable extent—I might almost say of unlimited extent; 
as there arc no definite bounds to its operations. In the preceding treatisc, my object 
has been to unfold to you, fully and perspicuously, the leading principles of the 
science; and thus to lay a sufficiently secure basis for future researches. There is one 
department of the subject—the general theory of Logarithms and Series—which I have 
not touched upon here. It is a part of Algebra which is marked by pcculiar features, 
and is occupied with investigations different in kind and in object from those necessary 
for the solution of an algcbraical equation, or for the reduction of an algebraical expres- 
sion; and is, moreover, of sufficient importance to merit distinct consideration. 


J. R. YOUNG. 
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PLANES : 


BEING THE FIRST TWENTY-ONE PROPOSITIONS OF THE ELEVENTH BOOK OF 
LUCLID’S GEOMETRY. 


[Tux Elements of Euclid, given with considerable detail in a former treatise, were 
limited to the subject of plane Geometry, as this furnishes basis sufficient for plane 
Trigonometry. The Geometry of Planes and Solids was intended to have been post- 
poned till our treatise on Spherical Geometry rendered its introduction necessary. But 
as the consideration of Mechanical Forces in Space, and the science of Crystalography 
will very shortly appear in another department of tho “Cinciz,” we have thought it 
advisable to introduce Solid Geometry in this place. Moreover, several of the subjects 
included ia this volume will be more simply treated, and more easily understood, if a 
knowledge of some of the clementary properties of planes and straight lines be 
previously acquired. For instance, the calculation of the solid contents of an earth- 
work will bo best given in the Treatise on Mocnsuration; but this calculation, of 
courss, depends on tho relations of solid space. Again, we propose to present the 
readcr with a short treatise on lincar perspective—a subject which, if treated as a 
science, and not mercly as an art, also involves a knowledge of the elementary 
rclations of solid space: the subject of Spherical Trigonometry, likewise, is best given 
in the present volume; and this science, as its name denotes, treating of triangles 
which are described on the surface of a sphere, cannot be taught without reference 
both to the properties of plancs and to the elementary propositions of Spherical 
Geometry. 

The treatise on planes contains the first twenty-one propositions of the Eleventh 
Rook of Euclid’s Geometry, with so many definitions as are requisite to enable the 
student fully to understand them ; and the Author has himself explained the object he 
had in view in drawing up the Treatise on Spherical Geometry.—TueE Enprror. } 


Introduction.—The figures, linos, angles, &c., the properties of which form the 
subject of the First Six Books of Eulcid’s Geometry, are supposed to lic in one plane, 
*{.e.oflength Or to be in space of two dimensions.* The following treatise contains 

and breadth. few elementary propositions on the relations between lines, angles, &c., 
which do not lie in one plane, but are in solid space,—or space of three dimen- 
+ i.e. oflength, #078.t The student will find the following propositions very casy, 

breadth, and when once he has distinctly conceived the meaning of their enunciations. Tho 
ee, a hich are given to each propositi t represont the propo- 
gures which are given to each proposition cannot represen prop 
sition to the eye so perfectly as in the former books, in consequence of their having to 
be drawn in perspective. It is hoped, however, that the shading introduced into the 
diagrams will aid the student in conceiving the proposition they belong to. 

It is to be added, that, as in Plane Geometry, we are allowed to draw lincs in any 
direction, and to produce them to any extent, so in solid Geometry we are allowed to 
draw plancs in any direction, and to produce them to any extent. Moreover, two lines 
intersect in a point; in like manner it will be shown that two planes intersect in a line. 
Also, as we may suppose,a line to revolve round a point till it comes to a point on its 
plane, so we may suppose a plane to revolve round a given line until it comes to a 
given point situated anywhere in space. 








MATHEMATICAL SCIENCES.—No. VIII. R 





943 PLANES.—-ERUCLID, BOOK XI. 








DIFINITIONS. 


I. 


A straight linc is perpendicular, or ot right angles to a 
plane, when it makes right angles with every straight line 
in that plane which meets it. ; 

Thus, if BD be a plane, PA a line perpendicular to it. 
Through A draw any lines AB, AC, AT)... .in that plane, 
then will PAB, PAC, PAD, &c., be right angles. 





TY. 

__ A plane is perpendicular to a plane, when a straight line drawn in one plane per- 
pendicular to the intersection of the planes is at right p 

angles to the other plane. - i 

pits 

Hi 

















Wig 


i 


Thus, let ABD, ABC, be two planes, Ict the former i 
if 
ill 


be perpendicular to the latter, and let AB be the line of 
intersection of the planes in thc plane ABD, draw PN 
at right angles to AB, Then is PN at right angles to 
the plane ABC. 





III. 


The inclination of a straight line to a plane, is the acutc angle contained by that 
straight line, and another drawn from the point in which the first linc meets the planc, 
to the point in which e perpendicular to the plane drawn 
from any point of the first line above the planc mccts 
the same plane. 

Thus, let ANB be a plane, AP a line mecting the 
plane in A; from P draw PN perpendicular to the plane, 
and meeting the plane in N. Join AN, then the angle 
PAN is the inclination of the line PA to the plane ANB. 





IV. 


The inclination of a plane to a plane, is the acute angle contained by two straight 
lines drawn. from any one point of their common section 
at right angles to it, one upon one plane, the other upon 
the other, 

Let PAC, PBC be two planes intersecting in the line 
PC. From P in the former plane, draw PA at right 
angles to PC; and from the same point P on the latter 
plane, draw PB at right anglesto PC. Then, if BPA be 
an acute angle, this is the inclination of the plancs to 
each other. : 


Vv. 


Two planes have the same inclination te one another which two other planes have, 
when the said angles of inclination are equal to one another, 





eed 
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Vi 


a 


Parallel planes are such as do not intersect, though produced ever so far in all 
directions. 


Vai. 


A solid angle is that which is made by the neeting of more than two plane angles, 
which are not in the same plane, in one point. 


PROPOSITION 1.—Turorem. 


One part (AB) of s stratght line (ABC) cannot be in a plane, and another part (BC) 
be above it. 


For let us supposo this possiblo, then since the straight line AB is in the plane, 
it can be produced in that plane: let it be produced to D. Now, 
suppose a plane to pass through the straight line AD, and letit be 
turned round that line, till it comes to the paint C. Then as aes E 
B and C are in the plane, the straight line BC is in it:* .°, there Ste z 

*6 Def. I. are two straight lines ABC, ABD in the sume plane, having a common 

+ Cor. 111. segment AB, which is impossible. + QED. 





PROPOSITION I].—Turorem. 


Two straight lines (AB, CD) which cut one another (in the point ER) are in one plane. And 
three straight lines (BC, CE, EB) which meet one another, are in one plane. 


Let any planc pass through EB, and Ict tho planc be turncd about EB produced if 
necessary, until it pass through the pot C. Then because the 

*6 Def. I. points C and E are in this plane, the line CE isinit.*¥ A = 
For tho same reason the straight line BC is in the same plane, and 
by the hypothesis EB is init; .°, the threo straight lines BC, CE, EB E 
are in one plane. But AB is in the samo plano as EB, and DC 

+1 Ki ong EC.+ Also AB and DC are in the same plane. 
Q. E. D. 


PROPOSITION Iil.—~Turonm, 
Lf two plawes (AB, BC) cut one another, their common section (DB) ts « straight line. 


For, if not, sinoo D, B are points in the plane AB, draw 
tho straight line DFB in that plane, and similarly draw & 
the line DEB im the plano BC. Then because these two 
straight lines have the same extremities, they cnclose a fe 

* 104x. 1. space, which is absurd; .-, the common section | 
BD camet but be a straight line. Q. E.D. 
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PROPOSITION IV.—Tuxonres. 


If a straight line (EF) is at right angles to each of two straight lines (AB, CD) at their 
point of intersection (E), tt shall also be at right angles to the plane (ADBC), which 
passes through them, t.¢., to the plane in which they are. 


Take the straight lines EA, EB, EC, ED equal to each other. Join AD and 
BC. In the plane ADBC draw through E, any line 
GEH, meeting AD and BC in G and H; we are to 
show that FE is perpendicular to GH. For join FA, FB, 
FC, FD, FG, FH. Now, because in the triangles AED, 
BEC, the sides AE, ED = the sides CH, EB, and the 

*151. angle AED = angle CEB,* ., AD= BC, 

+41. and angle DAK=angle EBC.+ Again, in 
! *151. triangles AGE, EBH wo have the angle AEG = angle BEH ;* and by 

what wo have proved, angle GAE — EBH, and the side AE = side EB; -, GE EH, 
+261. and AG= BH.+ Again, since the sides AE, EF aro cqual to tho sides 

* Ax. 111. DE, EF each to each, and the right angle AEF = tho right angle DEF ;* 

+41. , AF = DF.+ Similarly AF = FB, andE = FC. Hence in the triangles 
DAF, BCF we have the sides DA, AF = to the sides CB, BF, cach to cach, and the base 

*8 I. DF = the base FC; .-. the angle DAF = the angle FBC.* Again, 
in the triangles GAF, HBF we have (by what we have already proved) the sides GA, AF 
== the sides HB, BF, each to each, and the angle GAF = angle HBF; .-, base GF 


+41. = base FH. + 
Hence (by what we have now proved), in the triangles GEF, HEF we have the 


sides GE, EF = tho sides HE, EF, cach to cach, and the base FG = tho base FII, .-, 
*s8I the angle GEF = the angle HEF,* which are therefore each right 
+ 8 Def. I. angles.t The same proof applies to any other line drawn through E, in the 
* 1Def. XI. plane ABC. Hence EF is perpendicular to the planc.* Q. E. D. 





PROPOSITION V.—Tueorem. 


If three straight lines (BC, BD, BF) mect all in one point (B), and a straight line (BA) 
stands at right angles to each of them at thit point, these three straight lines are om 
one and the same plane. 


For if not, suppose the plane which passes through BF and BD not to pass through 
BC, and suppose the plane passing through AB and BC A 
to cut the former planc in BE, then the straight lines | 
BF, BD, FF are in the same plane, viz., the one passing 
through BD, BF, and AB is at right angles to BD, BE, 
°4X1. and .°, is also at right angles'to BE.* Now, 
the angle ABC is a right angle, °. angle ABC = angle 
+11 Ax.I. ABF,¢ and they are both in the same plane, 
*9 Ax. 1. which is impossible. °, BC, BD, BF must 
be in the same plane. Q. KE. D. 





| 
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PROPOSITION VI.—-Turorem. 


If two straight lines (AB, CD) are at right angles to the same plane (BDE), they shall 
be parallel to one another. 
B, D are the points in which the lines meet the plane. Join BD, and at D draw 
DE in the plane perpendicular to BD. Make DE = AB. 
Join AD, BE, AE. Now, since AB is perpendicular to 
plane, ABD and ABE are right angles, then in triangles 
ABD, BDE the sides AB, BD = sides DE, DB, each to 
each, and angle ABD = angle BDE, cach being a right 
* 41. angle, ,,, BE=AD.* Then in triangles ADE, 
ABE, the sides AD, DE = the sides EB, BA, each to 
each, and the base AE common, .°, angle ABE = angle 
+8 Tt. ADE.+ But angle ABE is a right angle, .°, 
ADE is a right angle. Now, because CD is perpendicular 
*3Def.XI.to the plane, CDE is a right angle;* so 
that ED is at right angles to the three lines BD, AD, CD, which are therefore 
+5 XI. in the same plane;f but the plane which contains AD, DB contains 
*2 XI. . AB,* .°, AB, BD, DC are in the same plane; now, engles ABD and BDC 
arc right angles, and are ,*, together equal to two right angles, .., AB is parallel to 
127. CD.t¢ QED. 


PROPOSITION VII.—Txerorem. 
If two straight lines (AB, CD) are parallel, the straight line drawn from any point (E) 
in the one, to any point (F) tn the other, ts in the same plane with the parallels, 
For if not, suppose EGF to be the straight line joining them, and suppose it docs 
not fall in the plane. Since E and F are points in tho 





plane, we can join them by a straight line, which lies % 

wholly in the plane. Lot this line be EHF. Then EHF H\ \g 

and EGF are two straight lines, inclosing a space, which 

is impossible. Q. E. D. c F D 


PROPOSITION VIII.—Txrorem, 


If two straight lines (AB, CD) are parallel, and one of them (AB) ts at right angles to a 
given plane (BDE), the other shall also be at right angles to the same plane. 
Let the lines moet the plane in B and D. Join BD. Then AB, BD, DC are 
*7 XI. inowe planc.* Draw DE at right angles to BD, 
+111.  ndintheplane BDE.+ Take AB—DE. Join A lc 
AD, AE, BE. Now, AB being perpendicular to the plane, is 
* Def. XI. perpendicular to BD and BE.* Now, BD meets 
the parallel lines AB, CD, .*, the angles ABD, BDC are toge- 
+291. ther equal to two right angles.+ But ABD is a 
right angle, ,°, BDC is a right angle. 
Again, in triangles ABD, BDE the sides AB, BD = the 
sides ED, DB, and tho right angle ABD = the right anglo 
41. BDE; ... AD = BE.* Henco in triangles ABE, = 
ADE we have the sides AB, BE == the sides ED, DA, and the base AE is common, ’.. 
481. angle ABE == angle ADE.+ But ABE isa right angle, .*, ADE is a right 
angle; .°, ED is at right angles to the lines BD and DA, and ,°, is 
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*4XI. the planc passing through them,* and .~ sincc CD is in the same planc 
t Def. XI. with AD, BD, angle CDE is a right angle.t But we have already seen that 

BDC is a right angle, «. CD is o& right anghea to the plane passing through BD, 
*4XI DE * i.¢., is at mght angles to the plane BDE. Q, ED. 


PROPOSITION IX.—Tueorem. 


Tf two straight lines (AC, CD) are each parallel to the same straight line (EF), but not 
both in the same plane with tt, they are paraltel to ane another. 
For, take any point G in EF, and from G in the plane AB, EF draw GH pcrpen- 
‘11, dionlarto BF ;* and likewiae from @ in plane 
EF, CD, draw GK perpendicular to EF. 
Them beeanse GF is at right angles to GH and GK, it 
+4X0 i at right angles to the plane HGEH ;+ and 
since GF is at right angles to the plane HGK, and 
HB is parallel to GF, »-. HB is at right anghes to 
*8XI. HGK.* Similarly KD ie at right angles to HGK, .~, JIB and KD are 
+GXI. perailel,¢ or AB and CD are parallel ta each other. Q. E. D. 


PROPOSITION X.—Tuxonem. 


If two straight lines (AB, BC) meeting one another be parallel to two others or, EF) also 
meeting one another, the latter two not being in the same plane with the former tivo, 
then the former two ontmas ars angle (ABC) equad to the anglc (DEF) contained by the 
lather two. 

We suppose flat AB is parallel to DE, and BC to EF. Take BA = BD, and 
BC = EF, and join BE, AD, CF, AC, DF. 
Then because AB is equal and perallel ta DE, and their ex- 
tremities are jomed towards the same poimts BE and AD; .-. 
| *33 I, BE is cqual and parallel to AD.* Similarly BE is 
+ Ax.1 1. equal and parallel to CF, and .°, AD is equalt+ and 
* 9 XI. parallel* to CF. But the extremities of AD, CF 
are jomncd towards the same points by AC, and DF, and therefore 
| +3831 AC=DF.+ Hence in triangles ABC, DEF we have 
the sides AB, BC = the side DE, EF, each to each, and the Am, 
base AC = the base DF, .°. the angle ABC = the angle pL 4s= 
* 81, DEF.* Q.E. D. 
PROPOSITION Xi.—Prostes. 
From a given point (A) abpve a plane (BCH) to draw a line perpendicular to that plame. 
* 12 T. In the plane draw any linc BC. From A draw AD perpendicular to BC. + 
In the given plane from D draw ED perpendicular to 
till =p 0Prom A draw AF perpendicular to 
72K BD,* then AF is the line required. 
+L Prem through F draw GH, parallel to BC.+ 
Now, amee BC is parperdiewlar to ED and AD, it is 
*4Xt. perpendicular to the plane passing through 
them,* ;-, GH is alse perpendieular to the plane passing f 
+8 XL through ED and AD,+ and |. is perpen- _ — 
* Def. XI. dicular to FA ;* .-, the angle AFG is a right angle Gi etaee, 
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AFD is a right angle, then since AF is parpendieular to the lines FG, FD it is also 
+4XI. perpendicular to the plane passing through them,t ‘.e., is perpendicular to 
the plane BCH. Which was to be done. 


PROPOSITION XII.—Pronzam. 
From a given point (A) in a gwen plane (EF) to draw a line perpendicular ta that plane. 


Take any point B above the plane, and from B 
*11 XL draw BOC perpendicular to the plane.* 
133% From A draw AD paraltel to BO;t 
then because AD and BC arc parallel, and BC is 
perpendicular to the planc, -. AD is also perpen- | === 
*S8 XI. dicular to the planc.* Which was to be f ea 
done. ~ = .- 





PROPOSITION XIII.—Trronex. 


From the same potnt (A) of a given plane, there cannot be two straight lines (AB, AC) at 
right angles to the planc, upon the same side of it; and there can be but one perpen- 
dicular draun to a plane from a given point above tt. 


For if possible, suppose AB, AC to be at right angles to a given planc. Suppose | 
the plane which contains AB and AC to intersect the 
given plane in DE. Then CA, BA, DA are im the . = 
same plane. Now CA is perpondienlar to cvery line 
* Def. XI. in the plane,* and .°, to AD, .-. CAD is 
a right angle. For the same reason BAD is a right 
+ Ax. 11T. angle, », CAD = BAD,+ which is 
absurd Also from the same point above a given plane, ? ~ e 
two perpendiculars cannot be drawn to it, for if they could they would be parallel to onc 
*6XI.  another,* which is absurd. Q.E. D. 


PROPOSITION XIV.—Treorem. 


Planea (DC, EF) to echich the same straight line (AB) to 
perpendicular are parallel to cach other. 


For if not, the planes must intersect; let them intersect in 
the straight line HG, in which take any point K. Join 
KA, KB. Then KA is in the plane DC, .-, KAB is a right 

* Def. XL angle.* Similarly ABK is a right angle, -. Aire 
the two angles KAB, ABK of the trianglo ABK, arc equal Wy iis 

{17% %o two right angles, which is absurd,t -. <Q 
tho two planes eannot intersect, and therefore are 

* Def. XI parallel.* Q.E. D. 
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PROPOSITION XV.—Tuzonem. 


Tf two straight lines (AB, BC) mecting one another be parallel to two other straight |, 
lines (DE, EF) which meet one another but are not in the same plane with the 
former two, then the plane passing through the former two (AB, BC) ts paraliel 
to the plane passing through the latter two (DK, EF). 

For, from B draw BG perpendicular to the plane - 

*11 XI. ABC,* meeting the plane DEF inG. In : 
this plane and through G, draw GH, GK, parallel to DE, Hh 

+ 811. EF.+ Then, since ED is parallel both to | | 

*oxr, AB and GH, .°, AB is parallel to GH.* | 

Similarly GK is parallel to BC. Again, because BG is | 

perpendicular to the plane ABC, it is perpendicular to | 
+ Def. XI. AB,+ .°, ABG is a right angle; but because 4 | 

AB is parallel to GH, ABG and BGH are together equal i | 
* 291, to two right angles,* °, BGH is a right 

angle. Similarly BGK is a right angle, .., BG is at right angles to GH and GK, and 
+4XI. therefore is perpendicular to the plane passing through them ;f ¢. ¢., is 

perpendicular to the plane DEF. Then, since BG is perpendicular to both the planes | 
*14XI. ABC, DEF, these planes are parallcl.* Q,. FE. D. 


PROPOSITION XVI.—--Turorem. 

If two parallel planes (AB, CD) are cut by @ third ple 
(EH), their intersections with it (EF, GIT) ave 
parallels. 

For if not, they will meet when produced cither on 
the side EH or EG ; let them be produced on the side 
FH, and meet in K. Then, since GH is in the planc 

*1 XI. CD, GH when produced is in that plane, * 
., GHK is in the plane CD. Similarly EFK is in 
the plane AB, .-, the plane AB meets the plane CD, | 
for they have a common point K, and therefore is not 
parallel to it, which is contrary to the hypothesis, ., EF and GH do not meet when 
produced on the side FH. Similarly they do not meet when produced on the side EG. 
But lines which are in the same planes, and being produced cithcr way do not mcct, arc 
parallel, ... EF and GH are parallel. Q. E. D. 

PROPOSITION XVII.—Tuerorem. 

If two straight lince (AB, CD) ave cut by parallel planes (GH, KL, MN, in points 
AC, EF, BD), they are cut in the same ratio, (1. e. AE: EB 
:: CF: FD). 

For, join AD meeting KL in X and join AC, EX, XF, 
and BD, Then, because the plane ABD cuts the parallel 
planes KL, MN in the lines EX and BD, those are paral- 

*16XI. lels.* Similarly AC is parallel to XF; now 
because EX is parallel to BD, and AC to XF we have, 

t 2 VI. AE: EB:: AX: XD+ 

and AX: XD:: CF: FD 
. AE: EB:: CF: FD. QED. 
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PROPOSITION XVIII.—Turorem. 


If a straight line (AB) is at right angles to a plane (CK), every plane that passes through 
the line is at right angles to the plane. 


Let CH be any plane passing through AB, and let it intersect CK in the line CE. 
From any point F in CE, and in the 
plane CH, draw FG at right angles to 

“111. CB.* Then, because AB ‘i 
is perpendicular to the plane, it is per- : A uf 

+ Def.XI pendicular to CE,t . i. i i | Hh | 
ABF is a right angle. But GFB is it h ny i _ 
io right tig GED and FA LZ é anh . Je : 
are together equal to two right angles; ee Hh | i | [SU ae 


“28 1. .. GF is parallel to BA,* 
and AB is perpendicular to the plane 

+8 XI. CK, .°, GF is perpendicular to the plane CK,+ similarly any other line in 
CH drawn perpendicular to CE is perpendicular to the plane CK, ,°, plane CH is per- 
pendicular to plane CK. In like manner it can be proved that any other plane passing 
through AB is perpendicular to CK. Q. E. D. 



















PROPOSITION XIX.—Tueorem. 


If two planes (AB, BC) which cut one another (in the line BD) be each perpendicular to a 
third plane (ADC), the common section (BD) ts also perpendicular to the same plane. 


ot plane AB intersect plane ADC in AD, and let planc BC intersect plane ADC in 

DC. Then, if BD is not perpendicular to ADC, from 
point D in plane AB, draw DE perpendicular to | 

"WI. AD,* and similarly in BC draw DF per- i} 
pendicular to DC. Then, because plane AB is perpen” | 
dicular to ADC, we have ED perpendicular to 

n Def. x1. ADC,+ similarly FD is perpendicular to 
ADC: from the point AD in tho plane ADC, two 
lincs DE, DF are drawn Perpendicular to that plane 

*18XI. which is absurd:* °°, BD is perpendicu. 
lar to the third plane ADC. Q.E. D. A 


PROPOSITION XX.—TxHrEoreEm. 


If a solid angle (at A) ts contained by three plane angles (BAC, CAD, DAB), any two of 
them are greater than the third. 


If the threc plane angles arc cqual, any one of them is clearly less than the other two. 

If tho three angles arc not equal, let BAC be that which is not less than either of 
the other two. 

At A in BA, and in plane BAC, make the 

* 231. angle BAE = angle BAD,* make 
AE = AD, through E draw BEC, meeting AB 
and AC in B and C. Join DB, DC. Then in 
triangles BAD, BAE, the sides BA, AD = the 
sides BA, AE sath to each, and the anglo BAD ft 

441. == the angle BAE ,-, the base BD = baso BE.¢ Now, the sides BD, 

So eae Sete ee eee ee 
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* 201. DC are together greater than BC;* i.¢., greater than BE, CE; 
+5 Ax. I. taking away the equals BD, BE, we have loft DC greater than EC.+ 
Then in the triangles EAC, DAC, we have the sides DA, AC = the sides EA, AC, cach 
toeach. But the base DC is greater than the base EQ, .°, the angle DAC is greater 
*251. than the angle EAC.* ‘To cach of these add the equals DAB, BAK. 
t44x.I. Then the two BAD, DAC are together greater than BAC.* Q. E.D. 


PROPOSITION XXI.—Turorem. 


Livery solid angle (A) ts cestained by plane angles, which, together, are less than four right 
anglts. 


First, let the angle (A) be contained by three plane angles BAC, CAD, DAB. Jom 
BC, CD, DB. Now, sinee the angles of any triangle arc together equal to two right 

* 321. — angles,* we have the angles of any 
three triangles together equal to six right angles, 
. BAC + CAD + DAB + ABC + BCA + ACD 
+ CDA + ADB + DBA = sis right angles. 

Now, because D is # solid angle, CDA + ADB 

+ 20XI. are greater than CDB.* Similarly 
DBA + ABC are greater than DBC, and BCA + 
ACD are greater than BCD. 

. BAC + CAD + DAB + CDB‘*+ DBC + 
BCD are less than six right angles. Now, BCD is 
a triangle, and -. CDB + DBC + BCD = 2 right angles, .., BAC-+CAD + DAB arc 
together less than four right angles. But these contain the solid angle at A, .°, when 
three angles contain a solid angle, they are togothcr less than four right angles. 
Q.E. D. 

Next, suppose the angle A to be contained by any number of plane angles. Then 
all these plane angles are together Jess than 
four right angles, for ewpposing the lines con- 
taining the angle to be cut by a planc, so that 
we obtain a polygon BCDEF instcad of the 
triangle in the first case. As beforc, we can 
casily prove that the angles containing thc 
solid angle, together with the angles of the 
polygon, arc less than twice as many right 
angles as there are sidcs of the polygon ; but 
twice as many right angkhs as there ure sidc. of the polygon are cqual to the 

* Cor. 331. anglest of the polygon, together with four right angles; ., the planc 
angles forming solid angles at A, together with angles of polygon, are less than angles 
of polygon, togethor with four right angles, .”, angles forming solid angles are together 








less than four right angles. Q. K. 1. 
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SPHERICAL GEOMETRY. 


Introduction.—The following treatise, on Spherical Gcometry, is intended to be 
strictly introductory to the cognate science of Spherica] Trigonometry. To explain 
their relation, the following, for our present purposes, will suffice. Tho Scienco of 
Geometry, as given in the first six books of Euclid’s Gcomctry, contains, along with 
others, a variety of propositions concerning the relations between the sides and angles 
of plane triangles. And these propositions may be directly applied to solve a variety of 
problems by construction—e. g.,if we are asked to construct an equilateral and equi- 
angular pentagon on a given straight line, we can do this, with rule and compasses, by 
skillfully availing ourselves of certain properties of lines and angles which Euclid has 
proved. But if tho question wero asked,—-given that one side of a triangle is so many 
feet. long, and that the angles adjacont to that side are respectively certain parts of a 
right angle, how many fect long are the remaining sides? The question is one, not of 
construction, but of calculation, and we cannot solve it directly, but only by the inter- 
vention of a science which shall give algebraical expressions for the relations between 
the sides and angles of triangles. Such a science has been invented, and is called plane 
trigonometry. It clearly presupposes a knowledge of the relations which Euclid has 
established, and assumes them as its basis. Now, suppose the triangles to be described, 
not on a planc, but on the surface of a sphere, spherical trigonometry is the science 
which gives us the means of calculating from given data the sides and angles of such 
triangles. This science, thercfore, stands to the spherical triangle im the same rclation 
that planc trigonometry stands to the plane triangle. And as the latter science rests on 
that part of the science of Geomctry which treats of plane tiiangles as its basis, so the 
former science must rest on another portion of the science of Geomctry, which shall 
treat of triangles described on the surface of a spherc as its basis. 

The need of such a science as Spherical Trigonometry will be apparent to any one 
who reflects on the circumstanee that tho surface of the globe is (very nearly) spherical ; 
consequently, all the triangles calculated in the course of a survey on a large scale arc, 
when reduced to the surface of the carth, spherical triangles. Hence, surveying on 2 
large scale (Geodesy) cannot be carried on without thc imvestigations of spherical 
trigonometry. Again, in practical astronomy the positions of all the heavenly bodics 
are reforred to the surface of the great sphere—that, namely, whieh has the centre of 
the earth, supposed to be fixed, for its centre; and thus the triengles recognisod m 
practical astronomy are spherical triangles, and the requisite calculations cannot be 
carricd on except by means of the science of spherical trigonometry. 

Having thus explained that this so needful science demands as its basis the invcs- 
tigation of certain properties of the spherical triangle, we will proceed to mvestigate 
those properties. As alroady stated, wo shall confme oursclyes strictly to sueh pro- 
positions as we shall hercafter nccd in treating of spherical trigonometry. 

Wo havo already in general terms said that a spherical triangle is one dcsertbed on 
the surface of a sphere ; we must, however, dcfine this and other points morc accurately, 
which we shall de a8 wo proceed. 

It is to be observed that we suppose that we can draw any plane through any three 
given points; or, which is the samo thing, through any straight lune, and through s 
point not on that same straight line; also that we can cut any given solid, by a plane, 
in any direction whatever. 


ee 
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N.B. From Euclid VI., 33, it appears that in a given circle any angle at the centre is 
proportional to the are on which it stands. The are is therefore said to measure 
the angle. 


DETINITIONS, 


I. 


A solid is a space which has three dimensions—namely, length, breadth, and 
thickness. 
i: 


A sphere is a solid bounded by a surface, of which every point is equally distant 
from a point within it called the centre. 


HI. 


The radius of a sphere is a straight linc drawn from the centre to any point in the 
sphere. 


IV. 
A straight line drawn through the centre, and terminated both ways by the surface 
of the sphere, is called the diameter. 


PROPOSITION I. 
' Every section of a sphere made by « plane ts a cirele, 


Let ABCD be the sphere; draw OA any radius whatever; let BPEN be a plano cutting 
the sphere’s surface in thc line BPE. It is supposed 
that the plane of the paper passes through the centre 
of the sphere perpendicularly to this cutting planc, 
which also cuts the radius OA in the point N; and 
suppose OA to be perpendicular to the plane; take P, 
any point in the line BPE, join PN, PO, OE. 
Then because PN is in the plane BPE, and ON is 
perpendicular to the plane, .°, PNO is a right angle. 
For the same reason ONE is a right angle, .°. in 
the triangles PNO, ONE., we have PN? + NO? 
= PQ? and EN? + NO? = OK?. Now, OP = 
OE, because each are radii of the sphere, .. PN? 
+ NO? = EN? +NO? °. PN=EN. Similarly Fig. 1. 
of any other point in the line BPE, °, BPE is a circle, the centre of which is N. 

If the plane passcs through the centro of the sphere, as plane CQD, take Q any 
point in the line in which the plane cuts the surface of the sphere. Join OQ, OD. 
Then OQ, OD are radii of the sphere, , OQ = OD. Similarly of any other point in 
the line CQD .-. the section CQD is a circle. Henco every section of a sphere is @ 
circle. Q.E. D. 


pet 








PROPOSITIONS II., IIl., IV. 253 





N.B. The figure, as thus drawn, will, it is hoped, be quite comprehensible ; it may be 
observed, however, that the circle ACD is the section of the sphere made by the 
plane of the paper, The other sections of the sphere are made by planes which 
intersect the plane of the paper in straight lines—e. g., in BE, and in CD, and 
these sections are seen in perspective, as CQD, BPE. 

Der. V.—The section of a sphere made by a plane which does not pass through the 
contre is called a smail circle. Thus, in Fig. 1, BPE is a small circle. 

Derr, VI.—The section of a sphere made by a plane which passes through the centre 
is called a great circle. Thus, in Fig. 1, CQD is a great circle. 


PROPOSITION IT. 


A great circle may be drawn through any two points on the surface of a sphere, but in 
general not through more than two points, 


For, taking any two points on the surface of the sphere, we can draw a planc 
through them, and this planc can be made to pass through any third point, réz., through 
the centre of a sphere. The scction of the sphere made by this planc is a great circle, 
and the two points clearly lie on it. 

Theso three points determine the planc, and ., we cannot be sure of its passing 
through any other point, whether on the surface of the sphere or not. Q.E. D. 

Cor —It is plain that a small circlco may be made to pass through any three points. 
For a plane being drawn through two points can be made to pass through a third; and 
if these three points are on the surface of a sphere, the plane cuts the-spherec in a circle 
on which these three points lie. 


N.B. We shall henceforth assume that we can draw arcs of great circles in any possible 
direction; for instance, through any two points. For this is merely equivalent to 
drawing a plane through the centre of the sphere, and those two points, which of 
course cuts the sphere in the required great circle. 


’ PROPOSITION ITT. 
Two great circles bisect one another, 


For suppose ABCD, the section made by the plane 
of the paper, to be one circle, and BPC a section 
made by any other plane BPCQ to be the other, then 
these planes intersect in the straight linc BC which 
passing through O, the centre of the sphere OC is 
a diameter of cach of the circles, and .°, bisects cach 
of the circles, ,., BPC — CQB, and BAC = CDB, 
or the two great circles bisect each other. Q. EB. D. 


+ 


PROPOSITION IY. 


The tnclination of two great circles is the angle between 
the tangents drawn to those circles at their point of 
intersection. Fig. 2. 


Let one great circle be that made by the plane of the paper AQB. Let APB, the 
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other circle, be that made by any other planc, then the diameter AQB is the linc in 
which the planes intersoct; im plane of paper draw 
AS perpendicular to AB; in the plane APB draw AR 
perpendicular to AB. Then (Zrect on Planes, Def. 4,) 
RAS is the angle between the planes. But AR touches 
the circle APB at point A, and AS touches the circle 
AQB at point A (Euclid IIL, 16), .°, the inclination 
of two great circles is the angle between their tangents 
at the point of intersection, Q. #, D, 


N.B. The angle RAS, between the tangents RA, SA, 
is generally supposed to be measured on the 
sphere, and is called the angle PAQ. B 


Der. VII.—If from the centre of a sphere a line Fig. 8. 
be drawn perpendicular to the plane of any circle, whether great or small, and be 
produced both ways to meet the surface of the sphere, the points in which that line 
meets the surface of the sphere, are called the poles of the circle. 

Thus, in Fig. 1, let CQD be the plane of a great circle, O being the centre of the 
sphere. Through 0 draw OA perpendicular to the plane CQD, and produce it to mect 
the surface of the spherc in F and A. Then F and A are the poles of the great circle 
CQD. 

Again, if BPE be the plane of a small circle BPE, from O draw ON perpendicular 
to that plane, produce ON both ways to mcet the surface of the sphcre in A and F. 
These are the poles of the small circle BPE. It is usual to call A (tho pole ncarest to 
the small circle), the pole of the cirele. 

From the demonstration of Proposition [., it is plain that N is the centre of the 
cirele BPE. 





PROPOSITION YV. 


if from the pole of a circle great circles be drawn to any tuo points of that ctrele, the inter- 
cepted arcs are equal. 


(1). In the case of a small circle, Ict APB be the planc of the small circle XOY per- 
pendicular to that plane, and meeting it in N, then 
XY are the poles of the circle, and N is its centre. 
Let XAY, the section made by the plane of the paper 
be one great circle, XPY, the section made by the 
plane passing through any other point P be the other 
great circle. We have to prove that the arc XP = 
are XA. For, since N is the centre of the circle APB, 
we have AN = PN;; also, since O is the centre of 
the sphere OA = OP, .. in the triangle AON, PON, 
we have the sides AO, ON, = the sides PO, ON, each 
to cach, and the base AN = the base PN, .:. the angle 
AON == angle PON. But in equal circles, cqual 
angles stand on equal circumference, .*, the arc AX 
= are PX. Fig. 4. 
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(2.) In the case of a great circlo, let APB be the great circle, O its centre and the 
spheres XOY perpendicular to the plane APB, Then, 
XY are the poles of the circle. Let the section 
made by the plano of the paper KAY be one of the 
great circles and let XPY be the other; we have to 
show that arc AX == arc PX—join OA, OP. Then, 
because XO is perpendicular to the plane KOA and 
XOP are right angles, and .°, are equal to each 
other. Hence as before, are AX = are PX, 
Q. E. D. 


Con. 1.—Hence the pole of @ circle is equally 
distant from every point of that circle. Zhe distance 
being measured along a great circle. 





Cor, 2.—In the case of the pole of the great 
circle, it is plain, since AOX is a right angle, that AX is the fourth part (or 
of the great circle AXBY. 


Cox. 3.—Also any plane passing through the poles of a great circle is clearly per- 
pendicular to the plane of that circle: since the line joining the poles XOY (Fig. 5) 
is perpendicular to the plane APB. (Tract on Planes, Der. 2.) 


Coz. 3 (Fig. 5).—Thc inclination of the two great circles XAY, XPY is clearly 
measured by the arc AP. For PO, and AO aro each perpendicular to XY, the line of 
intersection of the great circle, .-, POA is the inclination of the great circles, and POA 
is measured by the arc AP. 


4,—We have already scen that the angle AXT, 7.¢., the angle between the 
tangents to the circles at the point X, is the inclination between the planes, .., AP 
measures the angle AXP. ° 


Der. VIII.—A sphorical triangle is the portion of a surface of a sphere contained 
by the arcs of three great circles. 


~ 


Thus, let AXB, CZD, EYF be three great circles which intersect in the points ZYX, 
then the space ZXY inclosed by the arcs ZY, YX, XZ 
ia called a spherical triangle. 

It will be observed, that the great circle in a 
spherical triangle is analogous to the straight line in 
the case of a plane triangle; but there is this differ- 
ence to be observed, that two straight lines, when 
produced, never meet, whereas two great circlcs, 
when produced, always mect, viz., in a point dis- 
tanced from the other by a whole semicircle. To 
consider the result of this circumstance, we will 
suppose the section made by the plano of the paper Fig. 6. 

(ABad) to be one great circle, and the two others to bo ACae and BCbc, O tho 
centre of the spherc, AOa, BOd, COc, are diameters. It will be seen that ABC 
is a spherical triangle, as in the case of figure 6. But tho three circles, in addition 
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to ABC, make seven other spherical triangles, viz., abC, BCa, OCA, on the one hemis- 
phere, ABCa, and ABe. abe, dcA, Bea, on the hemis- A 
phere Acda. 

Also, it is plain that the triangles on the onc hemis- 
phere are equal to those on the other, each to each ; 
thus, the triangle ABC is equal to the triangle abe. For 
ACa, and Cae are cach halves of the same circle, and 
“, are equal to each other; take away the common part 
Ca, and we have left AC =-ac. Similarly AB = ad, 
and BC = dc. Again, the angle of the triangle acd, 
which is the angle between the planes, is equal to the 
angle ACB, which is also the angle betwecn the planes ; 
similarly the other angles are cqual, and they are de- Fie? 
scribed on the surface of the same sphere; if, thereforo, oes 
the triangles were supcrimposcd, they would coincide, and are ,", equal. 





N.B. The student will do well to consider very carefully the above observations : he 
must also take notice of the assumption, that triangles taken off the surface of the 
same sphere will coincide, provided their sides and angles are equal. This is 
merely assuming that the curvature of the samc sphere is the same at all parts; 
which is obviously true, as the following consideration will assure us :—Suppose 
we have two spheres of equal radii—suppose these centres to coincide—then, 
since cvery point in each sphere is equally distant from their common centre, their 
surfaces coincide, and will continue to coincide however we may move cither of 
them, provided their centres continuc to coincide. 


It is plain that the side AB measurcs the angle AOB. ILence the side of a sphorical 
triangle is spoken of as an angle, v7z., the planc angle it subtends at the centre of the 
sphere. 


PROPOSITION VI. 


Any two sides of a spherical triangle are together greater than the third, and the three 
sides of the triangle are together less than four right angles. 


For (Tract on Planes, p. 20), if a solid angle is contained by three plune angles, any 
two are greater than a third; but (Fig. 7) the solid angle at O is contained by AOB, 
BOC, COA, .". any two of these are greater than a third; and hencv any two of the 
three sides of ABC (which sides measure these angles respectively) must be greator 
than the third. 

Again (Tract on Planes, Prop. 21), the three angles, AOB, BOC, COA, aro together 
less than four right angles; and .°, the three sides, AB, BC, CA, which mcasure these 
angles must be less than four right angles. Q. E. D. 

Der. 1X.—A dune is the portion of the surface of aspherc inclosed by the arcs of 
two great circles. 

Thus (Fig. 7), ABa is a lune. 

Der. X.—The angle of a dune is the angle between the two great circles which 
bonnd it, 

Thus (Fig. 7), BAa is the angle of the lune. 
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PROPOSITION VII. 


On equal spheres, tf the angles of two lunes are equal, the lunes themselves are equal. 


Let ACBD, AEBF, be two lunes described on equal and coincident spheres, having 
the angle CAD = angle EAF, these lines shall be equal; for suppose the one sphere 
to revolve till the circle AEB coincides with ACB, then A 
because angle CAD == angle EAF, we must have AFB 
coinciding with ADB. The lunes, therefore, coincide 
and are equal. 


N.B. In the above demonstration we have assumed that 
the lunes have the same extremities, AB: we are 
obviously entitled to do this, since by shifting the 
spheres these extremities can be brought to coin- 
cide. Also, the proposition is plainly true when 
the lunes are on the same sphere. Also, it is mani- 
fest that the greater lune has the greater angle, and 
vice versa. Fig. 8 





PROPOSITION VIII. 


In the same or equal spheres, lunes are to each other tn the ratio of their angles. 


For let / and m be two lunes, the angles of which are a and 4; let A be any 
multiple of a, and LL the lune corresponding to A; then it is plain that L is the same 
multiple of 7 that A is ofa. Similarly let B be any multiple of 4, and Ict M be the 
corresponding lune; then it is plain that M is the same multiple of m that B is of 6. 
We have then four magnitudes, /, m, a, 6; and of the first and third we have taken 
any equimultiples, L and A; and of the second and fourth we have taken any equi- 
multiples, M and B. Now, by last proposition, if L 7 M, Ais 7 B; if equal, equal; 
if less, less .°, (Def. V., p. 186), 2: mi:a:8 QED. 

Cor.—It is plain that the area of half a hemisphere is a lune whose angle is a right 
angle, .*, if X be the arca of a sphere, and if A be any lune whose angle is B, 


AS : :: B: one right angle, 


“, A: X::B: four right angles. 
Or area of lune : area of sphere : : angle of lune : four right angles. 
Dur. XI.—The spherical excess of a spherical triangle is the excess of the sum of 
its three angles over two right angles. 


It will be seen by the next proposition that the sum of the three angles of a sphe- 
rical triangle are really greater than two right angles—the excess of the angles above 
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two right angles ig clearly due to the sphericity of the triangle; hence the term “ sphe- 
rical excess.” 


PROPOSITION IX. 


Lo prove that the angles of a spherical triangle are together greater than two right 
avgles, and that the area of a spherical triangle has to the area of half the ephere on 
which i is described the sume ratio that the sphertoal excess hee to twe right angler, 


For (Fig. 7) let ABC be the triangle, then the lunes cerresponding to each of the 
angles are BaA corresponding to A, BJA corresponding to B, Cade corresponding te C. 
For the sake of brevity, call these lunes respectively L,, L., L,. 

Then by Corol. to Prop. VIIL, 


L, : area of sphere +: A: 4 right angles. 
or, L, : area hemisphere :: A : 2 night angles. 


Similarly — 
L, : area hemisphere :: B : 2 right arigles. 
LL, : area hemisphere :: C : 2 right angles. 


.L,+L, +L, : area hemisphere :: A+ D+ C: two right angles. Now, tho 
three lunes clearly make up the hemisphere BACad, together with the triangle adc. 
Hence the three lunes are in all cascs greater than a hemisphere, and .*, the three 
angles of the triangle are together greater than two right angles. 

Again, triangle abc is equal to triangle ABC (Remarks on Def. VII), -.£, + L, 
+L, = area of hemisphere + area of triangle ABC. Also, A + B-+- C = two right 
angles -+ spherical excess; .", area hemisphere + triangle ABC : area hemisphere : : 
two right angles + spherical excess : two right anglos, .”, area triangle ABC : area 
hemisphere : : spherical excess : two right angles. 
Q. E. D. 

Der. XII.—The triangle formed by the 
great circles which join the poles of the sides 
of a given triangle, is called the polar or supple- 
mental triangle. 

Thus, let ABC be « given triangle; then if 
a, b, c, be respectively the poles of the sides BC 
CA and AB, adc is the polar triangle, And 
clearly, if aA is joined by the arc of a great 
circle, and this is produced to meet BC im D, 
then aD is a quadrant of a circle, and AD is per- 
pendicular to BC, and similarly of the other 
poles. Fig. ®. 

The relation between the given triangle and its polar wiangie is very important, 
as will be seen when we seme to eniploy its properties ia Spherical Trigonometry ; the 
properties oh which its importance depends are proved in the following propositions, 
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PROPOSITION X. 


If two great circles intersect, their potute of intersection will be the poles of the great 
circle which passes through thew pales, 


For (in Fig. 5), take the plane of the paper fer the plane ef one eircle, and 
¥PX for any other, so that X end ¥ are the points of imterseefion of the two circles ; 
through O draw a plane APB perpendicular to XY, and .°, perpendicular to beth the 
planes XAB, and XPY, and .°, the plane APB will contain the hnes drawn perpendicular 
to those planes, and therefore will contain the poles of the twe given eireles. Henee 
APB is the great circle joining the poles of the circles XAY and XPY; but YOX is 
perpendicular to the plane APB, .*, X and ¥ are the poles of the circle APB; ¢.¢., are 
the polcs of the great circle which joins the poles of the two given circles. 


PROPOSITION XI. 


If ABC ts a given triangle, and A'B'C’, te its polar triangle, then ts ABC the polar 
A 


triangle of A'B'C’, 

For since C’ is the pole of AB, and B’ is the pole of 
AC, ., (by last Prop.) the point of intersection A of 
AB and AC is the pole of the great circle joining B’C,, 
‘6, A is the pole of B’C’, similarly B is the pole of 
C’A’, and C the pole of A'B’. Q.JE. D. 


PROPOSITION XII. 


If ABC ts a triangle, and A’BC’ tts polar triangle, 
then the are on the sphere, which measures the angle 
A, together with the side WC’, equals the semi-cir- 
cumference of a great circle. 


For, produce AB, AC to meet BC’ in P and Q. Then because AP and AQ are quad- 
rants, PQ is the arc that measures the angle A (Cor. 4, Prop. V.); now B C’+PQ=BP 
+ C'Q+QP=BQ+ CP. Bat Witce B’ isthe pole of AC, *, BQ is a quadrant. 
Similarly C’P is a quadrant, and the two together are a semicircle, .*, BC’, together 
with the arc on the great circle which measures A, equals the semi-circumference of a 
sreat circle. 


Cor. 1.—If for these arcs wo substituée the angles they mcasure, we may stato the 
»roposition as follows :— 





A + BC = 2 right angles. 
Similarly— 

B + C’A’ = 2 right angles, 
C +- A’B’ = 2 right angles. 

Cor. 2.—And since ABC is the polar triangle of A’B’C’, we have— 
A + BC = 2 right angles. 
B’ + CA = 2 right angles. 
C’ +- AB = 2 right angles. 

Con, 3.—Hence, the sum of the angles of any triangle, togother with the sides of 
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the polar triangle, = six right angles. But the sides of the polar triangle must have 
some magnitude, and must be less than four right angles (Prop. VII.) Hence the three 
angles of a triangle must be less than six, and greater than two right angles, 

It is plain, since the three angles of a spherical triangle are greater than two right 
angles, and less than six right angles, that a spherical triangle may have one, two, or 
even three of its angles right angles, 

Dur. XIII.—A right-angled spherical triangle is one which has one or more nent 
angles, 

Der. XITV.—A quadrantal triangle is one which has at the least one side a right 
angle, #.¢., the quadrant of a great circle, 


PROPOSITION XIII. 


If ABC ts @ right-angled triangle, having a right angle C, and A'B'C' 4s tts polar 
triangle, then A'B'C' ts a quadrantal triangle, having the side A’B' a quadrant. 


For by the last proposition (Cor. 1)— 
C + A’B’ = two right angles, 

Now, C is a right angle, .°, A’B’ is a right angle, t.¢., is a quadrant. Q.E.D. 

Cor.—Henco, ifall three angles, A’B’C, are right angles, the sides of the polar triangle 
are all right angles. For if two sides of a triangle are right angles, the third side 
measures the opposite angle; .°, if the third side is also a right angle, all the angles 
are right angles, Hence in the polar triangle the sides and angles are ali right angles. 
And since the angles of the polar triangle are each right angles, the sides of ABC will 
be right angles (last Prop., Cor. 2). Hence, if all the angles of any triangle are right 
angles, the sides are right angles (¢.¢., quadrants) also, 
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SERIES AND LOGARITHMS, 


ON SERIES, 
1. The Principle of the Permanence of Equivalent Forms. 


Ir was stated in page 161, that “the processes of Algebra are, for the most part, 
only processes of Arithmetic, extended and rendered more comprehensive by the aid of 
a new set of symbols, taken in combination with the well-known symbols of Arith- 
metic ;’’ and in the explanations following, it is made to appear that Algebra is a gene- 
ralization of Arithmetic—that whereas 2, 5 .. . represent certain special numbers, 
a,b...represent any numbers. This is professedly an elementary view of the case; 
and, as an elementary view, is quite sufficient. But when the nature of the generali- 
zation is more closely considered, it appcars that, in what is commonly called Algebra, 
there are really two distinct, though closely connected sciences, which may be called 
respectively Arithmetical Algebra, and Symbolical Algebra. In Arithmetical Algebra, 
“the symbols represent numbers, whether abstract or conercte, wholo or fractional, 
and the operations to which they are subject are assumed to be identical, in meaning 
and extent, with the operations of the same name in common arithmetic. The only 
distinction between the two sciences consists in the substitution of general symbols for 
digital numbers.”’ 

Thus, in arithmetic, it is impossible to subtract 7 from 5: so that 5 —7 is impos- 
sible; and hence in arithmetical Algebra, when we write a —d, we do so with the tacit 
assumption that a 7 6. If we generalize a step farther than this, and allow ourselves 
to write a — 5 for all values of a and 4, then it is clear that the negative sign has a 
more extended meaning than that of mere subtraction ; and it remains for us to ascer- 
tain what this more extended meaning is. The scicnce which concerns itself with this 
second generalization is called Symbolical Algebra. Thus, then, we have, in all three 
sciences, — 

(1). Arithmetic, in which the symbols employed are particular in form, and particular 
in value, ; 

(2). Arithmetical Algebra, in which the symbols employed are general in form, but 
particular in value. 

(3). Symbolical Algebra, in which the symbols employed are general in form, and 
also general in value. 

Thus, as the second of these sciences is a generalization of the first, so the third is 
a generalization of the second, The principle in accordance with which this second 
goneralization is conducted is called that of “The permanence of equivalent forms,” 
The principle may be stated as follows :— 

“Whatever algebraical forms are equivalent, when the symbols are general in form, 
but specific in value, will be equivalent likewise when the symbols are general in value, 
as well as in form,” 

For the full exposition of relations between these two sciences, the advanced reader 
is referred to a “Treatise on Algebra,” by George Peacock, D.D., to whom is due the 
detection of the coexistence of these two sciences in that which is generally treated as 
one science—Algebra. We shall have several occasions to make use of the principles 
above enunciated in the course of the following pages. As an example of their appli« 
cation, we will reconsider the Theory of Indices already treated in pp. 191, 192, 193, 
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2. On the Theory of Indices. 

We have already scen that a™ signifies ¢XaxaxXa, &c., to m factors, when, of 
course, # must be a whole number. 

In like manner a” signifies a X a X a, &c., to n factors. THence— 

a" X a= axXxaxa.... to (m+n) factors, 
and therefore a" X a*==a™ +”, 

This is a result in Arithmetical Algebra. It is perfectly general in form, but it is 
particular in value; for m and » are, by the definition of a”, limited to being positive 
whole numbers. If we strppose m and » to have negative or fractional values, this 
inyolves a generalization of our original definition, and the question arises what 


p 
meaning we must assign to such expressions as a— " @. To answer it, we proceed in the 
following manner :—By assuming and» general in valuc as well as in form, we eater 
the domains of Symbolical Algebra ; henoo, by the principle of the permanence of equi- 
valent forms, under all circumstances— 

a” at = amen, 
2. a xX a" Xa cm a+" XK a magn tner: 
and se on for any aumber of terms, Hence— 


p+p+p 
: . — mw Hee. Ag fraction 
ai xX aX Ex ... to g terms =a? ¢% ¥ 
Pg 
fas (,2) a aP, 
a | 
Ae i 
2 
i.e. wrust (in accordance with our gencral principle) signify the 2" root of the 7% 


power of a, 
Again, a™ X a" X a—" = qu +n— n= qm, 
a Kan-r=], 


e a Ram 


e-e 


Hence, we sce that in assigning the meaning 1/a to a , we are doing so not arbi- 
trarily, but in accordance with a principle which lies at the foundation of Algebra. 


3. On Impoesthic Exnpresnona, 

Again, we know that 1/ a? =a. In like manner if we were to hawe — w#*, this is 
ox a® X (—1), and +. /—at = ay —i. The expression +/ — 1 is frequently spoken 
of as an “impossible quantity,” an “imagimary expression,” and se on, since — 1 
cannot be produced ‘by muliplying either 4+- 1 by + 1, or —1by—1. {n reality, 
however, 4/ — 1 is as possible or as impossible as — 1; for in arithmetical Algebra 2 
and 1 a are only admissible on the supposition that @ is positive. In symbolical 
Algebra this restriction is removed, and therefore in that both —a and y — a arc 
sdmissible. Hance in future investigations we shall make use of 4/ — i just as frecly 
as / a, whenever it muy suit our purpose, quite undeterred by the circumstance of its 
so-called inpowsibikity. Of course there ane meny differences between the symbols — 1 
awd+/— 1; for msatanee, the Srterprotation of the former is a neach simpler matter 
then the interpretation of the latter, and in seme cascs a — 5 belongs to erithmetical 
Algdbra; but a ++ 5 y/ —1 mever does. "We cannot enter farther into the matter now; 
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what we have said will be enough to explain that we nove justified in introducing mto 
our calculations expressions which are called “jmaginary,” or “ impossible.” 

4. To prove that if Ay+ Aw + Apa? t....4 Ananomg, ta e+ agat+.... 
++ an tn, for all uabues of x. Then Ay = a,, Ay = ay, Ag 2 gy ew Apa” 

For since Ay + Ay +... Anz" a, + a2 +... 4 Gpz* are equivalent for 
atu valucs of z; they are equivalent when x==0. .*, Ao == dp, and .*, Aww + A,z” 
tf Ano at 4 agt* 4+ 6. + anes A, bt Age .. Ape "la, 
+ 4,2 +... + a, 2"—! for a}l values of x; and hence when 2 = 0, .*, A, == 4, and 
andsoon. Hence A, = a... and Ay = an. 

This is called the principle of Indeterminate Coefficients. 

It will be seen that in the case supposed, where the number of terms in each seri ; 
is finite, the proof is quite rigid. If each series were infinite the proof would not then 
be conclusive; and, accordingly, we shall refrain from using this principle except in 
gases where 20 objection can be raised to its use. Such as the following :— 

{1). Toresolve G20 G-DGSs = EG 3) into partial fractions. 


1—2e-+4+32? A A, A; 
Ame NEE teaa tae 
”, 8a? — Qe + 1 = Aye — 2) (@ — 8) + Ag(z — 3) (x — 1) + A(x — 1) (2 — 2) = 
w?(A, + Ag+ Ay) — 2(5A, + 4Ay + 3A,) + 6A, 3A + 2Ay, 
This being true for all values of x, we have 
A, +A, +4A,=3. 
5A, + 4A, + 3A, == 2 
6A, + 3A, + 24, = 1. 
we 2A, + A. —7. 
4A, +A, = —5 





7 a Aye. 
-A,=-—9 
A,== 11 
3a? — 22 +1 1 9 11 


“+ G1) (e—9) (e— 8) a1 2-2 "ZB" 
N.B. A fraction written in the above form is said to be resolved into its partial 
fractions. 


(2). Resolve SEED into its partial fractions. 
z—1 A Me + N 
sm eee el eo 
5 @—laae(A = M)4+2(M+N)+3A+4+N 
- A+M=—0 
M4-N=1 
BA + N= ei 
> A-N=-1 
4A —2 
A=—} 
N=} 
M =} 
z—1 


3 1 . rl 
CFEC FI) Be Fi) Tae +3 
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The student can prove the following :— 


327 -++- 47 —1 1 1 1 
(1). (e Fi) @—1) @—2) WEFiTe=iTe=3 
(2) 27+ 3 oe x pre cha 
* (¢ 49) (2 — 3) (e@—5) ser) E= 5 eB 
(3). FDC D I a 
1 1 1 
O FICHE STO S eee 
i 


Gay (6—c) °ar—e 

(5.) A series is a number of algebraical expressions, each of which is connected with 
those which precede it in some determinate manner. 

For example :—In the treatise on Elementary Algebra, we have had examples of 
serics in the arithmetical and geometrical progressions. In the former case, each term 
is derived from the one preceding it by adding a certain known number called the com- 
mon difference. In the latter case, each term is derived from the one preceding it by 
multiplying that term by a certain known numbcr called the common ratio. Hence, 

stot G+ B+ 4 B)+. 
atartuart t+ ar. 
andl +rtr+-At. i... 
are series. 


Def. :—A series is called a finite series when it has an assignable last term. It is 
called an infinite series when, if we fix on any term whatever, there are terms beyond it. 

Thus, l+r-+r+....-+- 9" isa finite series. Butl-+r+r?+.... ad inf is 
an infinite serics, because if we take any term whatever—for instance, the 50th, or 
500th, or 5000th—there are always terms beyond it. 


6. To explain what ts meant by a Convergent and a Divergent Series. 


Def.—If the sum of the terms of a series has an arithmetical limit when the number 
of terms is infinite, that series is convergent ; if otherwise, it is divergent, 

If we divide 1 by 1—~+r, we shall produce 1+ r+ 72-+.... which series we 
can continue to produce to any number of terms whatcver. Hence the fraction i = 
and the series 1 + 7-+ 7? -+- .... ad inf. are equivalent to each other ; or 

pol terete fad infinitum, 

Now, it has been already proved that if r 7 1, by taking a sufficiently large number 

of terms, the numerical value of the series can be made to approach to the numerical 


value of = to within any assignable limits. For instance, if r= } then =, 2 


and if we take four term the series equals 1:875. Imfwe take five terms it equals 
19375; if six terms it equals 1°96875 ; and hence in the extreme case, when we sup- 
pose the number of terms to be infinitely large, the series is actually equal to2. And 
hence if r is leas than 1, 


pelt te fad infinitum, - 
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where by tho sign = we mean that the fraction 





{7 38 arithmetically equal to the 


series. But ifr is greater than 1, for instance, if equal to 2, the fraction equals — 1; 
whereas if we take four terms, the series 15; if five terms, 31; if six terms, 63; and 
so on where there is no trace of approximation towards arithmetical equality between 
the series and the fraction. In the former case the series is said to be convergent, in the 
latter divergent ; and if we include both cases in the expression, 

—— Lertr2?+... ad infinitum ; 
it must be understood that the sign = signifies algebraically equivalent, not arithme- 
tically equal. This explanation will be sufficient to enable the student to understand 
the meaning of the terms convergent and divergent, when applicd to special series. 
The general questions that are suggested by series, and their convergency and diver- 
gency, belong to the higher parts of the science—and many of them are still doubtful. 


7. A test for ascertaining the Convergency of a given Serves, 


We have already scen that— 


i 4 = l4+r+-r2+734.... is convergent when ris 7 1. Hence, if we have 


@ series 





A+B+C+4D+.... 
and can show that B 7 rA, C Z r2A, D Z r3A, &. Then— 
A+B4+4+C4+D+4+...Z AQ +r+rte+r84+..,..). 

This latter is convergent ifr is 7 1. And if so, the former must plainly be conver- 
gent too. This gives us a test for ascertaining whcther a given series is convergent, 
which we shall find useful hereafter. The student must remember that, though all 
series which submit to this test are convergent, many may be convergent which do not 
submit to it. 

For instance, to ascertain whether the series 

6-4 an + ae + &c., ad tnjinitum, is convergent when @ Z 2. 


The series may be written— 


ofitey + seet 


@2 6 6 606 , @ 4 
a% 3 fay gris Z (CQ) 


23 7 
6 @ ,* ; ‘ 
Similarly, 3-75 Z Ms ) and go on for the other terms; hence the given series 
is less than 
g2 04 
6 $1 + (5) + (5) +... ad infin} 
and this is convergent if ( 2) Z1, or if 6 Z 2; and hence the given series is conver- 


gent if @ Z 2. 


N.B. rap Slot t.... Is true arithmetically when r Z 1. 





ree 
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Hence, the above test of convergency holds good when the terms are alternately positive 
and negative. | 

In the following pages we shall confine our attention to three serics—-the Binomial, | 
the Hrponentsai, and the Logariwhmec. 


8. To state the Biuomial Theorem. 

If a. b. n. arc any numbers whatever, then— 
(a+ b)n = a + na ™—1b 4 salary =) ae 752 ot. nin silat Ades 2) a®— 30° . &o, 

The reader will observe that the first term is a”, that in each term the index of « 
diminishes by unity, while the power of 8 continually incrcascs by unity, so that the 
sum of the indices of each term is . 

Again, the coefficient of each term has for its denominator the continued products 
1.2.3.... up to the index of 8 inclusive; and for numerator, the continued product 
2.(% — 1) (n— 2).... down to the index of « exclusive, Thus the coefficient of the 
term which involycs a”—*b" is 

2.(%— 1) (w—2)....(n—r+t]) 
lL 2 a rie - 
9. Zo prove the Binomial Theorem when n is a positive Integer. 
(a) To show that (¢ 4 8)" = a + n@—lb4+.... 
By actual multiplication, 
(a +b)? = a? 4 2ab +... 
(a+ b)s = a4 3a7b+.... 
(a+ b)§ = at + 4e4.... 
These results plainly suggest the assumption 
(6 4-5)” = a” + ma"—1b a... | 
Multiply both sides by a -+- 4, and wo have | 
(a bym +l = amidst (m+ 1) od+..., 
which is clearly of the same form os the assumption, ¢.¢. this has m-+ 1, wherever , 
_ that has m. Hence, if the theorem is true for m, it must also be true for +--+ 1. Now | 
it is true for 4, .*, it is true for 5, .. for 6, and so on; therefore it is always truc for 
any positive whole number. 


aetna See te | a ee ee 





| 2 (a 4-5)8 = a® 4 no*—-%B 4+... (a) 
N.B.—If a = 1, and& = z, we of course have 
(l4aj>=1l+nrt+.... (5) 


(8). To show that— 
(Lf ep ne $2 ge 


For, suppose— ! 

(L + 2)" 1+ ne + A, ot@ As A, ott... (c) 
It is plain, since (1 +- 7)” means (1 -+ 2) multiplied into itself n times, that this | 
series is finite, so that we may employ the principle of indeterminate coefficients. 
In the series Az, Aj, A,..... do not at all depend on 2, and will therefore cone | 
tinue the same for all values of x, so that, for instanco— 


m, des 


(1-1) @= 2), 
aaa et Sao 


+= 1+ ny + Agy® + Any? + Ayys +... 








Ee ER ce cre ree ne 





nn ee me 
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In equation (2), writez==y-+ 2. Then— 
(tye =t tay) + Ay tet day +P +. 
= 1 ny os H Aa(y? $2 + —) FAY? + 8y°2+.. 
= 1+ nay + A,y* +4,y9 + rl +.. 
+2 {n+ 2Acy + 8A,y? + 4A,y? + Nae ke (@) 
which is true for all values of y and «. 
Again, if in equation (a) we take 1 + ya and = = 8, we have— 
GFyts=l+y" +a + Laisa +++ (E). 
Now, (@) and (e) are the same for all values of «, .*, the coofiicient of < in each must 
be the same, .°, 
n(l+y)*—l =n 4 2A,y + 3A,y? + 4Ayy> +... 
for all values of y; multiply both sides by 1 +- y, 
nl ty mat QApy + 3A,y? + 4A yy? +... 
+ ny 4+ 2Acy? + 3A,y? +. 
But by equation, (ce) n(L pe of)" =a we ob ty + Agny® q- Any? rd A ny* +... 
we nty +nAay? + ndyy® + sayy +... 
men} (2Ae + u)y + (3A, + BAg)y® + (LA, + BA )y4 +. ata 
These expressions are true for all values of y. 
Henee 2A, + 2 = 7° 
3A, + 2A, = nAz 
4A,-+ 3A, =A, 





2A, — nnn — 1), 7. AZ ne) 1) 
8A, == Ay (a— 2) Ay SOT) 
4A, = A,(2— 3) A,= ONG 


Hence— 
(payline p Oo ot fA) gee sy 


The student will observe the manner in which cach successive cocficient is derived 
from the one that goes before it. Ho will easily see that if we look in the r—1% and | 
r* terms, viz. A’ —,2"—1 + Apr’ + .... we should then have an equation— 
rA,;— (r— 1) A,-, = nA,—y 
. (Ay = Apa @— rf 1). 
so thet the gonerel term of the expansion will be— 
nin — 1) (9 —8) ... Ge — 71) ii 
saa Oe ec " 
He will also observe that if » is a whole number when ¢ is greater than», there 
will be in the general term a factar n —w#-+-1-+ i=me; pr ais the lest term of the 


an—1... 2 
, a | 


(1 Hey ei pne MRD 5p HOD eg. pom 


series, also the cocf. of 2* — =L Hence— 
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(7) To prove the series— 


(a dra tnar—2 54 20—)) Let tO 


For in the last series write 7 = .., Then— 


= b n(n —1) B 
atten te byte 





fe, 
a” 
5 
Now, a(1 + =) =a+4, 
at(12)e= (a 4 8)", 


2 bn 
Ka bh a Kae 





But a" (1 +o) ary nt x an 1. %-(0— 


1:2 
(af Bm arp nat—1 5p 2D m2 44... (IL), 


which is the Binomial Theorem when n is a positive integer. 

In page 184, a table of the developments of powers of a binomial is given. These 
may be immediately deduced from the series we have just proved. Thus, to develop, 
or expand (a +- x)*, we have— 


(a + x)" = a" + n'a "—le + eT es ee eee 


'. (a+2z)% = a +8atepor a®z? 4. ~ 7° 8°7'6s aozs fe 87°65 oa 





1°2°3° 1234 °°” 
8°7'°6-5'4 a 8°7°6°5'4'3, ¢ 
+r 1°2°3°4°5 at 123456. or 
8765432 fy 87.654'3'2'1 
tisscce7  T ip : £5678 
= at 8a'z + 22 ata? + oT ate + ST atet OTE aigs -. 


sa atz8+- Bar’ +- 2%. 


= at + Bas + 28a%x? + 56a5x +- 70atat + 56 a%xS 4 282225 + Sar? + 28. 
The student will observe that the coefficients of a’z and of az’ aro the same, as also 
of a®x? and a22° of abx® and a®r'. 
And, in general, if we write the series, whether we begin from a or from z. we get 
the same coefficients. Thus— 
a8 + 827 + 282r%a? -+ 56x50 + 70rtat + 5éx%a5 4+ 28220° + 8xa7 + at 
a? + 8a'x ++ 28a8r? + 56a5x? —+- 70atzt +- 66a%x* -+- 28a72* +- Bax’ +- 2%, 
It can easily be seen that this must be the case, for the former of these two is 
(v -+- a)*, and the latter (a + a)", which are clearly the same thing. This considera- 
tion greatly facilitates our expansion of a binomial. Thus— 


10-9 10:98, 1 10:9°8-7 
(a + a)" = ah 0 aap Tate? + oe + Tag Oe 
aes 
+3545 CHT: 


=z gb. 10a%x 4+ 460%r* -4- 1200728 a 210a%at +- 262a5as 
4 210a4%z* + 120a%2? + 46022! 1-4-0494 2, 
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In like manner— 

(a 2)? = a? + Sate +- 360%? + B4ate? + 1210824 
+ 121.a4e5 4 84a%z 4 86a%x’ + 9ax8-L 2°, 

Tt will also be observed that, in the case of (4-4 x)'° there is a middle term, 252a'a'. 
but in the case of (a-+)® there is no middle term. In fact, it is plain that the 
expansion of (a4 4-4)" contains » + 1. terms, for the expansion contains one term in 
which 4 does not appear, and also terms containing 4, 53,8 .... upto Hence, if 
m is even, » -+- 1 is odd, and the expansion has a middle term; if » is odd, n-+-1 is 
even, and the expansion is without a middle term, 


10. Zo prove the Binomial Theorem for any value of n. 
Let us use the notation 


S(= 


nie 





ee ee 





for all values of n. 
m. oe) 3 


. S(m) 1 + me + wf... 
and J mba) 1b lnbay 2h EMO D oo, &e. 





Now, when m and n are positive integers, we obtain from equation (I.) 
(hp ayri1 me MY) ot, 
(1-++2)" Hine MDa. bats 


(L-b a2) = L+ (mn) 24 etm om) wet... 
me PD tt) x pene MY ot +.) 
=(1faym(Lpayma(Lpaymen i$ (m-pn) 2 STF Od) 224 ge, 

Hence, when m and » are any positive integers whatever, 


F(m) Fn) =F(m +n) 

In accordance with the principle of the permanence of equivalent forms, we assume 
this to hold good, whatever m and n are, and then interpret the meaning we must assign 
to f(m) consistently with this assumption. 

It is plain that 


Sm) fin) Fp) =m + 0) fle) = fim 0 + 2), 
and so on for any number of terms, 
Hence, 


KD x AE) AE) to 9 factors = E+E 42 4+ to g fractions) 


F ae ee 
2 {Ey ate). 
Now p is a positive integer, 


ELL TTC ICCC ALC AEA ISL TAA tt tnt tethered tsar stats agenaenceatiteetie ae 
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olppep POO... pe 
“. Sp) = (i +2)? 
“ {FE) meta 
q 





I®) = (1 ay 


| 

Let 2 =n 

q 
-. (1-2) = fw) 1 pnep Oa Vert.., 
when # is a fraction. 
Agair, if » is negative we have 
F(m) f (nt) f(— 1m) =f (im — my =e J (12) 
oS (m) f(— mm) = 1° 


eeeg UE 
I (— a(= Fon 
Now, m is positive .*, f(m) = (I 4-2)" 
i —— 2 
p Fo == (1 -+ 2) 
wo (La) me se f'( — mn). 


Let 2 == —m 
92.11 — 


| 1 
# (1a) =f (n) =r net OOD ae, 
| when » is negative. 
And thercfoic, for all values of » positive or negative, integral or fraetional, 
) n{w—1) . —1 —2 

a)" = 1p ne 2) oo gO NO Dot. CL) 
Lit « a, 

a 


brane SD Ba 


Now,a"(L- 3) = (aba) 
1 (at = a" 4 nar-l + eee) ale ew... (TV) | 


rn a a ee et 


which is the Binomial Theorem, and we have proved it to hold good for alt values 
of n° positive or negative, fractions? or imtegral. 
N.B.—The Binomial Theorem was discovered by Newton; itis very important, and 
is constantly used in almost every part of mathematics ; it is thcrefore very necessary 
that the student be quite familiar with it. It will be well if he will carefully examine 
the following results, 
(1.) To show that 


.n—1 (n— 1) (n— ) 
| (ay =n MOR a_ me Jl 2 a be &e, 


: We obtain this from equation (IY.) by writing a==1, end §==—z. 


ee ete tee 








| TME BINOMIAL THEOREM. al 


—~ vee 


(2). To show thes 
ymin MOTD 4 MONOD 


write in the series (IV.) a= 1 and d= 1, and we obtain this result. 
(3), To show that 
ee cD et nae 5+ be. 
write in the series (IV.)a¢ =YandJ=—1. Then 
n(w—1)  2(2—1) (n—2) _ 





ai <p ag 
Whence the result. 
(4). To show that 
ae elt pep prep pet be, 
yi— 2:4 2°4°6 
] 
gg eee a a 


Henee, by the gencral formula (TV.), this equals 


1+ 2) Ea) + CREO) _ eg 4) (—4—1) (~4—2) 


1:23 (— 2°) 
=i te Bp EE ep &e. 
Whence the result. 
(5). To ascertain whether the scries 1 +- nz 4+-——~ te) a? ++... is convergent. 


For the sake of brevity, let us write the scries 
Lenz... Aw Ap partl pA, ga7tt*... 


where A, = =e} es SERER wom + a) 


a re ee re 


R2e— 
o AeA, —— 
Aries Aya eine ern 
r+ 2 





Now, r can be taken tolarge that "2 £1, and therefore =e Z 1. So that if 


+2 rea 


is also Z 1. 


mpL SES n— TE 
Also, these Gn are all negative, .°, if A, is positive, A,.1 is negative, Ap, gis | 
positive, and #0 on. But if we neglect the considerafion of the signs from what hay 
been proved, # appears that A, 7 Ae ty AT*t!7 Ayia, Ke. 
Hence, the part of the series beginning with A, 2”; ¢. ¢. 
Ay to be Aggy battled Ang at tt ee 


ae erent OE eel 
“ ee ee aoe Noreen cee = ee wet ee ~ es x Me eee ee ommebstnendias viertprentis| 





veto 
| 
| 
| 
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has its terms (if x be positive) alternately positive and negative, and is term by term 
less than 
A, a — Ay oti 4a Aart? — &...,. 
provided A, / 1. 
But this latter series equals— 
A. a" (l~z2+2z*—) &, 
which is convergent of 7 / 1. 
Hence, provided  £ 1, the series, at all events, after a certain number of terms, 
converges. 
(6.) Hence, if Z 1. 


n(n — 1 
(pay =ipacp MOOD oy, 
is true arithmetically. We may therefore apply this formula to extracting roots of 
numbers, Thus to extract the 5" root of 1:1. The fifth root of 1:1, is (1 + = 


Now, 


ie 14 ogy 49 
(1 + 2) L+4+pe4 B10 + Kio 
14-914: 1*4 “9 "14:19 
— Fi016-20° + Fi016-20-95- =° — &-. 
41 
1 —1 ayyp2 = 0008 
1.1 
3+ oe ‘0008 
14-9 1 te, 14914 1 90000336 
Bio1s + io = "000048 5-10-1520" 10° = 00080336 
1-020048 
000803, 36 
1019246 


which is the 5™ root of 1°1, true to 5 places of decimals. 


11, To show that a®* = 1-4 Ax + —— 


where A = (@— 1) — 


_ 


A*x3 


a + 193 + .... ad tnfinitum, 


OW Cog 


This is called the Exponential Theorem or series. 





By the Binomial Theorem. 
a® =z (1 +a — 1)* 
= 1fe@-1) +" G+ fen Nem?) a—1)34..,, (a) 


Now, it is plain that if we multiply the factors of the coefficients of (a —1)%, 


(a— 1), (@—l)*.... 


together, we may re-arrange the series so that it shall become 


a = 1+ Art Br? + 0x2? + Droit ,.,. (0) 


where A, B, C, D, 


"+e. contain (a—1) and its powers in some determinate manner. 


For example, if we examine (a), we shall find that each term, after the first, contains 
the first power of a; viz. the second term contains z(a—1), the third contains 
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— ]\2 — 158 wa 1 \4 
—.2= the fourth contains 2 tar the fifth — ei and so on; 
hence the term involving the first power of 2 when (a) is re-arranged, must be 


#{(a—1)- en 1)? 4+ eo _ ee &e. 
pee yD y GaP Ga (c) 


In like manner, we might find B.C. D..... in series (6). Instead of doing so, we 
proceed as follows: since (6) is true for all values of z, we must have— 
av = 1+ Ay + By? + Cy + Dy. (a) 
Now, @* X a = atv 
But, a® X @ = 1-4 Az + Bz? + C23 4+ Dat +.... 
+y {A+ A’e+ ABz?-+ AAC+ .... } 
+y? (B+ AB2+ Bs? +... 
+, {C-+-ACx-+ adhe 
+y{D+.... 
=1l+Ac4+ Bo +Ce 4Det 4.... 
+ Ay + A®zy 4+ ABr’y + ACay+.... 
+ By? -+- ABzy? 4+ Br’y?+.... (6). 
+ Cy + ACryi+.... 
+ Dy 4+.... 
Andat*¥ =1A(e+y)+Blety)? +C(ety)'+.... 
== 1+ Ax-+ Ba? + Ca? + Dat + ire 
+. Ay + 2Bry + 8Cz*y + 4Day+ .... 
+By? + 3Czy? + 6Dz?y? + .... (Ff) 
+ Cy? + 4Dzys 4+- ee 
4+ Dy + ie 
Now, from the early part of this article, it appears that there is one definite expan- 
sion of a®, and .". of az+y. Hence (¢) and (f), which are each the expansion of a* * ¥, 


are not merely equal, but are actually identical; therefore they must be, term by term, 
the same. 








A? 
* 2 me ° ‘eee 
nar A — 2B a“ * — 12 
oa _ A’ 
AB = 3C C= ‘om 
= _ At 
AC =4D D= Toy 
A2x? A‘trt 


Hence, a* = 1p arp Ae pA 4 At “(V.) 


? 
— 1) — 158 soe 

where A= a—1—@— UW, @— I Hy (VI). 
N.B. Suppose ¢ to be such a number that— 


b= (e—1)- C5 ey GoM +. oa 
rad 2 
Then # = 1 t Stat egg te 
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This number ¢ is very important, and is called the base of the Naperian Logarithms, 
for reasons to be explained hereafter. We can casily ascertain its value im tho fol- 
lowing manner :—In the above series let r= 1. Then— 


1 1 1 
CHT tye tigstingt: 
This series is convergent, since it is clearly— 
11.41 
Z£1+ (+5 t5rb git) 
The serics, therefore, gives the numerical valuc of e. This valuc may be calculated 
as follows :— 





, |L-0000000000 
“500000000 
"166686666 
“041666666 
008333333 
‘001388888 
000198412 


a a i 


pei a eet cnepronin mn ee en ne an rn er 


© GH “72 Or He OO bo 





These decimals are respectively nA 3° = : an i a , &e. Their sum is 
718281827 ; and hence ¢ = 2°7182818, which is quite accurate, so far as it gocs. 

The student will observe, that the reasoning in the above article is founded upon 
the assumptions (1), that a*can be expanded in a serics of ascending powers of 2°; 
(2), that it can be expanded in only one series of that kind. These assumptions, in the 
present case, may be considercd as resting on the fact that the expansion of a? is simply 
a transformation of the binomial theorem. The same remark applics to the following | 
article :—If we make the assumption gencral, viz., that every function of z can be ' 
expanded in a single scries of ascending powers of 2, we enter upon a question which | 
has given rise to many discussions, which cannot be further noticed here. | 

| 





Definition —If a’ =: 2, then y is called the logarithm of x to the base a, and is 
generally written y = logax where logs means “ logarithm to base a.” 


2 3 
12. Zo show that Alogs (l+2) = t—% + ~~ - + &o, where A has the same 


value asin the last article. 
This is called the logarithmic series. 
Lot y = logs (1-2). 
Then by definition 1-4- z= a" 
(Lb ayt me a 


2 
By the last article, if k= 2—Z 42 — Ge, 
3 
Qe" mithn + 7% + &e. 





so seeeeinemee meee aire erent oe 
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A? 92 
and a == 1-+ Ayn + > + &c. 


Now, since (1 ++ 2)" 1s identically the same as a", these two series must be identically 
the same. 





* Ay=h. 


t.¢. A loge (1-2) 22 + +....(VIL) 
\ =) | (a@—1) 


wher’ A = (@— 1) — “+ Se, 


2 
N.B.—Now 1=(¢— n— LS 4 dan Lt ew) 


a 
a4 


&e. 





2 
*. log. (1 +2)=2— 5 + a - + &e, 


= 12 —1)3 
/, log = (a—1) —S9) + eee) — &. 
*, A= logea. 
Hence, equation (VII.) may be written— 
2 3 
log.a logs (1 ++ 7) = x — > aed — - + &e. 
| It will be observed that if xis / 1. the serics 
i a 
r— a + os — &e. 
| is term by term less than o— ee by — &e. 
| and is therefore convergent, provided x is 7 1. 








ON THE CALCULATION OF LOGARITHMS. 


13. On the Calculation of the Arithmetical Values of Quantities expressed by Infinite Series. 





In the Treatise on Elementary Algebra the method has been explained of obtaining 
in numbers the value of an algebraical expression, when definite values are assigned to 
the letters composing the expression. For instance, if a= 2 and = 5, then (2a + 0) 
(6—a)==27. Tho student may ask, How can an infinite serics be reduced? Although 
we have alrcady given threc instances of the manner of doing this, the question is well 
worth a distinct consideration. Wo have already seen that 

Tay TAO TP mpet.... 

Now, if x = 2, the fraction is equal to 2, and we know that if wo took the whole 
number of terms of the series we should get exactly 2. The first two terms aro 1°5 

the first three 1:76; the first four 1:875; the first five terms 1:9375; the first six 
1:96875 ; each result being nearer to the truth than the one before. Thus, by taking 
a sufficiently large number of terms, we can get as near to the exact valuc as we like. 
The series, in fact, affords the means of approximating to the true valuc. Of course, in 
such a case as the above, we should not care for the approximation, since we can so 
readily get the real value. But in tho large majority of cases we cannot get at the real 
value, or even the real value cannot be expressed by digits at all, #. ¢., is not commen- 
surable with unity ; in such cases, the approximate value is the only one we can get, 








ete eee, 
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and the series ts the means by which we get it. For instance, we have called the base of 
the Naperian logarithm ¢. But what ise? It is such a number that 
1 = (e—1)—4(e—1)? + 4 (e— 1)? — &e. 
This is an equation we have no method—no direct method—of solving. We have 
seen, however, that ¢ is expressed by the series 
1 1 1 
e=l+1+ To + 123° + 1934 + &e. 

From this, as we have already seen, we can find that ¢ = 2°7182818, &e. The 
student may think an approximation a very unsatisfactory result; but he must 
remember two things:—(1). That greater part of the quantities we have to deal with 
cannot be expressed in whole numbers, or in vulgar fractions, ¢.g., 80 common and 
elementary an expression as 1/2 cannot be expressed as a vulgar fraction; and (2), 
that in practice no measurement is accurate, but is known to lie within certain limits. 
For instance, if a tailor measures a piece of cloth, he calls it a yard, though it may 
happen to be a quarter of an inch more or less. In like manner the most refined 
scientific measurements (the length of the second’s pendulum, of an arc of the meri- 
dian, &c.,) are generally the means of scveral results, and are accurate to within cer- 
tain very small limits. Now, in approximating to a result by means of a series, we can 
always get to within any given limits that may be assigned. And thus approximations 
by means of series are as accurate as any, the most refined, measurements can be. 

In practice, if we know a number to be true for the first six or seven placcs of 
decimals, it is generally known with sufficient or even more than sufficient accuracy. 
Thus, if we are certain that x, lies between 3°16754 and 3°16755, we may call it 3°16754; 
although if we calculated to a greater nicety we might obtain 7 = 3°1675438296, for 
the error we commit is Z ygg$555) ¢. 7.) an error less than } of an inch in one mile. 

It is to be observed that in calculating the value of a scries we must calculate each 
term to one or two morc places of decimals than the result we wish to obtain, so as to 
be quite sure that we carry the right number to the seventh place. Thus, in finding 
the value of ¢ (Art. 11), we calculated each term to nine places of decimals, to ensure 
that our result should be true to seven places. 

It is also to be observed that in cutting off the eight and subsequent decimal places, 
if the eighth place is 5, 6,7, 8, or 9, we add 1 tothe seventh place; but if 4, 3, 2,1, or 0, 
we simply omit it. Thus we reckon 2°59716345827 = 2°5971635 

But 2°59716343254 = 2°5971634. 

For it is plain that 2°59716345827 is ncarer to 2°5971635 than to 2°597 1634 : 
whereas, as in the second instance, the contrary is the case. 

We now proceed to consider the subject of logarithms in detail. 


14. To explain the principle on which Logarithms may be used to facilitate calculations. 


From the definition of a logarithm already given, it follows that if M= a? then z 
is the logarithm of M to the base a; and if N =a then y is the logarithm of N to the 
base a. Now observe M X N = a*+¥, whence it is plain that the multiplication of 
one number by another corresponds to the addition of their logarithms. In like manner, 
M — N-==a*~» or the division of one number by another corresponds to the subtrac- 
tion of the logarithm of the dividend from that of the divisor. Again, M"™ =a", or 
the raising of a number to a given power red a to the multiplication of the 


logarithm by that power, In like manner Mor = = am or the extraction of the root of a 


HOW LOGARITHMS FACILITATE CALCULATIONS. 277 





given number corresponds to the division of the logarithm by that root. So that if we 
knew the logarithm which corresponds to any number whatever, and wished to find the 
product of two numbers, we should merely have to write down the logarithms of the 
numbers, add them, and then the number whose logarithm is that sum will be the pro- 
duct of the two given numbers ; and similarly for the other rules. 

Now, tables have been calculated which give us the logarithm corresponding to any 
number between 1 and 10,000,000. Hence, by using these tables properly, multipli- 
cation is performed by means of addition; and in like manner division by means of 
subtraction, involution by multiplication, and evolution by division. 

In the following pages we shall first explain the method by which these tables are 
calculated, and then proceed to show how they are practically employed. 


15. Zhe following results follow manifestly from what has been said, 
(1.) That if P = Q, then loggP = log,Q. 
(2.) Since at =a. ,*, logaa=l. 
(3.) Since a® = 1. “. loggl ==0. 
(4.) If M = a*, N = a, then x = logaM, y = log.N. 
Now, MN = a* X a = att », 4+ y = logaMN. 
logaM + logaN == logaMN. 


(5.) Similarly, o* a = a*~, Em atv. 
M 
L£—y= logay: 


log «M —log .N = log a: 


(6.) Again, ifa* = M. .°, logsM =z. 
Now. M™ = a? .°, logzaM™ = mz, 
m logaM = log.M”™. 


1 ’ 

(7.) Similarly, Mm = qm 
] 1. 

Ps log,M = logsaM™ 


(8.) From (4) it is manifest that 
logaM +- log.N -++ log.P +.... = log,MNP.... 


16. Zo show that logad, + logyx = loger. 
Now, suppose + = a", and # = 6" 
., logar = m, and logsr = n. 


" 
But since a™ = 3" we must have a= bm 


logat == lognbae 


LS ~~ log,d. 


n. logab = m 
or logab logy = logax. 
From this it follows that if weknow the logarithm of a given numbor to a given base, 
we can find its Mgarithm to another base, by dividing the first logarithm by the 
logarithm of the new base; for instance, suppose our tables give the logarithms of num- 
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bers to the base 10, and suppose we wished to find the logarithm of a given number 
(N) to the bage 19, we haye 
log,o19 log,gN = log,.N. 
Then logy19 and Jog,N are given by the tables, and thercfore we know log, .N 
hy division. 
17. The practical advantage of Calculating Logarithms to the Base 10. 


The Tables of Logarithms commonly printed, are logarithms to the base of 10. In 
all future articles, whenever we write log z, we mean logarithm to the base 10. 

We might calculate tables to the base ¢; and the calculation is obviously rondercd 
much easier when this base is employed by the ciroumstaxce that 


yg} 
loge == 7 — 7 ty & 


whereas, if we use the base 10. we have ‘ 


“2 


x 
log.10. log x =e — 55 + 3 — &. 


And, in point of fact. the inventor of logarithms, Ngpier, actually calculated logarithms 
to this base ¢, which is hence called the base of the Ngpierian loggrithms. 
For the purposes of numerical calculation, however, the base 10 posscsscs the fol. 
lowing decisive advantage over any other. 
Suppose 107° =N 
Then 107+**—=N xX 10" 
Now, suppose n to be a whole number, then N. X 10” has the same digits as N in 
the same order, and only diffcrs from it in having its decimal point shifted » places to 


the right; and again— 


And when n is 2 whole number, pal only differs from N in having its decimal 


shifted n places to the left. It follows, therefore, that the decimal pert of the logarithm 
of a number is the same wherever the decimal point may bein the number, and that 
for every place that the decimal point in the number is shifted to the right, 1. is added 
to the logarithm ; and for every place, it is shifted to the left, 1. is subtracted from the 
logarithm. Thus the table gives us 


log 75684 = °§879004}. 
“log 75°684 == 1:8790041. 
log 75684 == 2°8790041. 
ae log °75684 == —1-+4 8790041. 
or, a8 it is more generally written— 
log 75684 ==  1°8790041. 
Similarly— 


log 00075684 ==  4:8790041. 


It is plain, then, that one calculation gives us the logarithm of the above five num- 
bers, and in fact of as many numbers es can be made by shifting the decimal point to 
different positions in the combination 75484; but if we adopted gay other base, we 
should require a separate cgjculation for each of them. This advantage, which the bese 


mete ae a meee ae 
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10 has over any other, ‘was first secon and applied by Briggs, who was Professor at 
Oxford about the ‘year 1670; the logarithms arc, therefore, sometimes called the 
‘‘ Briggian Logarithms.” 

The student will percetve that the basc 10 has this advantage, in consequence of our 
system of notation being decimal. If our system were duodecimal, our logarithms 
would then have to be calculated to the base 12, to be possessed of a like advantage, 
and so on for any other system. 

N.B, The decimal part of a logarithm is called the manitissa,—the whole number is 
called the characteristic. 
| 


18. Zo show that every number has a Catculable Logarithm. 


It will be observed that— 
— 1\2 133 
loge a = @-1)—@5% Pe ier 


may not be (for aught we have yct shown) convergent, unlessa @ 2, Now, ifa be 
any number, a root of it can always be found, say the n*, which shall be less than 2, 
Now, 

1 


loge a = (ars —ij)— (az — 1) + (@ — 1),— &e., 
2 


S  eieiaenteneaenanal 


3 
A 1 1 
which, since e* — 1 is less than 1, is convergent. Now, loge, a = > log, 4; 


1 1 1 ‘ 1 1 
loge, a =n } (aX —-1)— 5 (a*¥ — 1)8 + 3 {a® — ])3 — &c., | which series being 


convergent, if 2 is properly chosen, for every valuo of a, the value of log, a might be 
found from it, for all valucs of a. To calculate a table from such a formula would be 
most laborious ; but as the calculation of the common tables presupposes that we know 
loge 10, if we treat the subject in its logical order, it would be necessary to calculate 
loge 10 from this scries, before going further. Woe shall find, if we do so, that— 

log. 10 == —-2*3025861. 
Hence— 


1 
2. SS "434294481, 
loge, 10 


Tn future pages wo shall denote this number by wu. It is called the modulus of the 
tabular logarithm. Its actual calculation can be seen on p. 273, Vol. II., of Peacock’s 
Algebra. 

The logarithmic series to the base 10 we have already scen to bo— 


2 


’ log. (1 +2) =u {e-F 45 a}. 


19. Zo derive from the Logarithmic series, others from which the numerical values of 
Logarithms may be calculated. 


We have scen that 
Fag 
log. (1 -- 2) = 4 {eT +2 —és.} 


°. log. (l— 2) =p {—2—2_—*—&e.} 


a a ee 
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Now log. (1 +- z) — log. (1 — z) = log. aaah 


1+ <2 ] 1 
log. p= Me fo For ior... 
l1+z ao 


slog. % = 2 (roe +3Cy + vod 








P 

Suppose ¢ = p +1. 
+ Jog. PE! = 9 _) 4) 1 : 
og “lerits-@Ppyt 4 


1 1 
”. log. (p++ 1) = log. p. ++ Qp fsitiw@Epte } VIII. 


From this we can calculate successively the values of log. 2, log. 3, log. 4.... a8 
far as we please. 
Thus, remembering that log. 1 == 0, we have 


re ie ee 
log. 2= M1] +5 gto g te} 
16% ho a 
log. 3= log. 2+] e+s-Hte-p tee: t 


= 1 1 1 1 1 
log. 4 = log. 3+ 2p | 3 73 : "3 oe wr: oes } 

In the ordinary tables the logarithms are given calculated to 7 places of decimals. 
Hence, in making the calculation from the above series we must take in every term 
7 » 90000001; or, since each term is greater than the one that comes after it, we 
must reduce each term to decimals until we find one / ‘00000001, which we can omit 
together with all that come after it; all that go before it being reduced to decimals and 
ve cleo give the required logarithm. Thus, to find log. 11:—here p = 10 ,°, 
Pp = 21, 


7 ae See Gera See - 
Nog. 11 = log. 10+ uf op Seay tg gti} 





Now, 
1 
91 == 047619047 
1 1 
3 3p = *000035993. 
1 1 pgooo00s9 1 1 ,. 
5 = : e OT Z ‘0000000001 
047665089 
and 2u = °868588962 
1. 121,31 
pe ee ee _ 047655089 x 868588962 == 
x fo tees & ap + aa 041392674 


But log. 10 = 1. 
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“, log, 11 = 1°0413927. To seven places of decimals, which is the logarithm you 
will find registered in the table. wis the formula 
q q-—P q PP) 
log - == 2 ae 
i a aos ; Cte + J. 
Another very convenient formula can be derived. 
I—-p 1 


gq Food 
Thus let pr PoT The >= aa Fo BE | 


“4 — 2 : E fuses : 
ie = % {sa + Got} 


Pe 
j = log. (c—1) (+1) ™ 
2 log —log (2 — 1) — log (« + 1). 


1 
o. log (2 + 1) = 2 log « — log (x — 1) — ‘ores + &e.}. 


Now, log ———- = 


20. To explain the use of this last Series. 
The use of this formula, which converges very rapidly, gives us any logarithm in 


terms of the two that precede it. It will be observed in this formulas that ; ay 


and all the terms following it ae be omitted, provided 


- oe ay) Z -000 00001 


- if = Z, ‘000 000 027, 
‘ av 


af wait 003. 


Or if 202 — 1 7 334. 

- if o 7 169. 

oa 7 1. 
Hence, if we employ this formula to calculate logarithms, we have, for all numbers 
greater than 13— 


yu 
log (« +1) = 2 log 2 —log(#—1)— pF 


Again, suppose 7 7 10000. Then 
1 
aa 
iain Z . 00000001. 
22% 


Hence, the formula finally reduces itself to 
log (@ +1) == 2 log 2 — log (7 — 1) -— peaa (I) 


u ft ge peed. 


Or log (2+ 1) —log#=log 2 —log (x — 1) — = 


Now . . {2 oe to. |. 


u 
oa G@+n o° te 2 
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22 


Hence, if we only calculate to 7 places of decimals, 2 must be at least many hundreds 


for -© to differ sensibly from -——‘—. Now, the formula would give us 
xe (2-2)? 


log. (2 + 2-1) —log. (2 +- ») = log. (2 4+) —log. (x 4» — 1) — aie 


which, unless 7 is several hundreds, we have scen is practically the same as 


«if 2 7 10000, in which caso F 7 .00000001. 


log. (2 + 7) —Tog. (x 2 — 1) =x log. {r+ n— T) — log. (7 + 1 — 2) — 7 
So that log. (2 + 1) —log. x = log. x — log. (x — 1) — = . 


log. (2+ 2) —log, «= log. (2 +1) —log.2— Sy. 


log. (2-4 3) — log. (2 ++ 2) = log. (x + 2) — log. (x + 1) — . 


a 


log. (xn) —Jog. (2 + 2 —1) slog. (2+ 2 —1) —log. (x -u—2)— 4 


wv” 
*, adding together 
log. (2+ x) —log. a= log. (a --2— 1) — log. (2 —1) — 1 m7 


£ 


*, log. (v + n)—log. (x + 2 — 1) = log. x— og. @—1) — a. = 


Now, if 2 is sufficiently small for ~- to be Z 0000001, it is clear that we may omit 


i = so long as this is the case, and hence the differenegps between the successive 


logarithms will continue the same within thet limit. 
For instance, we can show by formula (VIIT.) that log. (10000) = 4:00000000. 
log. (10001) == 4°000043429465, 
, log. (10001) — log. 10000 ==: 000043438. 


and = 0000000042934. 


Oe -~ 
(T0000) 
Hence "00000 Z ‘0000001. 


until n = 20, ‘So that the logarithms of 10001, 10002, 10003 ....10020. can be 
found the one from the onc before it by merely adding .6000434294. 

We shall then have to calculate log. (10020) and log. (10021) from the original 
formula (VIII.) and find how far we cam use the difference between these for deducing 
log. (10022) by log. (10023), &c. After some 20 or 30 logarithms are thus found hy simple 
addition, a fresh calculation will become necessary: by proceeding in this manner, 
without any exorbitant labour, a table which gives the logarithm fer evory number 
from 10000 up to 99999 can be constructed; which is practically the same as from 1 
up to 100000. 

It is to be observed that with such a table, by means of 9 very simple subsidiary 
calculation, we can obtain the logarithm of any number fram 1 to 16000000, 





| 


| 








USE OF A TABLE OF LOGARITHMS. 283 





Thus, the tables give us log. 73894, log. 738895. t.e., log. 7389400, log. 7389500, 
for these only differ from those in the characteristic. 

The subsidary calculation referred to enables us to fill up any one of the logarithms 
of 7389401, &c., up to 7389499. 


21.—TZo explain the consti uctian and use af the Table of Proportional Parts. 


Suppose N to be a number such as that above referred to, 7 1000000; and suppose 
its log. to be given in the table; then log. (N + 100) is also given in the tables. Fiom 
these data we want to find log. (N + 3) where 8 Jics between 0 and 100. 


Now log. (N + 6) == log. N (1 + ») 


3 $l 
= log. N + log. (1 + x) Shs. Ne LS aes ve 
Now 5 Z 100 ~ a 1000000 


8 2 
= Z Z, 00000001 
(3) Ee : 


which can be omitted, since we only take in the first seven places of logarithms. 
°, log. (N -+- 3) = log. N +5 8 


“. log. (N + 100) = log. N + ~-. 100 
Now, log. (N ++ 100) — log. N==A ee is given by the tables, and we see that— | 
—— 100 


*, log. (N 4-8) = log. N +4 4 x <0" 


which is true for every value of 3 from 1 to 99. 

If @ and 6 are the digits of 5, so that 3 == 10.a i 6, This formula can be written— 

1 Ad 
log. (N + 3) = log. N + —— =" Soba: 10° 

We have already secn that the difference between two consecutive logarithms i is 
the same for sevcral Gea a accordingly, a small subsidiary tablo, giving 
4&4 AxX2 AX 3 
i1¢° 10 10 ee eee oe ae » if calculated for cach different Value of A, and 
is printed, as A occurs, in the margin of the table. For instance, A corresponding to 
to log. 28568, is :0000152; or, as it is written, 152, it being understood that the last 
figure, 2, falls under the seventh decimal of the logarithm. In this casc the 162 
subsidiary table is the accompanying. It is called a es of aes al . 


Parts, Since a and p ere digits, this table gives at once —* 10 ~ and mi a 46 











6} 
therefore a" ae Hence, by means of this table, we oan datarmine log, ie 
(N ++ 8) from log. N by ¢ddition oply. 122 


Thus, log. 2856800 sz 6'4468798, Pi137 


Tan te me en,  eeeenemanatdl 
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Now, Axe == ‘0000046, and * Rs x 7 — 90000106 = ‘0000011, as we only 


take in seven places of decimals. Hence, log. 28568387 == 6°4558798 -+- -0000046 
+ 0000011 == 6°4558855. 

We have now given a full explanation of the principles on which Logarithmic 
Tables are calculated, so far as that explanation is possible in a purely elementary 
treatise, and have exemplified those principles in the case of the ordinary tables which 
(practically) give the logarithms of numbers from 1 up to 10,000,000, to seven places 
of decimals. The student may ask, what would be done if a case occur in which we 
have numbers exceeding 10,000,000? The answer to the question is the following :— 
If the number were, for instance, 97536982, and if the calculation demanded so much 
accuracy that we could not consider this as equal to 97536980, then a more refined set 
of tables would be necessary; in point of fact, however, for all ordinary calculations, 
the degree of accuracy which the common tables allow of is sufficient. 

We now proceed to explain the practical method of using the tables: 


THE USE OF A TABLE OF LOGARITHMS. 


For the purpose of explanation, the following is printed from p. 78 of Hiilsse’s 
edition of Vega’s Logarithms. 








+ 









N 0 
4600 | 662 7578 | 7673 8050 | 8145 | 8239 
4601 8522 | 8617 8994 | 9089 | 9183 | 9277 
4602 9466 | 9561 #0032 |*0127 |*0221 
4603 | 663 0410 | 0504 0976 | 1070 | 1164 
4604 1353 | 1447 2013 
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(1). Yo find the Logarithm, when the Number is given in the Tables. 

(a) To find the mantissa. 

Suppose we want to ‘find the logarithm of 46017. The number N. 46000 at the 
top of the page will direct us to the page on which we shall find 46017; the number 
4601, in the column marked N, will give us the line in which we shall find what we 
want. Pass your eye along the line 4601, until it comes to column 7, there we find 
9183. You will observe that there is 662 written in column 0; this is to be written 
before every one of the numbers under the other columns, and is only written once to 
render the tables more compact. Write this in front of 9188, which we before found, 
and we obtain 6629183. This is the mantissa of the logarithm of 46017; it is, there- 
fore, a decimal, and must be written ‘6629183. 

So again, to find mantissa of logarithm of 46035. look down col. N for 4603, look 
along the line 4603 till you come to col. 5, when you find 0881- before this prefix 668, 
and ‘6630881 is the mantissa of logarithm of 46035. 


METHOD OF FINDING THE CHARACTERISTIC. 283 





Again, to find the mantissa of logarithm of 46028, look for 4602 in col. N; along 
this line, in col. 8, you find *0221; the asterisk in front of this 0221 shows that we 
must add 1 to the 662, and thus we obtain for the mantissa of this logarithm ‘6630221. 


(8) To find the characteristic. 


We have already explained the principle of doing this — if we apply that principle, 
we shall obtain (Art. 17, p. 278)— 
log. 4.6017. == 6629182 
log. 4601°7 == 3°6629182 
log. 4601700. == 6°6629182 
log. 00046017 == 4°6629182 
log. °46017 = 1°6629182 


If you examine these cases, you will find that they suggest the following rule :— 
** Place your pen between the first and second FIGURE (NoT cipher), and count one for each 
Jigure or cipher, until you come to the decimal point, the number this gives will be the 
characteristic ; if you count to the right, the characteristic ts positive, if to the left, the 
characteristic 1s negative. Thus, in finding log. 4°6017, if you place your pen between 
the first figure (4), and second (6), it falls on the decimal point, in this case, therefore, 
there is no characteristic. Next, in the case of log. 4601°7, place your pen between (4) 
and (6), and count “8 the characteristic is3; and as you count to the right, it is 
plus 3. Next, in the case log. 4601700, here the decimal point falls behind the last 
cipher. Hence, counting as before, we have ‘ Ee and the characteristic is plus 

? 


6. Again, in the case, log. 00046017; the first jigure is, as before, 4. Hence counting, 
‘0004, 6017, 


we have 409] but here we count to the left, so that the characteristic is nega- 
tive or 4, Again, in the case, log. -4601. we have ; ia and tho characteristic is 1- 


Instead of writing log. (03046017 = 4°6629182, this is frequently written 6°6629182. 
To explain this, observe that 4-6629182 means — 4 + °6629182, which clearly equals 
6 + ‘6629182 — 10, or 6°6629182 — 10. It is usual to omit the — 10. and write 
66629182, no experienced calculator would forget the — 10 although it is not written 
down, but as this tract is intended for beginners, we shall never omit the — 10, but 
as it may suit our purpose write log. 00046017 == 4:6629182 or 6°6629182 — 10, 

To find log. 46. Since 46 = 46°000 and the table gives mantissa log. 46000 = 
‘6627576, 

.”. log. 46 = 16627576. 

Henoe, to find the logarithm of any number gixen in the table, first find the man- 
tissa, and then prefix to it the characteristic, in the manner above explained. 

N.B.—The student must thoroughly master the above before proceeding further, 
He must get a table of logarithms — (of which there are many by Hutton, Callet, 
Babbage, &c., all as perfect as those of Vega’s, to which reference has been made— 
there is one also published in Chambers’s Educational Course, which is cheaper than 
most others)—and will work out many examples, such as the following :—Find the 
logarithms of — 
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72643 7264-3 8-897 6316-9 
84658 6397200 64682 66973. 
°057234 ‘000058 762 035872 
"35872 63500 635 6°35 
20000 200 02 029 


(2). Zo find the Logarithm of a Number not given in the Tables. . 

The rule for the characteristic is the same as given above. For finding the man- 
tissa we proceed as follows:—The student will observe that cach logarithm on p. 284 
differs from the onc before it by 94 or 95. Call this 95 and construct a table of propor- 
tional parts as before explained; this is printed in the column marked PP. We then 
procced as follows :—To find log. :0460267. 





N, L 
46026 66380052 
P.P 7 67 
460267 "6630099 

N L 


, 10g°0460267 == 2°6630099. 
In practice this is arranged as follows :— 


46026 6580032 
7 67 
log. 0460267 2°6630099 
Again, to find log. 460-3629. 
46036 6630976 
2 19 
9. 8G 
log. 460°3629 = 2°6631004 
To find log. 4604308. 
46045 6631825 
08 7.6 
log. 460°4508 2°6631833 
Tn like manner the student may find the logarithms of 
75°84653 0927543. 13°02028, 


(3). Zo find the Number corresponding to a given Logarithm. 

It very rarcly happens that the logarithm is exactly to be found in the tables. If 
it is, the only difficulty we have to contend with in such a case is that of fixing tho 
decimal point. For instance, find the number corresponding to the logarithm 3°6629089. 
At the top of the page we have L 662; this will direct us to tho page on which the logarithm 
will be found; then, looking in the other part of the table we find 9089, in the column 
6 of the line marked 4601 of column N, .*, the number corresponding to the mantissa 
‘6629089 is 46016. To fix upon the position of the decimal point, we must modify the 
rule previously given: place the pen between the first and second figure and count off as 
many figures as there are units in the characteristic,—to the right if the characteristic is 
positive, to the left if negative, and if there aro not figures enough add or prefix as 


: 41601°6 
many ciphers as necessary ; thus in the present case j93  . the number correspond- 


ing to logarithm 3°6629089 is 4601.6, similarly, that corresponding to 3°6629089 is 
00 46016, 
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(4). Ib find the Number corresponding to a given Logurithm, which does not exactly oecur 
in the Tables. We procesd as follows :~- 

Find the number corresponding to the logarithm 2°6629819. 

The Logarithms 6629277 and 6629372 arc in the table; the mumber, therefore, will 
be between 46018 and 46019. It will therefore be the former, with something added 
on. To find this “something” we procecd as follows :— 

6629319 
Logarithm noxt less 46018 6629277 


42 
Prop. part corresponding to 4....38 





4 
03....38 
., logarithm of 4601843 is 6629319. 
”, logarithm of 460°1843 is 2°6629319. 

(5). Zo find the Arithmetical complement of the Logarithm of a Number. 
N.B. If vis any number whatever, then the ar. comp. of s = 10 — a. 
Now 10 — 3°7568274 = 6°2431726, 

10 — 2°3907526 = 11-6092474. 
10 — *9328243 = 9:0671260. 


If you examine these, you will find that the subtraction is performed by subtracting 
the last figure (to the right hand) from 10, and cach of the rest from 9; in fact, to take 
the first case, we should procced as follows: 4 from 10 leaves 6, and carry 1. Then 
1 + 7= 8; take 8 from 10, leaves 2, and carry 1; but taking 8 from 10 is of course 
the same thing as taking 7 from 9, andsoon. Tho student may, perhaps, think this 
very obvious, but he will do well not to despise it. 

Hence, to find the ar. comp. of the logarithm of a number, find the logarithm and 
subtract it from 10, in the manner above explained. 

e.g. Find ar. comp. of log. 46°028. 
log. 46:028 = 1°6630221. 
ar. . comp. log. 46°028 = 8°3369778. 


(6.) Zo find the product of several numbers by means of a Table of Logarithms. 


We have seen that if N = zyz.... Then 
log. N = log. « + log. y + log. z+, &e..... 
Ifenco, find tho logarithm of cach number, add them together — this gives the 
logarithn: of the quotient — find the numbcr corresponding to this logarithm, and 


we have the product itself. 
Ex. Find the produet of 52°731 x 6°0032 & ‘0759 
log. 52°731 == 17220660 
log. 6°0082 == °7783828 


log. °0759 =: 8: 8802418 — 10. 


1 °3806906 
24026 3806815 


91 
6 91 


94-0265 Ans. we: 
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_ N.B.—In any example of this kind, never use a negative characteristic, such as 
2°8802418. but 8°8802418 — 10 as above; by doing so, there is nothing but straight 
forward addition to be performed until the end, when — 10 can be easily struck off the 
characteristic of the sum, 


(7.) To divide one number by another by means of a Table of Logarithms, 


We have seen that if N = 7 . log N == log « — log y. 


“. log N = log x + 10 — log. y — 10 
.. log N = log z + Ar. Comp. log y — 10. 

Hence, “To log numerator, add ar. comp. logarithm of denominator, and subtract 
10 from the sum — this gives logarithm of quotient.—Find number corresponding to 
this logarithm, and the number is the quoticnt required.” 

Ex. Divide 37:052 by 6741-6. 

log 37:052 = 1,6688117 

Ar.: C.: log 67416—10 = 6:1712370 — 10 








“3'7400487 
54960 7400467 
20 
. 2 16 
4 

5 4,0 

005406025 Ans. 
(8) Similarly, if N= ae . We have— 
ry 


log N = log a + log 4 + log c + Ar. C. log x — 10 
+ Ar. C. log y—10-+ Ar. C log z — 10. 
By this means log N is found by a single addition sum. Thus, find the 
3°0972 XK 56°035 
value of —002 X 87465 x 3124, 

log 3°6972 4909693 
log 56035 1°748594. 

Ar.C. log  °002—10  12.6989700 — 10 

Ar. C.log 87465—10  6°0581657 — 10 

Ar.C. log 3'124—10  — 9°5052890 — 10 


Oe 


5018534 
31758 6018531 


3 
02 2,7 
3°175802 Ans. 





(9). Zo find any power of a Number, we have seen that tf N = a” log. N =n log. a, 


Hence, if we multiply log. of the number by the index, we obtain the logarithm of the 
power of the given number; and finding the number corresponding, we obtain the 
power itself, 





ee arene penetrate ean Aas tA nf --es yatis PD ADTER aS 
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Mt ee 





Thus, find the fifth power of 2:00573 





20057 *3022660 
3 65 
leg. 2°00573 = *38022725 
Multiply by index 5) 
1'5113625 
o2thl *d1138619 
O-+4 6 
See 5,4 


32'46104 Ans ——— 
Again, find the third power of :02751. 
log. 02751 *3:4394906 — 10 
3 
29°3184718 — 30 
or, 5'3184718. 
We uaey in practice write this a, follows .— 
log. (02751 $:4394906 — 10 
2 
5°3184718 
2081) *3184599 


om 


119 
104 


15 
7 14,6 
00002081957 Ans. 


. 
wt 


10. To find the Root of any Number. 
\ 
WN = a, then, 
] 
log N = -. log. a. 
£ de 
Hince, “Vind the logarithm of the given number, divide it by the number indi- 
cating the root.—this is the logarithm of the required reot—the corresponding number 


is the root itself.” 
Thus. extract the 5th root of 72°095. 








log. 72:095 5)1:8979051 
‘3796810 

23965 ‘3795774 

36 

2 36 


2°39652 Ans. 
Again . extract the 7th root of :00972. 


Log. 00972 = 3 -9876663 = 7:9876663 — 10. 


Se een ne eteemmediinetemtemnnmn enter” 
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All this has to be divided by 7. 
subtracting such a multiple of 10 as 


This will be effected most easily by ee and 
shall make the negative part 70. 





i.@., take log. 00972 == 67°9876663 — 70. 
7)67-9876663 — 70 
9:7125238 -— 10. 
51585 7125234 
4 
05 4,2 


*5158505. <Ans. 


If we had to extract the 6th root of the above number, we must of course take 
log. .00972 = 57:9876663 — 60. And again, to extract the cube root, we must take 


log. -00972 == 57°9876663 — 30. 


11. The student must exercise himself in working sevcral cxamples, like each of 
those above given. When he has done so, he may then, for practice, work some more 
complicated examples, such as the following :— 


Find the value of 
(2) log. 318 
(2) log. (°05796)* 
(c) log. 15 
(@#) log. ¥2 


Hence log. 318 
log. (05796)? 
Ayr. C. log. 15 ~ 10. 
Ar. ©. log. 7/2 — 10 


90677 


4 


4 
"00009067744 Ans. 


313 x (-05796)5 


l6y2 
1:4913617 
2 


3 )2°9827234 


9942411 
8-7631284 — 10 
3 -_—— 
62893852 — 10 
11760918. 


2) 3010300 
‘1505160 


9942411 
6°2893852 — 10 
8°8239087 — 10. 
9°8494850 — 10 











59570200 
9570179 


21 
19 


een taal 


2 
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N.B. To find the logarithm of a mixed number reduce it to an improper fraction 


To find the logarithm of a vulgar fraction use the formula. If N= “" 


log. N. == log. a+ Ar. Com. log. 5 —10. 
precisely as in division, excepting that there is no occasion to find N itself. 





ae 37052 
Thus, in example: Find log. of 67416 
log. 37052 45688117 
Ar. C. log. 67416 — 10 61712370 — 10 
9'7400487 — 10 
37052 


of. 67416 1:7400487, 
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PLANE TRIGONOMETRY. 


1. On representing Lines and Angles by Numbers. 


If we have a lino of any length, we can represent it numcrically by the number 
of times it contains a given line, which we take to represent unity. Thus if we take 
a line a foot long to be the unit of length, a line seven feet long can be represented by 7. 
Of course, the same holds good of any other line. And so when we speak of a linc 8, 3, 
or whatever the numbcr may be, we mcan that the linc in question contains 8 or 5 of 
the given unit, as 8 fect, or 5 feet. And of course, if we can represent lines by num- 
bers, we can generalize the numbers by letters, and thus we can represent lines by 
algebraical symbols: so that a 4c, x y z, &c. may be understood to represent lines. In 
the same manner as before, if we speak of a line a, we mean a line containing as many 
units of length (e.9. feet) as @ contains units of number. 

On the same principle we may express angles by numbers or by letters. This 
is done by dividing the right angle into 90 equal parts, cach of which is called 
a degree, and dividing the degree into 60 equal parts, cach called a minute, and the 
minute into 60 equal parts, cach called a second. An angle is then expressed as being so 
many degrees, with odd’ minutes and seconds, e.g. 36 degrees, 67 minutes, 31 seconds, 
(which is usually written 36° 57’ 31’), in the same manner as a linc is expressed by so 
many yards, with odd fect and inches. 

Of course, as we can thus represent angles by numbers, we may also represent them 
by letters, and may have angles ABC; where the angle A (for instance) means that 
the angle contains as many degrecs and parts of a degree as A contains units and parts 
of a unit.* 

In the same manner a8 we may measure lines either by feet or yards, or miles, so 
we might take, as the unit of angular measure, any other part of the right angle than 
the th; and in fact at the end of last century, when the decimal notation was intro- 
duced into France, it was proposed by ccrtain French mathematicians, to make the 
degree the +Z,th part of the right angle. The proposition was at no time extensively 
accepted, and is now quite abandoncd. 


2. Definition of the Setence of Trigonometry. 


We are thus enabled to express lines and angles by numbers; and this is the first 
step towards making calculations in which lines and angles are the data. However, 
before these calculations can be performed, it is necessary that the relations which 
exist betwecn straight lines and angles should be investigated. It is the object of the 
science of Trigonometry to make these investigations. 

The object of the science will, perhaps, be more clearly stated, if we limit the 
definition so as to make it correspond more closely to its derivational meaning, by 
saying that the science of Trigonometry has for its object the investigation of the relations 


* It is usual to denote angles eithor by Roman capital letters, ABC; or else by Greck small 
letters, q, 8, --+ 0,, -+- While generally the small Roman ado denote lines. This is, of 


course, only a conventional arrangement. 
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which exist between the sides and angles of triangles and the algebratcal expression of those 
relations. 

The immediate application of the scicnce is to the calculation of certain parts of a 

‘ triangle from ccrtain given parts; ¢.g., having 

fe given the sides BA, AC, and the angle BAC of the 

triangle ABC, we can calculate the magnitude of 


/ PS 
if the side BC. 
; The science has, however, very many other 
Ge — uses besides the one from which its namc is taken, 


viz., the measurement of triangles. 





3. The Cireular Measure of an Angle. 


The measures above given enable us to compare arithmetically one straight linc with 
another, and one angle with another. But it is to be observed, that an angle and a 
line arc heterogeneous magnitudes; and therefore, if we would perform algebraical 
operations in which lincs and angles enter, we must devise some plan of measuring 
angles that shall express them by means of lines, or of the ratios of lines. 

In fact, when we speak of an anglo (of 57° suppose) it tells us what the angle is, 
but does not at once give us the means of comparing that angle with given lines, 

The measure of the angle adopted for the purpose of such calculations, is called 
the circular measure. 

It is founded on the two well-known geometrical propositions. 

(2) That in circles of the same radius the angle is proportional to the are which 
subtcnds it. 

(2) And that for the same angle, in circles of different radii, the arc varics as 


the radius. B 
If a = the are BC, : 
@ = the angle BAC, subtended by the arc a ‘ 
BO, Sa 
y == the radius AC. ye | 
we may express these propositions by the two 2 a 
variations a aescrearar a enee A 


ao@ when ¢r is constant. 
awr when @ is constant. 
*, awr@ when both vary. 


a 
a 8n- 
r 


or the angle is measured by the ratio of the arc to the radius.” 
If we take the unit of angle to be the angle which is subtended by an are of the 
same length as the radius, then 
6=- ms 
In this case, the angle being measured by the ratio of two lincs, it can enter a 
calculation in which we are dealing with lines, 


N.B.—We can easily find the number of degrees in the angle which is the unit of 
circular measure. 
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< 


Let # == the number of degrees required. Then 7 is subtended by an aro of the 
length of the radius = 1. 


Now an angle of 180° is subtended by a semicircle; t.e. by an arc = 47, where 
w == 3°14159. 


e 


"180° mr ot 
180° 


. — — pe isd 
-%=350169 = 572:29577. 





4. The definitions of the trigonometrical lines and ratios. 


It is, however, gencrally more convenient, and for our present purposes necessary, 
to determine an angle not by an arc, or by the ratio of an are to its radius, but by 
certain straight lincs, or by the ratio of certain straight lines to cach other. These 
lines, or, as they are now more commonly regarded, these ratios, arc called respectively 
the sine, tangent, secant, cosine, cotangent, or cosecant of the angle. We procced to 
define theso terms. 


eS - u Let AOB be an angle A. Draw OC 


. ee perpendicular to OA, and with the contre 
= O and any radius OA describe an arc of 
ee a circle, meeting OC in C. 

—_---— Draw Bu, Bm, perpendicular to OA, 
OC; at A and © draw At, Cu, perpendi- 
ier cular to OA, OC. Then Bu is defined to 

Pa 

aA 


m 
| be the sinc of the angle AOB, to the 
° radius OA. 





Aé is defined as the tangent of AOB. 
Or ; : . secant of AOB. 
An ; ‘ versed sine of AOR. 


' Hence, also Bia (or Ox) is the sine of BOC. 
Cu, . tangent of BOC. 
Ou. ; secant of BOC. 


Now BOC is 90° — A. 


And Bm, Cu, Ou, are defined as being the cosine, cotangent, cosecant respectively 
of AOB. 


Henec— 
Bn = sine A 
Bm or On == cosine A 
At = tan. A 
Cu = cotan. A 
Ot = sec. A 
Ou = cosec. A 


to the radius OA. 
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To this method there is the obvious objection that the sines,i&c., of a given angle 
have different values, according as they are reforred to difforent radii, accordingly 
instead of defining the sincs, &c., as lines, it is, as above stated, now more usual to 
define them as ratios; by which means all consideration of the radius to which the sines 
are referred is avoided. According to this method the definitions are given as 
follow :— 


CA Bany right angled triangle having tho right angle at C. 
Then The sine of A is BC. 
AB 

The tangent of A is BC 

AC 


The secant of A is AB 
AC 


Hencee— The sine of B is A C 
AL 
The tangent of B is AC 

BC 


J 


The secant of Bis AB 
BC 
But because A = 90 — B 
The sine of B is the cosine A. 
The tangent of B, cotangent of A. 
Tho secant of A is the cosecant of A. 


e— Sine A == VY Cosine A == 
Iicnce Si a = 
Sce. Am Be ees tee 2 ; 

AB AB 


N.B.—The angle which with anothcr makes up 90° is called the complement of 
that angle. Hence B is the complement of A; and the cosine, cotangent, and co- 
secant of an angle are evidently the sinc, tangent, and secant of its complement. 

It is plain (Euc. VI. 4) that the values of these ratios depend solely on the angle, 
and are quite independent of the magnitude of the sides of the triangles. If, then, we 
can by any means calculate the valuc of these ratios, which correspond to any angle, 
these values can be arranged in a table; and it is plain that, having such tables, if we 
have given any one of the ratios defined above, wo know the angle; and vice versa, if 
we have the angle given, we know the ratio. 

Such tables have been calculated on principles to be hereafter explained ;—for our 
present purpose it is sufficiont for us distinctly to understand, that if we have given 
the numerical value of any one of tho ratios, we know the angle that corresponds to 
it, and vice versa, 
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5. On the relations between the Trigonometric Ratios of the same Angle. 


Let ABC be a right-angled triangle, 
A any given angle. 
C the right angle. 


ACG? BC” 

a ae 

‘cos. *A ++ sintA=1.... (1) 
; BC 

Again tan. A=TG 
AC 
BC 

, tan. A, cotan. BAT 1....., (2) 


cotan, A= 


Again, BC 
BC AB 
AC AG 

AB 


tan. A= 


sin. A 


Then AO? -+ BCs A B? (Eucl. 47.) 
| 
| 
: 

~, tan A= 

co | 


Again, secant A=“ Hd 


In the same manner it may be easily proved that 


Cran, A oe (5). 
8 


See. A 
Coace, A =<tan.A..... (7). 


It is of very great importance that tho student be familiar with the relations we 
have just established. Ie will therefore do well to perform the following exercises — 


Show that 


(1). sin, A= o/ 1 — c08.7A, 


—— —- 
(2). tan. AmV nag 
(3). tan. A cosec. A = sec. A, 


1 
(4). tan, A + cotan. A = eA aon, A’ 
(5). cosec. A—sin. A = cos. A cotan. A. 
(6). I+ocoA 1 
__sin.?A 1 — cos. A 





eenee ae rere ee ae en nati ee 


— te ee ~~ eee ~~ eae ee em ee etree 0 fee ee ee Ce en el 
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ns tne eee 


| 
(7). cae | + cotan. 7A. 





sin. “A 
(8). Express each of the trigonometrical ratios of an angle A in 
terms of the sine of A. 


There are two or three angles, the numerical values of the trigonometrial ratios of 
which can be easily determined, These angles are 45°, 60°, and 30’. 


6. To find the Trigonometrical Ratios of an Angle of 105°. 


ABC, aright angled triangle. C the right angle. 
If A= 45’, thon A = B, and AC = BC. 
Now, AC? + BC? = A B+. (Euel. I. 47). 


2AC2 = AB’, B 

or 2.B02= AB. : 

sin, 40° = BC — ; ' 
AB y2 2 

tan, 15° = Bk a | 

an, iv = AC = - wa 

AB anaes 


sce. 45° = 1G = V 2, 
and cosin. 45° = sin, (90 — 45) = sin. 45°, 
* cos, 40° = = 
VY 2 
Similarly, cot. 45° == 1. 
cosec. 45° = 47/ 2. 


(. To find the Trigonometrical Ratios of an Angle ef 60°. 


ABC, an equilatcral triangle. The angle ABC is one of 60°. Draw AD per- 
pendicular to BC. Now BD =}.BC=}.AB and AD? = AB*~— BY?=— |. AB. 


A - AD= ¥% AB. 
x . sin, 60° == AD — v3 
\ AB 9 
V7 ARB 
PA tan. 60° == AD ee me 3, 
/ | BD y AB - 
A | sec. 60° = BD — ra 
6S AB 
BD 
. 60° = 7. 
cos B 4 
ge et es als | 
cotan. 60° = XD V3 
B 9 


io A — 
casee. 60° = ip V 3 


see ns ~— 





—— ere ere eee 
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Since 30° == 90° — 60° 
we shall have sin. 30°== cos. 60° = }. 


1 2 
imi . 30° = —s sce. 30° = 
And similarly tan. 30 V3 sec. 3 V3 
y 3 
cos. 30° = i Cotan. 30° = 4/ 3. Cosec. 60° = }. 


8. Generalization and Extension of the Principles and Definitions previously laid down. 


The definitions above given hold good for angles that arc less than ninety degrees; 
the definition, both of an angle and of the ratios which detcrmine it, admit of and 
require extension; the nature of which cxtension and the principle on which it is made 
we will now procced to explain. 


9. The use of th. Negative Sign to denote position. 


Let AB be a line, the length of which is a. Let ” ‘ 
BC be a line, the length of which isd. Then it is “ 
plain that AC is@—b. This distance, AC, is arrived at by measuring a distance (a) 
to the right from A, and then measuring another distance (6) to the left from B, the 
+ a and tho — 6 being measured in opposite directions. 

It appears then that when « stands for a linc measured from a given point in onc 
direction, — « will stand for a line of the same length measured in the opposite direc- 
tion. In other words, the magnitude of the line is determined by the number of 
units in a, while the direction is determined by its sign. 

It is generally understood that ++ a signifies a line measured to the right of a given 
point, as AB, and therefore that —a signifies a line, ____ Be fez etfs 
measure to the left of the fixed point, as A Bl. . : 


B 





10. Extension of the Definrction of an Angle. 


We now proceed to extend the definition of an angle. An angle, as defined by 
Euclid,—i. ¢. as the inclination of onc line to another,—must be less than two right angles. 
But if we regard an angle as the space swopt out by a right linc revolving in one plane, 
about a fixed point in a given straight linc, we clearly remove the limit imposed by 
Euclid’s definition on the magnitude of the angle. p 

Thus if A be the fiacd point in the fixed line AB, 

AP the moveable line, Ict the angle BAP, according 
to Euclid’s definition, be A. 

Now it is plain that in one revolution A P passes 
through an angle equal to four right angles, or 360’. 

Morcover, AP will always come to its present position after onc, two, or any number 
of revolutions; and therefore, according to our extendcd definition, BAP may be cither 
A or 360° -+ A, or 2 & 360° + A, or, gencrally, 360° » + A, where » is any integer. 
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11. Negative Angles. 

In the same manner a8 we have shown that + a and — a mean equal lines measured 
in a contrary direction, so -+ A and — A 
will mean angles measured in contrary “ s Pp 
directions. Thus, AB and AP have 
‘the samo meaning as before. Let AP’ 
be so placed that P- AB = PAB; thenif 
PAB=A, P’AB=— A. 

It is plain that if AP’ comes into the 
position A P, it must revolve through an 
angular space of — 360° + A, as denoted 
by the portion of a dotted cirele in 
figure, or through a certain number of 
total revolutions besides — 360° 4+- A. T[enee BAP may also be represented by 
— 360° +4- A — 360° K 2+ A, or gonerally by — 360° x n +- A, where n is any positive 
integer. 

Hence we conclude that if A be any gcometrical angle, its most gencral trigonome- 
trical form will be. 





a X 360° + A, 
where ” is any positive or negative integer whatever. 


12. Extension of Definitions of Trigonometrical Ratios. 
We now procced to considcr the trigonomctrical ratios of angles greater than a right 
angle. We shall, in the first instance, 
confine our attention to the sines and 
cosines of angles, less than four right 


angles. 
We have already explained that 
: _PN 
AN 
Cos. BAP= A Pp 


Now as AN is mcasurcd along AB to 
the right, AN is positive. And if we 
: reckon lincs mcasured upward, from A 

/ towards C positive, it is plain that PN, 
Si ee. being measured parallel to that direction, 
18 positive. 

Tho signs of the sine and cosine of an 
angle less than ninety degrees are then, by this way of reckoning the signs of the 
measurements, positive, as they should be. 

Now if we consider an angle BAD, it is clear that P, N’ stands in the same relation 
to BAP, that PN docs to BAP. 
IIence we define 





_ PN’ 
¢ Sin. BAP, = AP, 
Cos. BAP, = an 


AP, 
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It is plain that P, N’ is positive, and AN’ is negative. Ienco 
The sine of an angle 7 90° / 180° is positive, and the cosine of an angle 7 90° Z 180° 
is negative. 
In like manner, if B A P, be the angle subtended by the circumference BP, P,, 
: P, N’ 
. Sin, BAP, = AP, 
| Cos. BAP, = 28 
= 2 
Now P, N’ is negative, and A N’ is negative. Honce the sinc of an angle 77180° 
270° is negative, and the cosine of an angle 7180°2270> is negative. In likc manner 
if P, A B signify the angle subtended by the circumferenco B P, P, P;, 
ie. 77270° but 7 360°, 
Sin. BAP, = 12N 
Cos. BAP, = AN 
A Py 
And P,, N is negative, and AN is positive. Hence, sine of an angle 7270° 2360° 
is negative: and the cosine of an angle 7270° /360 is positive. These four angles 
which we have considered are said to be in the first, second, third, and fourth qua- 
drants respectively. 
By means of the above, if we have given the signs both of sine and cosine of an 
angle, we can tell in what quadrant it must lic. 
Thus if sine @ = -+- mand cos. 0 = — nm, 8 must lic in the second quadrant; é. ¢. 


must bo greater than 90° and less than 180°. 





(13.) Zo express the Trigonometrical Ratios of any angle in terms of those of an angle 
less than 90°. 


Again, tho trigonometrical ratios of any angle can be expressed by means of the 
ratios of an angle less than 90°. 

For if, in the same figure, BA P, B'A P,, BAP.,, BAP., are equal to ono another, 
and therefore the lincs P N, P, N’, PN’, P,N, are equal in' magnitude; as also arc 
AN and AN. 

If then we take account both of sign and magnitude, 


P,N’ __ PN 


Sin, BAP, = a po sin. BAD. 
sin. (180° — A) = ain. A. 
PN’ —PN : 
Sin. BAP, = AP, = yp = — sin, BAP. 
sin. (180° + A) = — sin. A. 
Ee -PN ; 
Sin BAP, — AP. = “AP <= — sin. BAP. 


Sin, (360° — A) = — sin. A. 
In the same manner it is easy to show that 
Cos. (180° — A) = — cos, A. 
Cos. (180° + A) = — cos. A, 
Cos. (860° — A) = cos. A. 


A Re ee ~ an ~ “ genet iar 
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For example, we have secn that cos. 60° = }. 
Cos. 120° == cos. (180° — 60’) = — cos. 60? = -— 1. 
Similarly — 
Sin. 315° = sin. (860° -— 45°) = — gin. 45° =  — 1. 
If considcr the case of the tangent of an angle, 2 A being an angle, /90’. 
Tan. (180° — A =, Sin. (180" — A) + sin, A an. 
ale ) cos. (180° — A) — cos. A tan. A. 
Tan. (180° + A) = Sin, (180° + A) _ — sin. A tan. A. 
cos. (180° + A) — cos. A 
Tan, (360° ~ A) = sin, (360° — A) _ — sim, A _ _ toy, A. 
cos, (360° — A) cos. A 


In the same manner we may express the othcr trigonomctrical ratios of angles 
greatcr than 90° by means of those angles less than 90. 

It is to be observed that if we suppose AP to make one complete revolution from 
AP, it returns to its present position. So that AN and NP are the same both in mag- 
nitude and direction for the angle 360° + A as for A. 

The same is true of any number of complete revolutions. 

Henee, if f denote any trigonometrical ratio whatever, 

f (w 360° + A) = f (A), 
where # is any positive integer whatcvcr. Thus, 
Sin. (2 360° + <A) = sin. (A) 
Cos. (nm 360° + A) = cos. (A) 

And 80 on. 

There are a great variety of relation similar to those above deduced. The following 
are worth notice :— 

We have before stated that if BAP = A, then P, AB = — A. 


. NP 
sin. (— A) = sin. BAP, = xP : 
| = aa = — sin, A. 
sin. (— A) = — sin. A. 


Similarly, 
Cos. (— A) = cos. A, 
and ., tan. (— <A) == tan. A, 
and cot. (— A) = — cot. A. 
This result can be arrived at by reference to formulas previously proved. 
We have secn that under all circumstances 
SF (n.360° 4+ A) = f(A). 
., sin, (360° — A) = sin. (— A). 
But we have also secn that 
sin. (360°'— A) =— sin, A ; 
”. sin. (— A) = — gin. A. 


14. On the Magnitudes of the Trigonometrical Functions of Angles, 0°, 90°, 180°, 270°. 


The definition of sine B A P tells us that 
sin, A = PN 
. —AP 





me ee 
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Now if A P coincide with A B, A==0 and PN =0, .°, sin. 0° = 0. 
If AP revolve round A, P N increascs until A P coincides with AC, when A = 90°, 


and PN = AP. 
* sin. 90°21. 


After which, as AP revolves towards AB’, PN decreascs until at AB coincides 
with ADB!, when PN = 0, A = 180°, and therefore 
Sin. 110° = 0. 
As AP revolves from A B’ towards A C, P N increases negatively until AP coin- 
cides with A C, when A == 270° and PN=—AP. 
.. sin, 270° =—1. 
As AP revolves from A C’ towards its original position AB, PN decreases nega- 
tively, until when AP coincides with A B, we have A = 360’, and P N vanishes. 
.. sin. 560° = 0. 
In like manner, if we take the cosine we have 





AN 
Now when A==0 ANTAP ~~’. c0s.0° =1. 
A=z=90° AN=0~ «|. cos. 90° = 0. 
A = 180° AN ——AP eos. 180° = — 1 
A=z=270° AN — 0 cos. 270° = 0. 
A= 360 AN=APT _ cos. 360° = 1. 
Now tan. A = sin. _A 
cos. A 
sin. 0° 0 
, cf - = - ~—--= 9 
eS cos. 0° ~ 1 
sin. 90° 1 
o ‘amines: | incepeass, same: 
tan. 90 —= cos. 90° = 0 
sin. 180° 0 
SO nme ee = = 0 
tan. 180° = cos. 180° 1 ; 
i BIN BIO". Tes 
es ioe cos. 270° 
sin. 360° __ 0 
ee eee —_- =0 
tan. 360 cos. 360° ee 


If we apply similar reasoning to the various trigonometric functions to that 
employed in discussing the variations of the sine of A, we obtain results which may be 
arranged in a tabular form, as follows :— 
































aes 0° | 290°! 90° | 7 180° 1804 2270" 2705| 2360" 360° 
7 0 | 7 90°, lp ees “F278 

DING! ski samaeaneangise Oo; + 1; + boas oj; — j— = 0" 
Cosine ........eece eee 1; + 0; — —1l}] — Oo; + i 
Tangent i a ee ee 0 + MS? — 0 So 7) — 0 
Cotangent ..........06-. on} + On) ae nt Oy Be wn | 
Becant. 2 eswiciss ccewtwss 1) +i my — —l} — fw] + 1 
Cosecant ............-- wm} | 1 + | eh) oma a ce nn 
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The student will do well to verify carefully all the results given in this tahle; he 
will also observe that the trigonomcetrical ratios illustrate the principle that if a function 
of a variable changes its sign, it must pass through the values of either zero (.0) or 
infinity (0). 

As the values of the ratios are continuous, the ratios increase gradually to their 
greatest value, and then decrcase to their Icast. Thus, to take the caso of the sinc of 
an angle, which we call @. 

Sine 6 increases from 0, whcn 6=0° up to 1, when @= 90°. It thon decreases 
to 0, when @== 180°; after which it still further dccreascs till it equals — 1, when 
6 = 270°, and finally increases up to 0, when 6 = 360°. 


10. Zo determine all the angles uhich have the same sine, or cosine, Sc. 


There is another class of questions presented to us by this extension of our definition 
of an angle, viz., having given a trigonomctrical 1atio of an angle, to find all the angles 
corresponding to it. 


For example, tan. 6 =p. 


Now, xf we did not reckon any anglcs but those Jess than 180°, as is the case in 
geomctry, we could only have one value of @ corresponding to a given value of tan. @. 
Suppose this value = a. 

Then, if we take tho trigonometrical or gencralizcd conception of an angle, we 


shall have another == 180° +- a. 

And since no trigonometrical ratio changes cither its value or its sign when its 
angle is increased by any multiple of 360°, it is plain that in addition to a we shall 
have a series of valucs, 360°+ «a, 2  360°-++ a, 3 x 360°-+4-+4....,2360°+ a; and 
in addition to the valuc 180° + a, we shall have a scries of valucs, 360° + 180°-+- a, 
2 X 360° + 180° + a, 3 x 360° -+ 180°-+4-a,.... 2 360°-+ 180°-+-a. Both these scrics 
may be included in one formula, 

6= m 180° +- a, 
where m is any integer number whatever. 

In tho same manner, if 

Cos. @= 4, 
and a is the value of @ less than 180°, which has for its cosine g, then all the values 
of @ which have a cosine g are included in the formula, 
6 = m, 360° + a, 
where m is any integer. 
And similarly if 
Sin. @ = q, 
the value of @ is included in the formulas— 
6 = 2m 180°"+- a," 
and 6 = (2m -+- 1) 180° — a, 
m being any integer whatevor. 
These may be included in one formula, as follows :— 
@== k, 180° + (— 1)* a, 
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where sis any integer whatcver; for when & is even, (— 1)*is positive; and when 7 
is uncven, (—- 1)* is negative. 
As practice in the preceding articles, the student may verify the following results :— 
1, Sin. 810° = 0. 
: gs, a 
2. Sin, 1385 = vs 
2. Cos. 135° wt = cos. 225”. 


4. Cos. 315° == —— = sin. 4052. 


Sin. 120° = — sin, 300°. 


or 


6 Cos. 330? = == — cos. 150: 


7 Sin. 150° = 
8. Cos. 800° — 


: 1 : ; ; 
Given that sinc @ = ,, show that the following are the values of @ which sati-fy 


that equation, 30’, 150°, 390°, 510°, 750°, 870°, &e. 
Given that cos. 6 -= 5 show that the following are the values of @ which satisfy 


this equation, 45°, 315°, 105°, 675, 765°, &. 
Given that tan. @-= 1, show that the values of @ are 13°, 225°, 105°, 585, 705, Ke. 


THE RULATIONS BETWEEN TILE TRIGONOMETRICAL FUNCTIONS OY DITTERENT ANGLES. 


The formulas we have already proved hold good of the ratios of the same angle; 
we now proceed to investigate the formulas which express the relations between two 


There is a very great variety of formulas of this kind, and 


or more different angles. 
They are, 


they admit of an almost infinite numbcr of combinations and modifications. 
howevcr, all derived mediately or immediately from the following four -— 


Sin. (A -+ B) = sin. A, cos. B +- sin. B, cos, A..... ( 
Sin. (A — B) = sin. A, cos. B — sin. B, coc. A..... (0). 
Cos. (A + 3B) — cos. A, cos. B — sin. A, sin. B..... (10), 
. Cos. (A — B) = cos. A, cos, B + sin. A, sin. B..... (11). 


These four formulas can be casily remembered—aud it is of great importance that 
they should bo remembcred—by observing that the sine of the sui of two angles is the 
sum of the product of the sine of the first angle and the cosine of the second, and of 
the product of the sine of the sccond angle and the cosine of the first; while the sine of 
the difference of the angles is the former product minus the latter. The cosino of the 
sum of two angles is the product of the cosines of those angles minus tho product 
of thoir sines; and the cosine of the difference of two anglcs is the sina of tho product 


of the cosines and of the product of the sincs. 








METHOD OF PROVING DIFFERENT FORMULAS. 805 





(16). Zo prove the Forinula 

Sin. (A -- B) = sin. A cos. B + sin. B cos. A. 
Let AOB be tho angle A, BOC tho 
angle B; .«. AOC is the angle A + B. 
In OC take any point P, and from P let 
full PN, PM, perpendiculars on OA and 
0 B, and from M Ict fall MQ and MK, 

perpendiculars on P N and OR. 





Then— 
gin, (A -- BY) = PN_QN+?PQ wy 
QP OP oa 
—Q@N,PQ_MR, PQ 2 A 
“Or ' OP OP. OP ° 
MR OM 4 PQ PM 
OM OP PM OP 
Nove MB tes. gig ge (OU: cp. pag 
ON OP 


And since PMO is a right angle, QPM = QMO -= MOR, 
PQ._OR_., PM 
pu om °* * op 

nn (A + ) = sin. A cos. B +4 sin. B cos A. 
(17.) Zo prove the Formula 
Co. (A + B) = cos. A cos. B — sin. A sin, B. 
for as before, 


== sin. B; 


. _ ON _ OR — QM OR — QM 
Ee RY aoe ge ee do he 
OR OM _— QM PM 
OM OP PM OP 
’ Q 
Now ae = cos. A ae = cos. B, 
QM MR _ se. EM os ee a: 
And MO «ox = sin. A op — sin. B; 
- cos. (A + BY) = cos. A cos. B — sin. A sin. B. 


18. Zo prove the Formula 
Sin. (A — B) == sin. A cos. B—sin. Bos. A. 
Let AOB= A. BOC=B. Take in 
i OC any point P from P; draw P M and 
PN perpendicular to OB and OA. Draw 
MR and M Q perpendicular to O A and P N 


y ss ¢ produced. Then AOC = A— B. 
. PN __QN—QP 
P “, sin, (A— B) = op = OF 


_ MR QP. MROM _ QP PM, 
~op OP” OM OP PM OP 
Q A MR_se OM 
Now oy = A. OP == cos. B. 


eee (rn me ete ceteeE eaSN EIEN ICT TIN BIEN RA ct PT SAA PTT ATT ILS NOLIN CP AEE 8 ID CTE AT Bea - 
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Again Z MPQ=QMB= BOA = A. 


PQ_ QR _ PM 


”, sin. (A—B) == sin, A cos. B—sin. B cos. A. 


19. Zo prove the Formula 


Cos. (A — B) = cos. A cos. B ae sin. A sin. B. 
ON oe OR OM , MQ MP 


cos. (A—B) = o5 = OP = on Op + MP OP 
OR OM MQ . MP ; 
} —_ = —<tt - —— = ‘ d - = . B. 
But OM = 0% A op °°: B MP sin. A an OP 510 


*, cos, (A— B) = cos. A cos. B -+- sin. A sin. B. 


20. To extend the above proofs in special cases, 


The proofs above given arc clearly limited to the cases in which A, B, and A+ B 
or A— B, are each less than 90°. They admit of extension to any case whatever. 
This— 

If Ais 7180. / 270°, B 790° / 1802, and A— B 790° / 180°. 
To show that 
Sin. (A — B) = sin. A cos. B—sin. B cos. A. 


Yn this casc the figure will be the following : 

AOB is the angle A, measured as indicated by 
the dotted circle. BOC is the angle B. .-, COA 
is the angle A — B. 

From any point P in OC draw PN, PM per- 
pendicular to OA and OB produced, and from M 
draw MQ, MR perpendicular PN oe OA. Then 

PN PQ _ PQ 

Ne a) pe ae +4 0 ~ po 

MR PQ PM , MR POM 


tT po = pa po T MO Po - 





Now - cos. MPQ = cos, AOM = cos. (A — 1800) = cos, (180° — A) = — cos. A. 


Sd 


PM ‘ : 
PO == sin. POM = sin, (180 — B) = sin. 3B, 
Similarly 5p = sin. MOA = — sin. A 


OM 
tu = cos. POM = — cos. B; 


Sin. (A — B) = sin. A cos, B — sin. B cos, A. 








PRINCIPLES OF PROOF. 307 





In tho same case, 
— ON eNR—OR 
cos. (A — B) = “pot oP 
QM , OB NQ oe OR OM 


=—Or tOp=—MP: OPT OM: OF 
Now 372 = sin. MPQ==sin. MOA==— sin. A. 
ap asin, POM =sin. POB = ain. B. 
aS cos. MOA =— cos. A. 
OM i665 POM = — cos. B. 


OP 
‘, cos. (A — B) = cos. A cos. B+ sine A sine B. 


Again, to show that sin. (A + B) = sin. A cos. B + sin. Bcos. A. 
BY 180° # 270°. 


When A + B7 270° £ 360° A 7 90° # 180° 

Let AOB be the ngle A; BOC be the 
angle B. Then AOC is the angle A + B, 
BOC, and therefore AOC, being measured ’ 
as indicated by the dotted circles. InCtake  , 
any point P and} draw PN, PM perpendiculars iy 
to OA and OB produced, and from M draw 
MR and MQ perpendiculars to OA and NP 
produced. 

Then 

\ 


eo 





__PN_PQ—ON 
Reon Op OR \. 
_PQ RM_PQ MP_RM OM = 


' =Op— OP MP * UP OM’ OF” 


] 
Now on = cos. MPQ = cos. POA = — cos. A. 


MP 
OP 
RM 
OM 
-_ = cos. TOM =— cos. B. 
-, sin. (A+ B) = sin. A cos. B + sin. B cos. A. 
The student may verify for practice the formulas in the following cases — 

Sin (A+B) A7Z90?7180 A+B7 180° B7 90° 

Cos. (A—B) A7Z907189 A+B / 90? BZ 90 

Cos. (A -+- B) A 7 180° f 270° A+B 7 360° / 450° B 7 90> Z 180° 


=sin. POM = — sin. B. 


== sin. AOM = sin. A. 


21. The prine ple on which the proof may be considered as established generally. 


The above examples will bo sufficiont to satisfy the reader tha‘ the four formulas 





eee eee wee ee a = _ — —~ ee marcas 
-~ 
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ae 





above given hold good for all angles whatever. It is worth whilc to observe, however, 
that, independcntly of these examples, this follows from the circumstance that the 
oxtension given above to the definitions of angular magnitude, and of the trigonomctric 
ratios, are made in strict accordance with the extcnsion givon to the meaning of the 
negative sign in algebra. Thus, a — 6 primarily signifies that the number 0 is to be 
subtracted from the number a; if therefore 4 be greater than a, « — bd is impossible, 
unless we generalise the definition of the negative sign. Ifwe do this so as to render 
a — susceptible of meaning for all valucs of a and J, then whatover theorem we prove 
to be true of a — d, and its combinations with the restriction, will be equally truc of 
a — b, and its combinations without the restriction. 

In like manner, if we prove a trigonomctrical formula to hold good for all gcome- 
trical angles, these will equally hold good of the angles when defined according to the 
trigonometrical conception of an angle caplained above. The principle which we have 
to guide us in all these gencralizations is called “The Principle of the Permanence of 
Equivalent Forms,” and is that which lies at the root of all extensions of merely 
Arithmetical Algebra, as explained in the treatise on Logarithms and Series. The reader 
who wishes to see a full account of the application of this Principle to Trigonometry, 
will do well to consult Dr. Peacock’s Algebra, vol. ii., p. 144, &e. 2nd edition. 





29. Relation between the Four Fundamental Formulas. 


{ 
| 
i 
| 
{ 
| 
| 
It is to be observed that the last three of the four formulas given above can bo 
derived from the first of them. 
Thus, sin. (A + B) = sin. A cos. B -++ sin. B ens. A. 
For B write — B. Now sin. (— B) == — sin. B. 
And cos. (— B) = cos. B. 
, sin, (A — B) = sin. A cos. B ~ sin. Bos A. 
Again cos. (A + B) = sin. (90° ~ A — By 
== sin. ( 90°— A) cos, B — sin. B cos. (90° — A) 
== cos. A cos. B — sin. A sin. B. 
Again 
(Cos, (A — B) = sin. (90° — A + B) 
= sin. (90° — A) cos. B + cos. (90° — A) 
== cos. A cos. B+ sin. A sin, B. 
| 


23. Formulas derived from the Fundamentai ones. 


| From these four the following formulas of frequent occurrence. can casily be 
derived :— ’ 
Sin. A cos. B -+- sin. B cos. A = sin. (A + B) 
Sin. A cos, B — sin. B cos. A = sin. (A — B). 
”, adding 2 sin. A cos. B = sin. (A + B) + sin. (A — B); 
and subtracting 2 cos, A sin. B = sin. (A + B) — sin. (A — B). 
Similarly, 
2 ein, A sine B = cos. (A — B) — cos, (A + B).... (12) 
2 cos. A cos. B = cos. (A ~— B) ++ cos. (A + B).... (13) 
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The same formulas aro of frequent occurrence in a diffcrent forn. Evidently 
_ 6+, 0-9 
Sg ae 
6 6 — 
pec 8 
ee + I+o  O— @—> O+ 
. sin. @ = sin. cos. ~~ sane sin. . COs. a? 
: ‘ 6 Ey ¢ 6—¢ nO — 6+¢ 
sin, @ == sin. 008. mg sin. * 5 © cos, +? 
* sin, 6 + sin. @ = 2 sin. i+ ¢ cor, “= ¢ vee (14) 








sin @ — gin. @ = 2 cos. 6+ ¢ ‘sin. OP Ss... (15.) 
2 2.44 
Similarly, : 
Cos. @ + cos. @ = 2 cos, ? se cos. > »e es (16.) 
Co. @ -— cos, @ = 2 sin. : ? os : er . (17.) 


24. Formula for the Tangent of the sum of two Angles. 


Again, we can easily derive from the formulas for the sines and cosines of A -+- B 
and A — Ii, expressions for the tangents of A 05 Band A— B. Thus, 


| 
| 
| sin, (A. + B) — sin. A cos. B +- sin. B cos. A 





pa are a) ea ag (A+B) cos, A cos. B— sin. Asin. B 
Divide both numcrator of this fraction by cos. A cos. B. 
: sin. A cos, B sin. B cos. A 
i ae a cos. A cos. B cos. B cos, A 
cos. A cos. B _ sin. A sin. B 
cos. A cos. B _ cos. A cos. B 
sine A sine B 
cos, A cos. B "tan. A + tan B 
j — Sine A sine B {ton Aten. P.... (18.) 
cos. A cos. B 
Similarly, 
ene (A, Se) sg eB eo (105 


1—tan. A tan. B 


25. Expressions in which the sum of three angles occur. 


We can easily derive from tho above expressions for the sinces, cosines . . . of the 


sum of throo or more angles. Thus, 
Sin. (A -+ B+ C) = sin. (A+B) cos. C+ cos. (A + B) sin. C == (sin. A cos. B 
+ sin. B cos. A) cos. C 4+ (cos. A cos. B — sin. A sin. B,) sin. C == sin. A cos. B 
cos, C -+- sin. B cos. C cos. A + sin. C cos. A cos. B — sin. A sin. B sin. C. 
In the same manner, 
Cos. (A + B-+ C) = cos. A cos. B cos, C — cos. A sin. B sin. C — cos. B ain. C 
sin. A —cos. C sin. A sin. B. 
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And hence, 
__ tan. A + tan. B -+ tan. C — tan. A tan. B tan. C 
ene EC) 40 an Ban Os an. 0 ta A ta 


26. Certain other Formulas. 
Again, since~ 


Sin. @+sin.g = 2sin. = 08. exh 





2 
Sin. @—~-sin.@ == 2 cos- aa sin. ines . 
i @ a=? 
Sin. @ + sin. ¢ eee: nies 2 
‘Sin. 6 -+ sin. Tt? i BaD 
COs. sin, —>—"- 
6 ncaa 
= tan. ae cotan. “4 ee (20). 
In like manner, 
Cos. @ — cos. @ 6 C= 
OE P= C080 gs as Saas. —* aie (21). 


Cos. @ + cos. @ 

There are many similar combinations of the trigonometiic ratios besides those 
above given. These arc of very frequent occurrence, and the student who has 
thoroughly masterod the aboye will be at no loss in investigating other combinations 


that may occur in his subsequent reading. 


27. The Sines, Cosines.... of Multiples of given Angles. 


We have already seen that 
Sin, (A -+- B) = sin. A, cos. B-++sin. B, cos. A. 
This being truc of all valucs of A and B is true when A= Bi, and .". when A-+- DB = 2A. 
Sin. 2A = 2 sin. A, cos. A.... (22), 

Similarly, since 
Cos. (A-+ B) = cos. A, cos. B— sin, A, sin. B. 
*, Cos. 2A = cos*A —sin.*A..... (23). 
Now, 1= cos’?A-+- ain.2A. 

Add this equation to (23), and we obtain 
Cos. 2A = 2 cos?A — 1. 
And Cos. 2A = 1 — 2 sin.?A. 


Similarly, ae 


Sin. 3A == sin. (2A -+ A). 
=n sin. 2A, cos. A-- cos, 2A, sin. A. 
== 2 sin A, cos. A, cos. A + (Cos?A — ein.2A) gin, A. 
+ 3 sin. A, cos?A — sin2A. 
= 3sin. A—4 sin3JA,.... (25). 


Similarly, 


| 
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3 tan. A — tan?A 


Tan. 3A= “1 StanA ee eite. ee (27). 


28. Determination of Sine, &c., of an Angle tn terms of the Sinc, §c., of the Sub-mul- 
ples of that Angle. 


From theso expressions we may derive others expressing the sincs, &., of an angle 
in terms of the sines, &c. of the submultiples of that angle. Thus, writing 5 for A, 


we have 


to! oe 


From (22) Sin. 6 = 2 sin. ; cos. 


From (23) Cos. 6= cos" 5 —sin.? 9 


2 


zo 


‘ 8 
= ] — 2 simn.?- 
2 


9 
<== 2 cos 5 — 1. 


2 tan. 2 
From (24) Tan.@=> -- — 7 ; 
] —ft ae 


a a rn a i a 





And writing ¢ for 7 we have 


From (25) Sin. @ = 3 sin. g —4sn3 . 


7 ?. 
From (26) Cos. ¢ == — 3 cos. + 4 cos’, 


© tan. £ — tan? f 
From (27) Tanc¢= > 


7) 
— ov 
1 3 tan 3 





29. On the “ Ambiguities” resulting from the use of the above Formulas. 

These formulas onable us to solve the following question :—Having given the sinc... 
of an angle, we can find from it the sine....of double that angle; and conversely 
having given tho sine... . of an angle, we can find the sino. . . . of half that angle. 

(a.) Thus, having given sin. A = p, to find cos. 2A, we have 

Cos, 2A == 1 — 2 sin.2A == 1 —2p* 
and so, having given sin. A = p= to find sin. 2A. 
Since sin. A = pcos. A= Y 1 — p® », sin. 2A = + 2p yy l—p. 
It will bo seen, from the above formulas, that for one given value (p) of sin. A, there 
| is one value of cos, 2A, while thoro are two of sine 2A equal in magnitude, but of dif- 
| ferent signs. This is sometimes spoken of as an ambiguity. It will be observed, how- 
ever, that the ambiguity in the detcrmination of sin. 2A arises necessarily from the 
| data, since it appears by considering the valucs of A which satisfy the equation 
Sin. A =p, 
| that there will be one value of cox 2A and two values of sin. 2A resulting from the 


seeeanemen pment ne et eee ee 





312 PLANE TRIGONOMETRY. 


data. Thus, if A! be one angle which satisfies the equation, then all the values of A 


are included in the two formulas 
A == 2m180° + A! 
and A == (2m -+ 1) 180° + A! 
m being any integer whatever ; 
“, cos, 2A == cos. (2 360! +- 2A’) = cos. 2A), 
or == cos. (2m -+ 1) 360° — 2A") = cos. 2.\! 
Under all circumstances, therofore, 
Cos. 2A = cos, 2A!, 
and therefore has but one value. Whercas 
Sin. 2A = sin. (2m 360! + 2A!) = sin. 2A). 
or == sin. (2m + 1 360° — 2A!) = — sin. 2A). 
*, sine 2A has the two values -+ sine 2A! and — 1 sine 2A). 

If, however, we know A, oreven the limits between which A lics, as well as that 
sin. A = p, then all indeterminatencss vanishes from the expression for sin. 2A. 
Thus, if A is less than 90°, then 2A is 7180? and sin” 2A must bo positive. And, 
again, if A 7790? 7180’, then 2A 7180’ £380, and the sin. 2A is negative in the 
former case ; therefore, 

Sin. 2A = 2Yl—p’. 

In the latter, 

Sin. 2A — 2p f—Ip?. 

(.) Again, we have 


-_ 76 °9 
Jos. @ = 1 —2 : = ee ees 
Cos sin 9 2 cos 5 1 
sin. : a I cos. 0 
2 
Cos, : = V 1 + cos. 6 
2 


Hence it appears that for a given valuc of cos. @ there arc two valucs of sin. , and 
likewise two values of c08.-5 equal in magnitude, but with differont signs. This is, 


as before, necessarily the case, if we only know the value of cos. 6. Vor if we have a 


given value p of cos. 6, so that 
Cos. 9 = p, 


and if 6'is a value of @ which satisfies this equation, then all the valucs of 6, which 


satisfy this equation, are expressed by, 
6 = m 360° + 6. 


i 
sin, 2 = sin. (m 180° + =) 
2 2 


1 
which = + sin. 5 if m be even, 
ee ee 
or, + sin. 9 if m be odd, 
under any circumstances ; therefore there must be two valucs of sin. 5 equal in magni- 


tude, but with different signs; the same result as that we obtained from the equations 


. 8 6 
for sin. 5 and cos. 5 


eel EES Heel: mene Ly neabeeene 


| 
| 
| 


eed 
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(c) Again, I have given sin. 6 to find sin. >and cos, : 


We have— 


. , 8 oF 
sin, 5 + cos. 5 =! 


- 6 0 
2 sin, ~ = sin. 

in 5 cos. 9 sin. 6 

Adding these equations, we obtain, 
- 8 : : 
ant 2sin. . cos. 5 ee cos. 5 == 1 + ain. @ 
And, subtracting the second es the re 
@Q 6 6 s 
2 —. = a. 2 ——— — 
sin 5 2 sin 3 008. 5 aes cos.? 1 —sin, 0 

Iextracting the square root of cach of _ equations, and wo havo— 


in. 9 + cos. $ = y1-+sin. 0 


_ 8 —@ 2 eee 
BIN. — Cos, 4, = / 1 — sin. 6 


*, Adding— 
. 6 : 
us Y1l-+sin. 6 —y1—sin 6 
and subtractinge— 
ic Peace oe cote 
2¢ ge = Y1-+sin. CSV ne 


+e Y l+sin. 6+7/1~sin. gl 
2 l ) 
6 


and cos. o= Liv l+an. 0—y 1—sin. of 
| And since cach square root has two sines, it follows that if we have given merely the 
. Value of sin. 6, Ze. sin. @ = yp. we have four different valucs of sin. : 
viz (VI+p+vV1—pivv ttp—Vv 1?) 
(—Vitep+Vv1—p) ondd(—VI+p—V1—p) 
We may prove, as before, that this amount of undcterminatencss is inv olved in the 
data: for if 
sin. @ = p, 
and if 6’ bo a valuo of 6. which satisfies this equation, then all the values of @ which 
satisfy the equation, are given by tho formulas. 
@ = 2m. 180° + 6 
and @ = (2 m. + 1) 180°— @ 


where m is any whole number whatover. 
@ 
. sine 3 may be either ono of the two forms. 
Sin. (m, 180° +- _) or sin. (m. 180° 4 90 — *) or according as m is odd or even, 


t.¢, according asm is 2” or2”-+- 1. 
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One of the four— 
. fe) é ° ep ° é 
Sin. (2 2. 180° + 9 ) sin. (2n-+- 1 180 oD 


Sin. (2.n. 180” 4 90 — +) or sin. (2m -F 1 180°-+ 90° — °) 
And these are respectively cqual to 
Sin. : 


7 


. 6 
— SIN. => cos. 


5? ° 9) and cos, 9° 
i, é. it may have one of the four different valucs— 
- @ - 6 Q 0° 
Sin. g? ~~ SI.» COS. 5) COB. 5. 


If, however, we know the limits within which the value of 6 lies, this indctermi- 
nateness vani,hes. Thus, if @ 7 90° / 180°, then 7 45° 7 90°, and therefore sin. 


1 
Vv 


- must be 7 5 
Sin. : _ : (+71 fain. 6+ Y1—sin 6 }. 


= Z 1. and be positive. Henee, in this case, 


ne ate , 6 1 
For when 6 = 90 this gives sin. = : 
8 2 V2 


Ge easing ee: 
2 
and between these limjts the value of the formula continually increases. 
If, however, 6 7 270° 7 360°, we have 
. 6 1 = onan 
Sin, ry = 9 oes sin. @ + 4/ 1— sin. 6 \. 
The student will do well to verify this for himself. 


boy @ 


The same kind of reasoning applics to the formula for cos. = - 
(@). Again the formula 





2 tan. 4 
Tan, 6 = a ae 
1—tan? 5 
enables us to determine tan. oy When tan 6 is given. For we can casily put the 
equation into the form . ; 
Tan? z + oe | tan. 3 = Is 
Pde baa: 7 bk tan? 
- tan. + — == + a tan. ; ar vite 6 


It will be observed that for one value of tan. @ we have two values of tan. + 


The ambiguity is involved in the data in this case as in others. For if 
tan. @ = p. 


ee an em TR a ae 
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then 0’ being onc value of 6, all the values of @ are included in the formula 
6 == m. 180 + @. 
*, according as m is odd or even, #. ¢. according as m is equal to 2n, or 22 + }, 


=n 180» + 





WED 





or = # 180° + 90° + . 





That is, 





6° 6 
Tan. — == tan. # 180? 4+ — 
es an. # Bae 





or, tan. (7 180° -+- 90° + - ) 
according as i is odd or even; and therefore 
, 
or tan. (90° + s) 
= tan. : or — cotan. e 
2 2 
Two different values, as also appcarcd from the formula. 




















or, tan. 5 = tan. 


od 
? 


30. On the Numerical Value of the Sines, Cosines, &¢., of the Angles 15°, 30°, 45° 60°, 75°, 


We have already investigated the value of the trigonometrical ratios of 45°, 30° 
and 60.° By the aid of the above formulas we can investigate the valucs of many 
others. For example, of 15° and of 18°. 

Sin. 16? = sin. (15° — 30°) = sin. 45° cos. 30° — sin. 80° cos, 45°. 
oun Y3 1 1 
~~ 2 2 Ye 
=y3—l 
2v2 
Cos. 150 == cos. (45° — 30°) = cos. 45° cos. 30° + sin, 48° sin. 30° 


i. Vio A, Bee toe ee 
gg hy a. OD ee ee 


. which also equals cos. 75°, since 75’ == 90° — 15°, 





Y¥3—1 
fice Roe Se Coles: (5° 
Tan. 15 var eran ae) 
Cotan. 15° = V3+1 _ == cotan. 75° 
: 4 3—1 
15° = 2¥ a _ c= cosee. 75° 
y3+l1 
Cosec. 15° = Ve _ ae sec. 75° 
2 2 
The student will observe that this investigation of the ratios of an anglo of 15’, 
together with those previously investigated, gives tho ratios of the series of angles 
15°, 30°, 45°, 60°, 76°, 90°. 





Sec. 


— 
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31. Zo investigate the Trigonometrical Ratios of an Angle of 18°, 36>, 54°, 72°. 
Since 54° = 90° — 36°, 
if we write @ for 18°, we have 
36 = 90° — 28, 
and therefore 
Cos. 36 = sin. 26. 
4 Cos’@ — 3 cos. 6 == 2 sin. 6, cos. 6. 
4 Cos°@ — 3—= 2 sin. 0. 
’. 1-4 8in6@= 2 sin. 0. 
4 Sin.26-+ 2 sin. 06= 1. 


| 
| 
| 
| 
| 
| 
-. ‘4 Sin*6+ 2 sin. 6+ i= : 


= 5 
2 Sin, pe Ye. 


: 
Sin. @= atv. au 
| 4 

| This is a case of ambiguity similar to those above explained, and if we only had 
_ the equation 

| 4 Sin. 76+ 2 sin. 6 = 1, 

! ee 2 eee 


we should have the two values of sin. 6 just given, viz.. ——, and —— i 


But as we not only have the equation, but also know that @ = 18>, this enables 
us to choose the only admissible value. 





— 18 
Siig 
4 
For the othcr value of sin. 6 being negative cannot be the sine of 18°. 
8—1Y5_ 5 6 
Hence, cos?18> == 1 — sin.*18 = 1] — -- ate — a : 


v2 5 
, | 


"Cos, 18? = 
Ifence, sin. 36’ = sin. 2K 18° = (V 5 — 23 2Y¥ 5+ 10 
_v5t1 


and cos. 36° =~ ay ae 
and sin. 36° == cos. 54°, and sin. 18° = cos. 72. 
Hence we evidently can obtain the trig. ratios of the angles 18°, 36’, 54°, 72°. 


Again 
Sin, 3° = (18° — 15°.) 
= sin. 18° cos. 15° — cos. 18° sin. 18°. 


2VS—1y V3) YO HeV5 y3—1 


rik: aes 272 4 272 


— (15 — 1) (V8 +1) -(V8-1 (YW FIV 5 
Sy 2. 





TIence we may clearly obtain numerical values for the trigonometrical ratios of the 
serics of degrees, 3°, 6°, 9°, 12°, 15°, &c. 


ES NS A at 


a pm 





ee ny 





meen ce eee ree 
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N.B.—In reading the preceding pages the student will have observed that in many 
instances, when a method of reasoning has been applicd to onc case, it has heen merely 
indicated that the same method is applicable to a similar casc. In all these instances 
he will do well to write out at full length the reasoning in these similar cases. By this 
means he will ensure a thorough comprchension of this part of tho subject, and become 
familiar with tho various combinations that trigonometric ratios can form. In rogard 
to this very subject Dr. Peacock observes :—‘‘ It should be the first lesson of a student, 
in every branch of science, not to form his own cstimate of the importance of ele- 
mentary views and propositions, which are very frequently repulsive or uninteresting, 
and such as cannot be thoroughly mastered and remembered without a great sacrifice 
of time and labour.” To assist in obtaining this familiarity he may perform the 
following exercises :— 

(1). 3} + cos. 2 A = 2 sin. (60° — A) sin. (60’ + A.) 

(Remember that cos, 120° = — §.) 
(2.) 4 cos. m @ cos. 2 6 cos. 7 @ = cos. (m+ 2+ 7) @ + cos. (mn — ro + 
cos. (m — 2 + r) 6 + cos. (m—n + »)0 
(Remember that cos. (A + B) + cos. (A — B) = 2 cos. A cos. B.) 
(3.) 4 sin. 76 cos. 6 = cos. @ cos. 3 0. 


__ sin. (A + B) 
(4.) Tan. A + tan. B= nek coe 








i a i Ss a i 
eee 








(Remember that tan. A = ain), 
cos. A 
ain. (A -+ B) sin. (A — DB) 
cos. 2A cos. *B. 
(Remember that tan. 2A — tan. *B — (tan. A + tan. B) (tan. A — tan. B.) 


ow Msn 8 — cos. (B®) phon 


(5.) Yan. 2A — tan. *B = 


n sin. @ Cos, (a — 2) 
n cotan. 8 — mcotan. a 
n—+-m. 


(7.) If6+9-+ % = 90’ show that 
(2) Tan. ¢ tan. y + tan. y tan. 6 + tan. 6 tan. ¢ = 1. 
(0) Tan. 6+ tan. » + tan. ¥ = tan. 6 -++ tan. o tan. » + see. 6 see. sce. bY 
(Remember that sin. (6 -+ ¢ + ¥) = 1. 
and cos. (@-+ o-+ y) = 0. 


6.) ie tan. (a—z)_  mtan.z 


| 
| 
| 
| 
| 
| 
Tan. 7 = 
| 
| 


sin. (2a-—2r) on 
PREM anager a 
ard tan. (a — 2u) = ae tan. a. 


(9.) Iftan. A + 3 cos, A == 4, show that A has two serios of valucs, one of which 
is 45°, 225, 405°, 585°, /... (i. ¢, tan, A= 1). 
(10.) If cos. vA +- cos. (x — 2) A = cos, A, show that A must have the values 
30° = 380°, 390,690? 7502"" 
a—1 * n—1 r rn—1 1 . n—1 ° ie eee 
(11.) If sin. (2 + «) + cos. (x + a) = sine (r — a) + cos. (v — a), then 2 must 
be 45°, 226°, 405°..... 
(12.) If sin. A + sin. (9 — A) + sin. (20 -+ A) = sin. (6 +A) + sin. (26 — A). 





| 
costs cos? (a — a2) 
| 
| 
: 
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(13.) If2sin. (@ — p) = 1, and sin. (@— ¢) = cos. (@-+- ¢), then we shall have 
@ = 45°, 9 = 18°. 
@ nt — ] 


3 
(14.) If Tan. 6 == tan. S and cos. *@ = 3° 


Then m’—1 __ ,cos.49 — sin.§ a 
3 (cost @ sin, § 6’- 
(15.) Ifsin.? 26 — sin.76 = 4, 





Show that sin. @—+ sm Ask and show that the values of @ are given by the scrics. 
18> 162° 373° B28. a5 bor Hats 
540 126° 416° $96): 2S whe 
198> 342° 558° TOO a: Sete eee 
234° 306° 594” 666" 6 of scee ts 


(16.) Show that the series of angles in No. 9 can be expressed by the formula, 


m. 180° -+- 45°. 

g 9 5) 
In No. 10, by the formula, a 

In No. 11, by the formula, m, 180° +- 45.> 

In No. 15, by the formulas, m. 18)> + 18°. 

m. 180> + 84°, 


31. On Inverse Trigonometrical Ratios Explanatory. 

The following notation, which is part of a general system of notation originally 
proposed by Sir J. Herschel, is very gencrally adopted, and is very convenicnt .— 

If tan. 6 = p. 

Then @ = tan. —! p. 

t.c. tan. ~! py. means the angle whose tangent is p. In like manner sin. ~! y means 
the angle whose sine is p, and cos. —! » the angl: whose cosine 1s p. 

The system of notation originally proposed was the following :—If sin. @=p and 0 
an angle, the arc subtending which, divided by radius, is equal to p; then, sin. 6 is 
the sin. of », and therofore sin. 6, = sin. (sin. 6), and Sir J. Ierschel proposed to 
write 

Sin. (sin, 6) == sin. 76), 
reserving the notation (sin. A)? for the squarcs of the sin. of 6. Upon this principle, 
Sin. (sin. (sin. (.... sin. @))) = sin" 8, 

and evidently 

Sin” (sin™ 6) = sin"+™ @ 
or the notation follows the law of indices, and the interpretation that sin—'p must 
obtain, is that it is the angle whose sine is p. 

Tn like manner 
log ( log ( log. a) is written log#a 

and log~1a, significs tho number whose lozarithm is a. 

Of this system the only part that has obtained any cxtensive currency is that given 
above in the case of the inverse trigonometric ratios, 


82. Formulas connecting inverse Trigonometric ratios. 


There are some formulas in which these inverse ratios occur that are worthy of 
notice. 
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(a.) Tan~1m + Fae eon Ph We 
1 — mn 


For if tan. @ == mand tan. ¢ =" 
__ tan. 6+ tan.@ mtn 
fan CHE t= faa Ota, Oe aa 
Now 6 = tan—~!m o = tan~!n, 
v. Of > = tan.—1m + tan.—! 








_ _; mtn 
But 6 + ¢ = tan en rt 
m n 
e —] ~_—1 _— —1 ot eee 28). 
., tan-!m K tan—la tan ee (28) 
Hence, 
Pen gue een et 
] — m?, 
and 
Ton. —! m — tan. ~1n = tan. -1. ™ 
1 — sm. 
Again, 


Sin. —1 m 4 ain. —! n = sin. —1{m 1/ l—-vt+nYl—m}. 
For let sin. —! m = 6, sin. —!” = 9. 
‘_m = sin. On = sin. ¢. 
V 1— m= cos. 6 1 — n* = cos. ¢. 
Now sin. (6 + 9) = sin. 6 cos. ¢ + cos. 9 sin. @ 
=mYl—wtnYVl—w 


O6+o=sin.—l fl my l—wtny i —m}) 


Or, 
Sin. —! m -+ sin. —1 2 = sin. —, i mY1l—n+tnyl—m?} ---- (29). 
Similarly, 
Cos. ~! m — cos. —! mn == cos. 5 | mn —Yl— my l—n}, 


Cos. ~!m + sin. ~! 4 == sin. —1 mnt 1 ae Fe ae ae 


33. Examples. 


Show that 
Tan. —' 5 + tan. —? 4 = 45° 
1 1 
For tan iA un 11 eo tan party 
| SOE aed 
2 3 
3-49 
= tan.) G~ - = tan. _, 1. = 45 


It is to be observed that when we say tan. _; = 45° we mean that this is one 
valuc, All the valucs of tan. —11, are, of course, given by the formula 180° + 65’. 
Show that 


: Z 
; fe Tl = 45,° 
(1). Sin ye aan 5 5 


~ 


(2). Sin. ~! m= tan. —1 ae 
1 — m? + m 
(3.) Cos. ~! m + tan. ~!n = tan. —! ee eats es 


me meee o cenre ae pa Eh EE a ene nee Sea ese einen St PR ERAS A Se AS SSSA aA SIS 
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(4.) 4tan. —! : — tan. ~1 120 : 

) 119 
(6) 4tan-? 1 _ ton 7! 1 = 45 

a 239 

: m+n 

6.) ‘tan, stan Se gn, Ye 
° + lv (1 ++ mm) (1 + 2) 
(7). If@= tan! Vi o = tan—! wisi then gin. (@-- @) = sin. 60 cos. 36” 


ON THE USD OF SUBSIDIARY ANGLES. 
34, Laplanatory. 


In making trigonometrical calculations it is nearly always necessary to conduct 
them by means of logarithms. For the purpose of preparing a formula for logarithmic 
calculation, it is often necessary or convenicnt to express the sum or difference of 
two or more magnitudes by means of a product : this can generally be performed by 
introducing the sinc, tangent, or some other ratio of an angle chosen for that purpose, 
which is called a subsidiary angle. Onc or two examples will explain the means 
employed for this purpose. 

35, Jiramples. 


(2) Thus, let 2? = a + J to find x 
we have <2 a (1 + o) 
a~ 


b 
Assume — — tan. @ 
a 


P 7 a a 
a> a (1 + tan.? 6) — ica 
med 
cos. @. 


that if @ and 6 arc any two numbers whatever, we are cntitled to assume that 


= tan. 6, since tan. @ may have any value whatever from O. to, whether the value 


eo e ° e a a 
be positive or negative. But if we assumc— = sin 6, we must be sure that a Z 4, for 


otherwise ; 7 1, or sin. 67 1, which is impossible. 


(2) The following case is one that frequently occurs— 
xoasin. 4 + bcos. A. 


Assume 2 = tan. 6 


: t 
then 2a (sin. A 4-= cos. A) 


=< a (sin. A +} tan. 6 cos. A) 
qe cos. @ -- gin. cos. A 
cos. @ 
sr, {A + 6 
cos. @ 


Oe LTT AALS ON, OREN oe mae. phen 
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(c) Again, if we have 
zi CB 
a? + >? 
b 
Assume = = tan. 0 
2 
12 
°. £2 a 
b? 
l+- 
a? 
1 + tan.? 6 
cos. 2? 6 — sin. 2 @ 
cos,* @ + sin. ? 0 
con. * 6 — sin. 2 @ = cos. 2 6. 





— 
ea 





N.B.—It will frequently happen in calculations that we have previously used certain 
logarithms, and when this is the case the calculation is very materially shortened. 
Thus, in the above example, suppose we already know log. a and log. @. Then 

L. tan 6 = log. 6 — log. a + 10. 
which immediately enables us to find L. cos. 2 0; and therefore x, by only using the 
tables twice. 

(d) Sin, A = cos. B cos. C, cosa. a + sin. B sin. C. 


cos. C cos. a 
Assume ————~—— = tan. # 


gin. C. 
We obtain 


sin. C. sin. (Pp + B.) 
cos. > 


(e) Ham? {4 +y/ — <I where 77 > 4@. 
2 p 


Assume a =sin.°@ Then 


sin. A == 


s a) 
“== p. Bin? — 


° 
$ 


eee eae 
Ifz= = 
Y) oe Tee 


Assume ¢ = sin. @& Then 


6 
peer oF 
xz = tan. 3 


bs 





e<l. 


(9) Such an example as the following frequently occurs in Astronomy : 


If x= m cos. 6 + 2 cos, (6 + a). Express x in the form A, cos. (@ + 8). 
x= mM cos. 8 + n cos. a cos, 6 — n sin. @ sin. 8 
| = (m + ” cos. a) cos. 6 — 7 sin. a sin. 0 


— sin. ¢ sin. 6 
= (m+n cos. a) (at sin. p sin. @ 
| cos. ? 


MATHEMATICAL SCIENCES.—No. XI. y 
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oan fA ilies COB. (@ + $). 


COB. 
m Bin. @ 
where tan. ¢ = —-——___— 
m + 2 COS. @ 


It will be observed that the expression for tan. ¢, is not expressed in products and 
quotients only ; to effect this we must introduce another angle, ¢’. Thus :— 


n 
Assume tan 9’ = a Coe & 


Then m + ncos. a= m (1 -+ tan. ¢’) 
om (cos. ¢ + gin. ¢’) 
cos. ¢” 
m (sin. ¢’ cos. 45° + cos. ¢’ sin. 459) 9 
08. gS 
m sin. (f! + 45°) / 2 
cos. ¢’ 
m sin. a cos. ¢’ 
“og SS amy 4 45) a 2 
wid ee v2. ain, (9 + 45°) oe (0 + 9) 
”. SID, @ COS. > Cos. > 


Then z is in the form required. 


THE RELATION BETWEEN THE SIDES AND ANGLES OF TRIANGLES. 


In the following articles, abc represent the sides of a triangle, and ABC the angles 
which they subtend. 











; ‘ a sin. A Cc 
(36.) To show that wn every triangle 7, =Gae ‘ 
Let ABC be the triangle, from C draw CN perpen- x 
dicular to AB. Then whether A be acute or 
obtuse, 
CN : CN A “ . 
sin, A = xe and sin. B= cB’ ; Fig. 16. 
_SinA CN ON CN cB cB Sf. A 
** Sn B AC ~ CB ac * GN OF 
, Sn. A a 
** Bp Boe fe (30) 
in. b Ae eee center e aH 
Similarly » . =~ N A & 
Sin. C c Fig. 17. 


N.B. These relations manifestly can be written in the form 
Sin. A Sin. B Sin. C 
ee baal gaat e@eee (81) 


a ears 





(37.) To prove the formula, 
a = 8 + oc? — 2 bo. con. A. 





{ DEDUCED AND DERIVED FORMULAS. 





If A be an acute angle. Let ABC be the triangle, draw CN perpendicular to the 
base of the triangle AB, Then (Euclid ii. 12) ; 
BC? = AC’ + AB? — 2 BA-AN. 
Now, AN = AC. cos. CAB = 3 cos. A. 
** at = Bb? 4 co — 2dc. cos. A. : 
Again, if A be an obtuse angle. Then drawing CN perpendicular to AB produced, 
we have by Euclid, ii. 18, 
BC? = AP + AC? + 2 BA. AN 
and AN == CA oos. CAN = 6 cos. (180°— A) 
== ~~ bcos. A. 
t= + c? — 2 ab cos, A. 
Hence whether A be acute or obtuse 
a? = 6? + ¢? —2be cos. AL...» (82), 
Similarly 
b == ¢? + a%— Qcu. cos. B. 
c? == a? + b? — ad. cos, C. | 


* 


(38.) To deduce the formulas of Articles 87 from those of 36. 


These formulas can be immediately deduced from the formula— 
sin. A sin. B __sssin. C 


a b c 











without reference to Euclid’s demonstration, Thus, since the three angles of a 
triangle are together equal to two right anglos, we have 
A+B + C= 180° 
.*, sin, (A +- B) = sn. (180° — C) = sin. C. 
.. sin, A cos, B + sin. B cos. A = sin. C. 
= cos. B + = = 008 A = 1; or ma cos. B + cos, ve 
- acos. B+ bcos, A = C, 
* @ cos. B + 0? cos? C + 246 cos. A cos. B = c?. 
N a _ sin. A 
ow GS = sin. B 
“, asin. B—bsin AO | 
>, asin? B+ b sin? A — 2absin. A win. B= 0 | 
adding these two equations together, and remembering that sin. A + cos.£ A = 1, 
we have 








a? + b° + 2 ab (cos. A cos. B —sin. A sin. B) = ¢? 
But cos. A cos. B — sin. A sin. B= cos (A + B), j 
Now, cos. (A + B) = cos. (180° — C) == — cos. C. 
, a? + 6? — 2 ab cos. C = oc 


The other formulas can be derived in the same manner, 


(89) Certain Derwed Formudas. 


(a) Again, since 
a? = BF 4 ¢? — 2) 0 00s, A. 
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ee ee 





: _ F+ed—a 
. con. A = arr ra 
“1l+cean Am 1+ aie eset 
2Qbe 
b2 + o? — a? 


And 1l1—coxn A= 1 — ee a 
’. 1+ con A= ee ee 
2be 
at? — 8? + 2he— 
1 — cos, A = Bho 
A (6 + c)?— a? 
2 2Qbe. 
o A a — (6 — r)* 
2 ~ Obe 
> A_ (b6+0¢+ a) (b + ¢—a) 
a Abe, 
(a—b+c) (a+ b—c) 
QT ~ $be. 
Now suppose 9% =m atbdbte 
2(—a) = b+¢e—a 
Q(s—b) = a—br+e 
2ia—c) = a@t+b—e. 





Now, sin. A == 2 sin. Zz 8 5: 


ne * aed (e—b) @—c). 2. (35) 


In regard to these formulas it will be observed that the angle and the denomt- 
nators are always the three letters, 7. ¢. if the angle is A the donominator is bc; if B, 
the denominator is ca, and so on. Again, in (33) it will be seen that the sides in the 
numerator correspond to the angle, and in (34) the sides in the numerator correspond 
to those in the denominator. Hence we can always adapt these formulas to any 


sin. B = = Ay 8. (=a) (3—d) (s—¢) 


angle, thus :— 


os 8 (s—o) 
COs. 2 aes 


(6) The following relations are important :— 
Since = = a 
6 ~ sin. B’ 
. at+5_ sin, A + sin. B 
cases Miao sin. B 





_ 





FORMULA FOR LOGARITHMIC CALCULATION. 


momar to Rar 





a—b sin. A — sin. B 
6 7 sin, B 
a—t sin. A — sin. B 

















2 
—B t A+B 
7 cotan. oe 
Now A + B=180° —C. 
B C C 
= cotan.( 90° _ x) = tan. 2 


BY C a-—b 
5 a at 








== tan. 


.”, cotan. A 


A 





+ 
2 
tan. —— ~.. (86) 











(40.) To obtain Formula (32) in a form adapted for Logarithmic calculation. 


The above formulas, expressing the relation between the sides and angles of a 
triangle, are in a form adapted for logarithmic computation, except 
c= a? + & — 2ab cos. C. 
This can easily be written in such a form, by introducing a subsidiary angle. Thus, 
c = a? + 6? — 2ab cos. C. 
=a? + B? + 2ab— 2ab —2ab cos. C. 
=a? + L? + 2ab — 2ab (1 + cos. C) 


= (a+b)?—4ad cos." = 














2 
4 ab con? S 
= 2 ee 
-= (a+ bf] 1 ERY: 
= 2 / ab. cos — 
Now a+b>Aj/2a. « i 
a+b 
We muy therefore assume 
2 Jab. Cos. . 
= cos. 0 


ao + b 
., ct = (a + 6) * (1 — cos. 8) = (a + 5)? gin. 20 

co == (a + b) sin. @.... (87) 

Or we may proceed as follows, 

C es, 
= 2 =. 
Since 1 = cos. 5 + sin. 5 
C 


C 
An = 2 — gin,2—- 
d cos. C COB. 5 sin 5 


e’. CF = (a* + 0% (con? + rin*S-) — 2 ab (costs —sin?S-) 








326 PLANE TRIGGNOMETRY. 


= (8 + 2ab + B) intZ + (o? 2b + 1) cont, 


= (a + 6)? sin? + (4 — b)* cos? a 


. oC a— b\? C 
= 2 gin? plein el 
(a + 6)? sin. 5 ,1+ (253) cotan. 5 i. 


Benes 
Assume tan. 6 = eat cotan. o 
a+ 6 2 


‘c= (a + 0)? sine ~ (1 + tan? 6) 


(a + b)sin. = 


or ¢ = GOE. 6 **t w@esve (381.) 
A—B a—d C a 
eee ea cotan. “7 can be simplified, if we 
have already log. a and log. 0; by introducing a subsidiary angle. Thus, 
b 


Also the calculation of tan. 








Bian 

a—b ad 

ee ee ee 

a a 

b 
Assume tan. 6 <= = 

_a—b 1—tan.@ tan, 45° — tan, 6 
‘a4+67 1+ tan.@~ 1 + tan. 45° tan, 0 


for tan. 45° = 1- 


a—b 
= tan. (45° — 6 
atb ams ) 


== tan. (45° — @) cotan. s. e+ + (39) 





A —B 
2 
There are several Theorems which can be deduced by means of the relations 
proved above. The following are a few. 





and tan. 


(41.) To find the area of a triangle in terms of its sides. 


In figure (16) we evidently have 
Arca triangle = 3. CN. AB. 
Now CN. = AC sin. A = 2 sin, A. 


be , 
", Brea = sin, A 


ae 2 V/s, (— a) (s—b) @— ¢) +» « (86). 
“™ 2 be 


= V3, (8 — a) (@ — 8) (s—¢) 


N.B.—If @ = b =. or triangle equilateral, then s = = 


a? ,/8 
ey area = TT 


Tf a == d. or triangle isosceles 
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¢ a 
S=@ + 3 SSeS sts 


c 
S—c-=@Q— _? 
2 


Oo 
dd 


¢ a’— c* 
2 4 


ee ares == 


i 
(42.) Zo find the radius of Inscribed Circle on terms of sides. 


ABC the triangle, 
O the centre of inscribed circle 
Jom OA, OB, OC. 
Now area ABC = area BOC + area COA 
+ area AOB. 
Let r = required radius. 


rm FJ wISvig 


Then, area BOC = 


area COA = 


area AOB = 
2 
a b+ C= area. 


2 


“r= Ve (s— a) (@ —b)(— 0). 
8 


The circles which touch one side of a Fig 18. 
triangle, and the two other sides produced, 
are sometimes called the suseribed circles. Letr, 7, 7, be the radii of those circles 
which touch the sides a 6 c respectively. 
Then if O, be the centre of the circle which touches the side BC, join 0,4, O,B, 
O,C. We clearly have : 
— Area BO,,C + area CO,, A + area AO,, C= area ABC. 


y r, & r, 6 ” C 
~.—- + a rae 
9 > + oor = area 





eT (@— @) = Af 8. (8 — a) (8 — b) (8 — 0) 


Pa av s. (¢ — a) (¢ — 8) (s— c) 


"a 


(3 — a) 
Similarly 
. , MECH HC=H C=O 
~~ (s — b) 
pe MA—*C— 3—C) 


(¢— ¢) 
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(43.) Zo find the Area of the Circumscribed Circle. 


B ABC the triangle. Circumscribe ao circle 

about it, the centre of which is O. Join BO and 

IN produce it to meet the circumference in D. Join 

GC Dc. Then (Euclid TI—21) BDC = BAC, 

and BCD is a right angle. (Euclid IJJ.—31-) 

AF Now BD sin. BDC = BC. 
.. If R = radius of circumscribed circle, 
2Rsin. A = a, 


5, po 
we a5 V8 (s—a) (s—b) (@—c) =a 
abe 


D eS 
a/ & (8—a) (s—b) (8—c) 


Fig. 19. 
(44.) To find the Area of a quadrilateral inscribed in a Circle in terms of the sides. 


ABCD a quadrilateral inscriptible in a circle, lot the four 

sides AB, BC, CD, DA, be respectively abe d. Join AC. 

Now, if ABC = @ ADC = 180° —- 6 (Euclid III—22.) 
Hence, AC? = a? + 6? — 2ab con. é A 


and AC? = c? + d* — 2cd cos, (180° — @) 
.. & + BY — 2abcos. 0 = c? + d® + 2d cos, 6 
“. cos @= a? + P—eP— a, 


— as ts 


Qab + 2cd 


°6 
Now, 2 cos. 37 1 + cos, 0 Fig. 20. 


26 ee ee 
2 2ab + 2cd 
(a + 6)? — (c —d)? a+b +c—d) (a+ b—c + d) 
2ab + 2cd 2ab + 2cd 
a OS) ec a if2s=- at+b+e¢d, 
S'milarly, 


2 cos. 


e+? —e&—a& 
Zab + 2cd 

9, (@ — 6) ($s —c) 
ab + cd 


_ 4(8— a) (8 —d) (6 — ¢) (8 — a) 
aca + od 


2@ 
2sin. ~ = 1 — 
sin 2 


— 


but srea : f triangle ADC 


ae sin. ADC =¢ sin. (180° — 6) 





= F sin 0 


sin, BC, 





Area of triangle ABC = oe 


re ete gen tO AS At PCS AEA RRS ee | 
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sev mn a eee eee ee 


= © sin, 6 
in, 6 
.. The whole aren = = (ab + de). 


Hence area of quadrilaterai 
== a/(s— a) (8 — 6) (¢@—c) (@— a). 





aces seni ate, 





(45.) Zo find the area of a polygon of n sides inscribed tn a given circle. 


If AB is one side of the polygon, O the centre of the circle, 
let » be the radius, and 2 the number of sides. Then arca 














0 
of polygon := » x (area triangle OAB). 
Now angle AOB = Bees. 
Draw Op perpendicular to AB, 
Then A Op = $ AOB », AOp = =. 
AB xO 
Then area of triangle = ; P= Ap x Op. 
Ap = 71 sin, stl Op = + cos. ze 
n : ” A h B 
- Area triangle = 7° gin, pet Cos. cal Fig. 21. 
» +» 360° 
= 47° BIN. n ° 
If @ is one side of the polygon, 
ie] 
Then % = rain, 
Z n 
F a 
2 sin ate 
” 
2 e fo) 
area of triangle ~~ sets x sin. bbl COs, rey 
. 5 180 
4 sin.? —— 
nN 
; 180° 





n 
. 860° ae 
7 gin. is when radius is given, 
= 2 180° 
pnaieres. of polyene aa cotan. = when side is given. 


a 
4 
2 
Hence area of polygon = 5 


The area of circumscribed polygon can in like manner be proved to equal 

180° 
nr? tan, ———- 
n 
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ON TRIGONOMETRIOAL SERIES AND TABLES. 


(46) General Explanations, 


The preceding pages give the theory of plane trigonometry. To complete this 
branch of mathematical science it remains to explain the mode of deducing numeri- 
cal results from the above theory, and to perform the actual calculations of the parts of 
triangles from which the science derives its name. We have already seen that the 
trigonometrical ratios of certain angles are known; for example, we know that 


a/8 


sin, 45° = sin. 60° = ge and some others, and knowing these values we 


1 
me 
can determine log. sin, 45°, log. sin. 60°,and so on. Now instead of knowing only 
tho trigonometrical functions of certain angles, we want to know the trigonometrical 
functions of every angle from 0° up to 90° And as the calculations are for the 
most part carried on by means of logarithms, we require to know also the 
logarithms of these functions. These values have been calculated and arranged in 
tables in a similar manner to the tables of logarithms as before explained; we 
purpose in the following pages to explain the principles on which this calculation 
has been effected. 

In our article on series and logarithms, we found it necessary to investigate 
certain algebraical series before proceeding to discuss the nature of logarithms; in 
like manner we shal] find it now necessary to investigate certain trigonometrical 
series before explaining the construction of trigonometrical tables. In the follow- 
ing article on trigonometrical series we shall always keep this object strictly in 
view, a circumstance that will account for the absence of certain series that are 
often given in treatises of trigonometry. There isa very large number of such 
series; we treat the series here simply as the means of arrwing at the numerical 
results, and on this principle make the following sclection from that large number. 
The student will do well to observe, in studying any branch of mathematics, in 
which algebraical formulas occur, that unless he understands the method of obtain- 
ing arithmetical results from his formulas, he has not as yet mastered the subject. 

The first article is an example of a limiting value. We would recommend the 
student to consider it very carefully. The proposition to be proved is that the 





: in. 6 eres cas 
limiting value of = = 1, where, ‘of course @ is in circular measure. The 
following will sufficiently explain the meaning of the statement. When 6 becomes 


sin. @ 





very small, becomés very nearly equal to 1, and the smaller @ becomes the 


more nearly anf becomes equal to 1; but so long as @ has any value, however 





mall, “ans can never actually equal 1. Then the value which limits the value of 
= : is 1, while the value which limits the values of 6 is 0, and we asswme that if 6 


actually equals 0, = actually equals 1. The assumption is in point of fact an 
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axiom. We cannot, however, discuss thé questions here that this statement gives 
rise to. There are several methods by which the proposition can be proved. The 
following is a modification of Newton's sixth Lemma. 


(47.) To show that when @ = 0 we muat have ai 


Let AP, P be the arc of acircle, the centre 
of which is O. AT a tangent, AP a chord. 
Produce AP to p, and ATto t, draw PT and 
pt parallel to AO, draw po parallel to PO. 
Then angle Apo = APO = PAO. Since 
AO = PO, and therefore Ao = op, with 
centre o and radius op describe a circular 
arc, Ap. Then the angle AOP being equal 
to Aop, we have— 

arc AP are Ap 
AO ie Ao ’ 
since each measurcs the equal angles. 
Again, draw PN and pn parallel to At. 





Then as = al = sin. AOP. 
x = 3 = sin, Aop. 
AT _ At 
KO Ao 
’, are. AP _ are. Ap (a) 
AT £At Fig. 22. 


Now, suppose P to move along the arc to P,, and suppose pt to remain fixed, 
produce the chord AP,, to meet pt in p, make the chord AP, to meet pt in p,, make 
the angle AP,O = Ap,o. Then as before— 


arc AP, are Ap, 
AT, ~ At 
so that in all cases the equation (a) holds good. Now when P moves up to A, p 
moves up to t, and when P coincides with A, p coincides with t, and then p and 
t coinciding, the changing arc Ap coincides with At, and therefore in the extreme or 
limiting case 





arc Ap = 1. 
At 
and hence on the limiting case, when AP vanishes, : 
AT ~— 
Now let AOP = 6, where @ is in circular measure, then— 
arc AP oe 
"AO s 
and AT = PN’ = B10, a. 


AQ PO 





3392 PLANE TRIGONOMETRY. 


io I Sha, oS eB at Rat Peek cel af gee cee ate oe ee eS 
arc AP 
Now arc AP = PO 7 sin. 6 
AT AT @ 
“PO 

Hence, in the limit when @ equals zero, 

sin. 0 

ge ae Q. E. D. 


Cor. Under all circumstances— 
tan. 0 gin. 0 1 





6. 6 » cos o 
Now when 6 = 0 ee oe 
0 cos. 8 
Hence, in the limiting case, when 6 = 0, 
tan. 6 —1 
a = 


(48). De Moivre’s Theorem. 


(a) To prove that (cos. 6 + /—T sin. 6) x (cos @ + J/ 1 sin. o) = 
cos. (8 + >) + VW —1 sin. (0 + ¢). 
For by actual multiplication— 
(cos. 0 + “—1 sin. 6) (cos. @ + “— 1 ain. ¢) = 

cos. 6 cos. @ + 1 sin. 6 cos. go + V/—1 cos. 6 sin. ~—sin, O sin. > 
= cos. 6 cos. p — sin. @ sin. p + V1 { sin, 6 cos. @ + cos. @ sin. o} 
= cos, (0 + >) + /—] sin. (0 + $). 
Henuce— 

(cos. 8 + /—1 sin. 6) (cos. + / 1 sin. o) (cos. b + v —T sin. y) = 


+ cos. ( + $) + / 1 sin. (6 + ¢) } (cos. b + V1 sin. W) = 


cos. 0+ G+) + V —1 sin. (0+ 9+ 9). 
And generally if we had 7» angles 0,.. 0:...4,, we should have — 


{ cos. ae SRG | gin. 6; } + 08. 6 + / —1 sin. 6¢ }.-{ cos. + v “sine, } 


= COS. (0; + Og + ....8,) + V—1 aim. (A) + Oy tre + On)ereee (40), 

(b) To show that (cos. @+ Ji sin. 6)" = cos. 20 + V/—1 sin. n 0 for all 
integral and positive values of 2. 

In oquation (40), suppose 6, 6... 0, to be each equal to one another and to @. 
Then— A460 +...+ 6, = 78. 
And— 

(cos, 6, + “—1sin. 6,) (cos. 6 + “—1 sin. 62).... (cos. 0, + “—15in, 0.) 

= (cos.6 + “— 1 sin, 6) (cos. 0 + “—1 gin. 0)... (cos. 0+ “—1 sin. 6) 
= (cos,@+ “—18in6)*. 
And cos. (0; + 6g + +0. + Oy) + 4 —I1 Bin, (0, + Cy +.. + On) 


— eee 
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r" 
= cos. 29 + VW — 1 sin. n 6. 


Hence (cos. 8 + /—1 sin. 6)" = cos. 26 + / 1 sin. 8, 
(c.) To prove the same theorem when % is a negative whole number. 
For by multiplication, (cos. @ + / —1 sin. n 6), (cos. n 6 —/ 7 sin, 2 8) 
= con? 6 + sin?n@ = 1. 
(cos. 6 + / 1 sin. 6) * 
(cos 6 + “—] sin, 6)” 
= (cos.@ + +/ —1 sin. 6),” (cos. 6 + /—1 sin. 6) —* 
= (cox.nd + “—isin. 26), (cos. + A/T sin. 6) —* 
'.(connd+W—1 sin. 6), (cos.@+ VW —1 sin. 6) —* = 
(cos. 2 6 + J} sin. n 6), (cos. 2 @— J — 1 gin. n 0); 
- (cos. 6 + “—1 sin. 9) —" = cosn6— 7 — 1 sin. n 6) 
= cos. (— 7 6) + /— 1 sin. (— 08). 
Since cos. (— 2 6) = cos. n 0 
sin, (— 2” 6) = — sin. %, 8, 
Hence the theorem is true when 1 is negative, 
(d.) To prove the same theorem when » is fractional. 


now l = 


Pp 
Let —— iad 
et 9 


8 — 6\« recs 
Now se Taine = cos. pO + af —1lsin, pe 
ae + VT sin. 6) ?- 


» COS, a er Fain 22 = Tico. + V— 1 sin. @ 
Pp 
= (cos.6 + /— lain. @) ¢ 
and hence, in all cases— 


(cos. 8 + a/ 1 sin. 6)" = cos.n 0 + / — lainn 0....-. (41) 
Whether 7 be positivo or negative, integral or fraction; which theorem is called 


De Moivre’s theorem. 


(49.) To express sin. m @ and cos. m @ in terms of powers of sin. 0 and cos. 0 





Since 
(cos. m@ + /=j sin. m 6) = (cos 6 + “—I1sin. 6)™ 
m. m—1 m. m—1. m—2. m—3 
= cos, *6— 12 cos. *—26 sin. °9 + = 9 eee - x 
cos "4 @ asin. *8— &e. 


= ; m.m—1m.—2 oeeat 7} 
+ V=i{ m cos, *—! @ sin. (a cos. *-3 6 sin. 270 + — r 


Hence equating possible and impossible quantities, 


mm— i 
COS. ean a 





cos. ®-2 6 sin. * 6 





m.m—t1. m—2, m—8 
+ ee 1 ae ee cos. m4 sin. 4@— &e.... (42.) 


~ pe er ae area ope he an ep wep ne wR 
RE A TLCS TRO REN er mere 
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and 


m. ‘ ; 
Sin. m6 = m cos. *—} @ gin. 0 — or: cos. ®—-8 @ sin. 30 + 2. (48)* 


(50.) To express sin. d, and cos. >, in terms of >. 


od 


Lot m6 = ¢, and ”,@= 


ffonce in the expression of the last article for cos. m 6, we have 


—3 2 
- o\" m. (m — 3) sy sin, & 
cos, ¢ = (cos oe mm =) (cos, 1 = 
eh mom 4 4 
+. mE) (008, £) sin, Pe 
1,2.3.4 m m 


(2 
cos =) aes (cos. 2)" sin "¢ 4 
a “m 1.2 m "om 





| F 
(0-2) (0-2) (a) "— 
m nu 
A ‘ o\ 4 
+ 1.2.3.4 (cos £) (sin 2), — &C 
m a m—2 / SID. — : 
' COs. “) _ = {cos $) an 
1°2 m e I¢ 
m | 
8 4 
(=) ( - 2) (1) ‘) m~—4 / gin, 5 
mi 4 
COs. Peer renet te = 
: 1284 ( im e je * 
m ! 


This formula is true for every value of m, however large m may be ; but if we suppose 


m to become very large, then in the limiting or extreme casc when m is infinity * 
is zero, and hence in this limiting case 


* We assume in this article that ifa + ./—1.b = A + /—1 B. wherea. b, A. B. aro real. Then 
a= AandB=b. Toprove this, suppose A to be unoqual toa and let A =a +2.andB = 0b + y. 
Oth Sole atet(e+y) Jl 
womaty J—l 
wv ~xeny J/—l 
te Oh mm 2 
*. 27 + 8 = 0, 
Now 2? and y? must each be positive. 
“es codandy=so 
”,A=a.andB = 4, 
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3365 
sin. e 
= 1 
hs 
” 
Also 1— 2 =] 1—- =1, &e. 
m 
m™ 
Also ( cos, . ) = id. 
m 
And therefore 
= NT 
cos. ¢ = 1 — oes WE Se &e.... (44.) 
By rcasoning in precisely tho same way from the formula for sin. m @ we shall 
obtain 
ee ¢ ae ee 
Gree Soe. Toa 


Cor. If @ be 80 small that we can omit ¢°, we shall clearly have 
sin, ¢ = and cos. @ = 1 — z 


(51.) Lo obtain sin. 6. cos. 0. and tan, 6 in terms of Exponentials. 


Since 
; & 65 
sin. 6 = 8 — 55 + Togas — &: 
6 6 
& cox. @= 1—T5 + To34 — &e. 


. — Cf—1 &Af—i 
/—1. an. 6 — é / —1 —— 1.2.3 + 1,2.3.4.6 a5 
eg gs /] 6! 8 /—] 

° : ‘sessed ; = V/ ‘conti ne ree emanating event ere a 
, co.0 + V—1sin. O= 1 + 8 1—T3 12.3 71.2347 123.45 
oEee g@ B/—]1 a ge /—]1 
ot Ae Si Oe eS OA SS ee 
& cos. 0 — “—L. sin. 6 1—i3+ ps3” tied Laas 


&c. 


Now 
(/—1)2 =—_ — |], 
(Vm = (V1 Vol = — V1. 
(Voif= WoW IP = (-l+Cyp=1 


———— — f/f — {\2 K] 
a cos. 6 + VY —lsin O= 1 +OW—1+ oo“ + (ov ) ees 


—— 


1.2.3 
and 


a it 
‘inden 2 dabadtapvo se OY = ev —1¥ | 


1.2 1.2.3 
] vA per’ Le 
7, cos, 8 + Y/Y —i1sin. 0 =e 


oes (48) 
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me 


And cos. 90 — / —1sin.6 =e ~9V¥—+.... (47) 
by the exponential theorem (Art. on Series) 
-, dividing the former by the latter 


cos.6 + “ —1 ain. @ 9/—-1 , —04—1. 
ee ee ee — ¢ 
cos. 6 — “ — 1 ain. 0 


° 





26f—1 


lt vl tan 8 _ .. ( 48.) 


"1— V7 T tan. 8 
Also adding (46) and (47) we obtain _ 
2 cos. € = € a¥—1 pe rIV—1,_ , (49) 
and subtracting (17) from (46) we obtain 
2/—lsin.o=e? v—1 _¢ ee fad » (30) 


(52.) Zo obtain an cxpression for 0 in terms of tan. 6 and vts powers. 


Since from equation (48) 
26V—1_1+ 7—1 tana 
e ~ 1— WT tan. 0 
Taking logarithms on both sides. 
2907 —1 - log dt YW —1 tan. 6) — log. (1— “—1 tan. 0) 
Vi—itane (VW —Ttan.o)? | (WT tan. 6), — &e. 

















1 2 3 
= { — V—Itan.@ _ (A/T tan. 0 _ (/—T7 tan. 0)4 } 
1 1-2 3  — 
pe aia a= , (MV =} tan, 6) | = 6)8 
= 2 ——- + gr -} 





ce 3 5 
caveat {ane tee, et ke } 


8 5 
tan. 30 a tan. °@ a eg 


. O= tan. 6 — 
5 








or if, @ = tan, 2, Then 
—) 4, 
tan. ax = x beara! = + = — &c. oee (51 ) 


If x be positive, this value of tan. ~ x is, of course, that value which is less than 


—} 
5" Hence, if we wish to express all the values of tan, in terms of 7, we ought to 


use the formula 


-—! 
tan. 2 = Mm + {e—-2+2— eh 
3 5 
Where m is any positive or negative integer. 


ae enn ennanans ~ we ee ee ee ne ae oe ie - 


ee ie earn ve ren aretr nme 
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(58.) Zo calculate the Value of m. ie. the ratio which the Arc of a Semicircle bears to 
its Radius. 

| Let a be the arc to radius r subtending an angle of 45", Then since the semicircle 
| 

| 

j 


subtends an angle of 180°, 7 = <. Hence — is the circular measure of an angle of 45°, 


4 
T 
se tan. 7 i | 
-I 
and {= ten. 1 
Hence, from equation (51). 
. —1 1 1 1 
j=! Lele ote, te 


and from this we might obtain the numerical value of x. But it is much more 
expeditiously determined in the following manner, 


The expression it will be observed consists of the difference between two serics. 
Their values can be calculated separately, and the value of w. be found from 
thence in the following manner : 


| 
| 
{ 
| 2 
-1} ~) 5 —15 
2tan, = = tan, a Sena Te 
~ 95 
| 5 
si -1 -—1 6 ~1120 
: a2 == = Wa 
. 4 tan ; tan. 13 tan : 25 ta 119 
144 
120 
| 1 120 = en ae ie; 
ee ie eee a a ee 
119 1 + 120 239 
119 
—1 120 ea | 
: =) 4 —— 
., tan. 1 tan. Ti9 239 
~] A —l i] 
-= 4 tan. - —— tan 239 
Le 71 a 
| Sg ens Og 880 
1 1 1 1 1 
ae { cee tee, - ae ae _—_— te. } 
5 3 58 § 
= { J ve 1oot , & eee ac. } 
239 3° 2398 = BS 22898 
| 1 1 1 1 1 
1.) W i Soe ate ee oe Be Se ; 
(1.) We obtain the value of 5 3 BS 5 BS ko 


to the 12th place of decimals in the following momer. 
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= = -00082 

1 

+s = -000000 512 

a = -000000 02048 
= = 000000 000819 
a — -900000 000082 
1 

= = 000000 000001. 


From these we can easily obtain, first, the negative, and then the positive part of | 
the expression; and subtracting we obtain the whole value required. 





1 
=" f= 002666 666666 
ae 82857 
"B= * 000001 828571 
1s _ . po0000 001861 
1.1 _ . 00000 00002 
15 5. 
. 002668 497100 
1 
1 1, oo00e4 
5 3 
+1. goo000 056888 
9 §9—° 
1 1 —, 990000 0006s. 
13° 53 
- 200064 056951 
- 003668 497100 
- 197395 559851 
4 
; - 789582 299404 
Which is the value of decimals {5-5 4 + te. } to 12 places, 
To calculate the valueof {2 — a graretss | 
(2.) To calcula e value of 4 ogy — “F- 939% 
) 1 = -004184 100418 
239 
1 


= 000000 078249 


2398 
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G 


= ‘000000 000001 


wt 


239 


KX 
ex CO 


== 004184 100418 


iw) 


39 
1 1 _. 000000 024416 


— we ae eee, 
ee 


3° 9393 — -004184 076002 


Which is the value off om x. _— + —}to 12 places of decimals. 


If we substract this from the result last found we shall obtain — and .°, multi- 
plying that difference by 4, we shall obtain the value of #. required. Thus, 
789582 239404 
004184 076002 
785898 163402 
4 


3°141592 653608 

The calculation is carried to 12 places of decimals, but is not trustworthy beyond 
the first 10. 

Hence (to 10 places of decimals) 

3 = 8'1415926536 

If we had wanted to obtain the value of r to & larger number of places of 
decimals, we should have had to carry the calculations throughout to a corre- 
spondingly greater extent. 

Thus, we can show that 








mw = 3°141592653589794 
We can very conveniently apply de Moivre’s formula to the solution of Binomial 
Equations, “.¢., equations of the form mt a=0 


(54.) To explain what we mean by the roots of a Binomial Equation. 


If we take the case a* + a= 0, and if a be 6", then the equation becomes 
O* + 0" = 0, andifa= by. a" = bey", and then the equation becomes 
yw+ 1 = 0 
where the 1 may be either positive or negative. It might seem at first sight that this 
has only one root, viz, umty, but to conclude so would an error, as a little con- 
sideration will make quite plain ; for take the case 


a@—] = 0 
Then zis either + 1 or —1; «ae. has two values. And if we take the case 
go—l1=0 


Then because 
e—1l= («&—1) (@+2+1) 
we shall have 


(2—1) +241} = 0 
whence & will have values corresponding to 
zt—l= 
@4.n+1=0 
From the former of them we find that z = 1, 
and from the second that 











a! eens 
ee ee 
And hence x has the three valuos. 
: —14+V=3 4 -1- v3 
2 2 
which are three roots of the binomial equation 
a—1=0 
And hence we manifestly have that the roots of 
o—a= 0 
are 
eee ee VP ang en 8 = v¥=34, 
2 2 
In like manner 
x, +1=0 
has » different roots, which indeed follows from the general principle, that every 
equation of the nt* degree has x different roots, real or imaginary, 


(55.) To find the roots uf the Equation, z* + 1 = 0, 


Since, cosa. (2p + 1)m + / 7 sin. 2 p +1)r=—l1 
whatever be the value of ». provided it be an integer. And since 
ws == -— 1 
we must have 
x* = cos (2p + Ibe + V —1 sin. (2p + 1) m. 
1 
4= (cos. 2 p in + VW—1sin. 2p + 1 3)* 





2n+1 
or .£ == COs. re r+ wv —T gin, 22 + 1 
O 


+ 1 seuss 2n+1 
.7 + af — Lain. r 


whatever integral value we may give to p. 

We shall prove that there are 7 different valuee of this formula, corresponding to 
the different values of p, viz.: 0, 1, 2,3.... n—1, and that there are 20 nore than 
nm values. 

(a), Let p and q be two valucs, each < 2; and if possible let 


2p+1 , 2p+i 2q+1 —— , 2pti 
COB. z ~e + Af —) pin. _ 7 = COR, - w+ af —1 win, : Tr, 


Hence equating possible and impossible terms, 
Zpt+1 2q+1 
a = COR 


2¢+1 





r. is a root of the binomial equation 





Hence cos. =n 




















COR. m. 


2p +1 





® = Bil. 





. 
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O+ae+- pm — Fj 
sin. 


Hence the angles must differ by some multiple of 2#, say by & x 27. 


—s 
eet ET ok GT te 
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2p+l 2¢¢+1 
eT get ee at2ker 





“. P—Q = kn. a multiple of n, 

and therefore either » or g must be greater than x. Hence all the values of z which 
correspond to the values of p < n, viz, 0, 1, 2, 3, ....%—1, are different from cach 
other. 

(b) Again, if we give p a value r greater than n, then the corresponding value of x 
will be the same as one of those which is given by some value of p, that is less than 
m, as for instance gq. 

For suppose p = kn + 4. 

where & is a whole number, and gq is less than x. 








2 
Then, cos. 


2p +1 
r+ V1 —1 Bin. a ‘= 











2kn+29+1 eee Qkn+2q+1 
ee Ue ae 
(0+ + igst ) + /-2isin, (24 + 20428) = 
2q 2q+1 
cos. Pera case i rT. 
Hence by giving ‘i p. successively the values - 0.1.2.3 ..... %—1.in the formula 
2pr+i1 en 2p+1 
t= 008 ————— + of — Tein. r ci 


nv 
we obtain all the roots of the Equation 


z+1=0, 
Thus. To find the roots of the Equation 


the roots are given by the formula 
2p+1]1 goes Qn +1 


| eo@+1=0. 
and aro therefore respectively 


cos. + Faas. em cos. 30° + a/—— Igpin, 30° = AB a 

COB. BF ef Dini. oem con. 90° + «foam 90° = Af 

COB. “* + / — Lain, s. = cos, 150°+ 4/— 1 sin. 150° = V3 v—i 
COB. it, / — sin. it cos, 210°+ / — 1 sin, 210° SS wheat 
cos. a / — 1 sin. oF = cos. 270° + 4/— 1 sin, 270° = —/—1 

ooe a /—1 sin. ao cos. 330° + 4/— 1 ain. 380° = SS 


Similarly if we have to find the roots of the Equation 
—1=0., 


Since con 2p + V —lasin.2Qpr=1 
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we shall have all the roots given re ee 
hale Vv — 1 sin, — as eo 





eee 


(56.) Z'o resolve z* — 1 into factors.* 


If a @ ag... Om — 1 are the roots of the Equation z*— 1 = 0. Then 
eu — 1s (@— ay) (w—~ a) (2 — ag)... (e — og —)). 
Now all the roots of the ete are included in the expression 


aa 5 ga ene 
on 





Cos. 


If then we suppose p < n. and a, ni the corresponding rvot 


= cos, 2 nae oe 
Op = 008. —— + af — ] gin, 


Now observe that there will be another root ay%—, which will equal 


2n— 2n— 
cos. — + Vi sin, =" 


= coe, (2n—-2*) + Y= Tain. (24-27), 


6 





Hence 
T —as a , yi 


where p < n, and so we have a pair of factors  — ap and 7 — @yy~y, which are 
equal to (2— cos. 2 ey are =i sin. 27) (2—c0s. 2 /= sin. 2 ) 


= x?— 2x cos. na + 1, by multiplication. 


Where p may take any value, 1:2-:3----2—1. It will be observed that 
L—a = x—1., 
L—m—G, —~ +1. 


ang ca 1 = & 1) (= — 2 cos. ~ + 1) 


oe (x — a, ) (%— Oy) = at? —1. 
¥ 





n—l 





(2 — 22.c0s, + bre (#—2 COB. 


Corol. Hence, 


+ L) (52) 


ve 
zn — G2 = (at — a?) (= — 2ax cos. =~ + «| ee ee 


* Ifa}, 02, #3....on are the roots of the equation, 2*--1= 0 Then 
ZR—L= (gal) (@~a2) (7—03)... . (wan) for all values of x. 

For, if wo actually divide ax—~1 by z—e«i, we shall obtain a remainder a} *—1; now, sinco «1 
is a root of the equation x »—1=0, we have « 78—I=0, i.¢, a —lis divisible by w—«), or rw), 
is a factor of zs—l. Similarly x—a2,7—#3....2—an aro each factors of an—I, and sizce 
z®—-1 cannot have more than n factors, it is plain that 

x RL (r—al) (Dao) .... (ten). 
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—lo» 


a at)... (53 





: n 
+ (= —2642 COs, 


For since 


y*—1 = (y¥2—1) (us —29 008. F + 1) (v— 24 coe. ary 1) see (v-2y 
—cos. 22,1) 
” 


oon gen x x rg x x n—lw 
Fe-1 = (G1) (G2 Foon 5 1) +++ +( 525 cos +1 
"at a? a a 1 a a n 


Now as there are « factors, if we clear the equation of fractions, multiplying the 
right-hand side by a will be the same thing as multiplying each factor by a’. 
Hence :— 


Ln Gat = (- — a) (2° — 2ax cos. ~ + a). (# — 20x cos, ———" + nr, a) 
By a precisely similar process we shall be able to prove that 


3 
ee4 = a? — 22 cos. —- + 1 IS ton ee fe 
20 2n 





Luvige es  e 1) eee (54). 








Zn 
And hi nce 
Pee | oe (2 — 2 ax cos. > + a’) (« — 2 ax COB. s + a) are sila (#- 
1 n 
2a cos, + «) ee (55). 
wT 20 23 v gnaw inz 
(57.) To prove that 2% —} sin? 5— sin? o> sin? 5... sin? —p7— = 2a. 


We have by actual division— 
gn — } 


a i a + ann 2 + ea—8 tees e LD + 1. 





| 
Henco, when = 1. The limiting value of ~ i willequali + 1+1 +++*° 


+ 1+ 1to2” terms = 2”. 
Again by the last article— 


ain ] we on : 
oma Ip = (x + 1.) (2 — 2 008. 7 + 1) (2 — 2 2 con > + Lpervee 
n—l*e 
(2 — 20 00 “= + 1) 
n 
1 


xan 
and hence when x = 1, The limiting value of ne ae 





344 PLANE TRIGONOMETRY. 


is 2 (2-205. ©) (2 —2 coe, an). 
nu n 








11 — 
(2-2 eos ) 
nu 


and therefore these two limiting values are equal, and 


tn =m (1 — cos. ©) (1 cos 2). -++(1— co, 2=1*) 
n m n 











2 iui gta eet oie an coe Le, 
"20 2” "20 " 2a 

== 2" x pty esas ne acuta 

2n 27 "2n . 2n 
= 2! - 1 gin? -— Fel sin, Ai sees gin? 25s «+ » (56) 
an 2n 2 on 2n 
In the same manner we may prove that 
¢ 
2 = Qe sin? sin? 5" sin.? . ... sin? mae ene ADT) 


For 


T 39 
2 —- — aes See 7 on 
gn + ] (« 2 cos, X41) (2 coos pt +1)... 


2 —- ] ° 
(2222005, "=" i 1) 
2n 


Let, z = 1, and then observing that 
pr p %. 
a2 — 2a COB So r1=2(1—con2) 


4n. 


We shall obtain the required formula. 


(58). To express sin. x in a serves of factors. 


x an 


2 3 
Tho above formula (53) for the factors of —a 


2 
Suppose z= 1+ 57 and a= 


Then 2? —2 aw cos*— +a? =1 + 2 
“7 mn” 4n2 
2 a? 
fl > gas 


22 
4 xin? — ( + 7-3 cotan.? ) 


n* 


is true for all values of x anda. 


poss 


Py) 
=4 sin? =— + 4.7—-3. cos? tel 
2n 4 n? 2n 


2n 


oe et a OREN eT 


ee an ne ee ewe 








rr rite ree rennet oe 
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oe 


Hence the factors on the right-hand side of Equation (53) will be equal to 











22 w 1 ee Pie Va 227 
Pra a + Dr cotan.? 5— j4 sin In * 
. » n—1)r 2° n—lo 
2 ae Fs dhe i si 3 
Cea ia —— cotan. 57 i) 4 sin an 1+ tat cotan x ) 
Qa 9 cee 
== 2. 4 gin? — 4 sin 228 4 gin? oe), .. 4gin2 ~ Le 
n "On 20 
2 22 29 22 , ele 
x (45 cotan.? x) (+a 5 cotan.? a) (1+ Zppeotans a ) 
— "2 | 921 sin, 2 Ea ne euler 2. gin. 2 deat el 
n 27 Zn 22 








22 or 22 Q9 22 u—— 14 
eran Pele mi a ae en 2 
(: ar eat cotan. 5 -) (1 + Thi cotan 9 "| (1 + rer cotan aa ) 


22 7 2° 23 22 
= 22 (1+ 2 cotan.? =) (1 + 5 cotan. 257) 00. (1 ZS 





—) 
cotan, ? — *) wo ee (@), 


22 





n—_—1l*r 


oe = Qn, 





: xs : 
9-1 gin? —.... Bin? 
2 1 


Again 
: 2 x z 
an 1 — poten Ve aera enn Ss 
x a 8 (1+ 5%) (a xa) 
and expanding cach by the Binomial Theorem. 


Since by the last article 
2n2n—1 z 2 0. Qn—-12n—2 


waa (1+ 2m ee gO a os 
23 
x +-) 
(1a. s fn dn—1 Qn Bn—1In—2 
1.2 4 n? 1.2.3 


3 
— + —, 
Baw 


=f ont co Lite de ee 





1.2.3 8 v8 
Now (a) and (2) are equal under all circumstances, and therefore their limiting 
1 2 p 
values when 2 » becomes very large are equal, t.e, when =— v.oa tC a each 
equal to zero. 
Now since z . cotan2 27 = ? u 
42? 2n 4n? 


tan.? = 


AED SR Oe I CE RN ALTE, 


ia gt 
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ie as tan? P= tan, 2™ 





an ‘On 
But in the limit when 2n is very large PT _ | 
2n 
.@ 
And the limit of 2" when @ = o is unity. 
pr 
sone 2n 
Hence the limiting value of = 1. 
tan, 27 . 
a 


— 
— 


Paap 2 > pr 2 
And therefore the limiting value of in cotan. os ae 


Hence tho limiting value of the expression (a) is 


2x {i+} {1+ } {i+e 
r 4m Ox 


Again since (J) can be written 


. (i= =) ( —:) (1—}.).(1-5). 
~ 1 Qn Qn ‘ 2n 2 
= i T.23 ee 1.2.3.4.5 era 
The limiting value of (0) is 
2 ZA 
22 ie ee peewee ee ) 
( 123 12.345 


sane capa 
| 


Hence, 





1+ ogee + cory a 1 2° 
123 * 1-23-4-5 + ey 


or writing — 2° for 2°, we have— 


Gir es at pe | ee) 
123° 123-457 \ 7 wr Qa a) -) 


Multiply both sides by z, and wo obtain 





z 2 - = 1 = 1 . 
123 ° 129345 %—-°* ( _ =) ( = a) se 
os Pai) 


but, sD. 2 = 2 — T95 + Praag  & 


° 1 z 22 22 
Sin, = = ( —3) (a) 2 a8) nie SUES 


which is the expression required. 
In the same manner, by taking 2" + a and its factors from formula (55), we can 
obtain cos. 2 in factors. Thus, 





z 2 
Letw=1+ 5 Ged ee 
Qn.2n —1 3? Qn.2n—~1 Yn—2 Q2n—3 2 
bed ¥} —— mason A er se 
aa aaa { 1+ “Te fat 1.2.34 iéatt \ 
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And as before the limiting value of 
eae Z ze 
mm + at ip 2 (1 + i2 + agate): (a) 

















Again, since 
% a2 
if 2+le - Ps 2\ cos. 2p + 1a 
x? — 2ax cos. on ran2(1+2)—2(1- 3) a 
., arin 2 2p+ 197 
= 2 ron: 2 ne 
4 sin i; { 1 + inf cotan. re } 
The factors of 2 + a** become 
x 3x Cd Or . , Z—l 
9 28 gin? — gin ——' sin ——-... sin? x 
sin re gin v5 gin ia i ie 
(1 + ja cots ) (1 + Tp cotan. i) ( 1+ daz Cot: ree oon 
ge v 2 3m 2 , ow 
(= ae 2 —, cotan.? 7] (1 + 425 cotan? 7) Ke te 
2(1 + ine cotan. z) (1 are co’ iz te a 
Now, 2 Sop + 1 4? a: a : 
OW; re cotan. ae = aa : ; 4n 
ear ip tir 
tan dn 


42° 
The limiting value of which j, Sp b lta? 


Hence the limiting value of 2 + a derived from the expression for its factors 


will be 
472 42° 42° 
a(1+ 5) (+x) Chee renee (2) 


And@ the two limiting values (a) and (6) are equal. Hence 


2 fl 42? 4a? 422 
tie treat =( : Mes) ( — Fe.) ( = zt) " 


Write —2? for x <* (as before) and we obtain 
22 


ga 422 42° 42° 
— ee = a a al pa: ee 
oe er ) € 32 =] (1 5 7) 


42° 
ats 422 42? 
ee COs. = ( — *) (2 — =) ¢ — f=) eee (59) 


The series given in tho preceding articles are sufficient for our purpose. We now 
proceed to explain the method of calculating trigonometrical tables. 

The Tables of the trigonometrical functions are of two kinds. (1.) Those which 
give the numerical values of the eines, cosines of the angles, &c. (2.) Those which 
give the valucs of tho logarithms of the sines, cosines, &e., of the angles. The 
former are called Tables of natural sines, the latter, Tables of logarithmic sincs. 

We shall explain the method by which each of these tables is calculated. 
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Ba) otk BB 
(59.) To show that sin. @ is leas than 0 and greater than 6 — vr. 


0 0 8 ‘ ] 
a ° —_ ° ie po * i tees nen 2 Pete 
For asin. @ = 2 sin. 3 COR. 3 2 sin 3 (: 610 5) ) 


Now 1 — sin.’ - must be less than i. 


"Rin, 0 < 2sin, 5. 


foal ] 9 si 6 
. 81D. 3 < eae 
ge @ ae 6 
a an Gy < es 


~~ § . 6 
iin i< 2, §ln. On" 


. . 8 
Hence sin. 0 < 2*sin. ot whatever ” may nc, 





sin. a 
Le for all values of ”, however large » may be; and there- 


ry 


fore, in the limiting case, when ” is infinitely large, & .°, 2” infinitely large, or 


when = 0, 








Qa 
. 86 
eet 
But in this case - = ]., 
on 
sin. 0 <i. 
or sin. @ < @ 
In like manner we can easily prove that tan. @ > 0 
6 
For tan. é= 2 tan: 
1 — tan. °6 
2 
6 


-', tan. 6 > 2 tan. 5 


6 
Hence by same reasoning as before, tan. 6 > 2" tan. oa 





Q 
*, tan. 6 "Qe 
oe 7 6 : 
Qn 


6 
Now, when » is infinitely large 57> = 0 








ele an een 
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Sil aneieeadneeeemennemmmen cme aneae emanate eee eee 





0 
tan. ox 
and r in this case == 1. 
‘Qn 
tan. 6 
aa r >i1 
or tan. 6 > @ 


(2.) To show that sin. @ > 6 — 








6 6 
For sin. @ = 2 asin, 3 608. a 


0 A ) 
= 2 tan. 008." “5 


=: 2 tan. ae 1— sin? 2) 
ey 2 


A) 

















tan. 5 , «(Si nang 
z J, Sf 2 
eo Meg sae a | 5 
2 2 / 
4 
tan. 2. sin, ae 
y) 2 ; 
Now @ being > 1 and : being < 1. 
9 \6 
1— an must be < 1 — a aaa, 
4 4 r) 
2 


.. sin. @ must be > 6 ( i 7) 


“, gin. @ ¢@— — 
1 > z 


(60.) Zo calculate the value of sin. 1' and cos. 1’. 





Let 6 be an angle of 1’ measured by the circular measure. Then,— 
v 


0= Pi dale 
=" + T0180 x 60° 
“. Taking the value of x proviously given, 

@ = -00029088820. 


3 
T= 000000000006 


Hence, if we only take in the firat ten decimal places, 
sin, 1’ == - 0002908882. 


And since 
cos. 1’ = fl — sind Y mi — pein? 1 ~* sin’ ]’ ++ 


a NEN TE TT RTE EP an oy 
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== - 99999,99577, 
Cor.—Hence, it is plain that if our approximation do not extend beyond ten 
places of decimals, 
Circular measure of angle of 1’ = sin. 1’, 
Similarly Circular measure of angle of 1" = sin. 1". 
* Circular measure of angle of x" = » sin. 1”, 
provided n < 60. 


(61.) Zo calculate the Sines of 2’ 3’ 4’...+ 


Since sin. (A + B) + sin. (A — B) = 2 cos. B, sin. A, 
we have sin. (n + 1)! + sin, (n — 1Y = 2 cos. 1’ sin, nv’. 
Now cos. 1’ = 1 — - 0000000423.= 1 — fh. 


*, sin, (vw + 1) -+ sin. (n — 1)’ = 2 Bin. n’ —2 k-sin. n’ 
", Sin. (2 + 1)’— sin. n’ = sin, n’ — sin. (n — 1)’ — 2k sin. n’. 
This formula is very convenient for calculating the sines and cosines of succorsive 
angles. Thus, 
Sin. 2’ — sin. 1’ = sin. 1’ — 2 k sin. 1’, 
Sin. 3’ — sin. 2’ = sin, 2’ — sin. 1’ — 2 k sin. 2 
Sin. 4’ — sin. 3’ = sin. 3’ — sin. 2’ — 2 k sin. 3’, 
aud so on. It will be observed that the first member of the right-hand side of cach 
equation is given by the former equation. So that the only term requiring 
niultiplication is 2% sin. 1’, 2 & sin, 2/, 2k sin. 3’ in each equation. This multiplica- 
tion can be greatly facilitated by forming a table in which 2 & is multiplied by each 
digit, thus :— 
2k 846 
1692 
2588 
3384 
42380 
5076 
5932 
6778 
7614 


where the seven zeros in front of the significant digits of 2% are suppressed. By 
means of this table, which resembles that of the proportional parts in the table of 
logarithms, the multiplication can be performed by means of addition only. It will 
also be observed that in the case of the sines of the first few minutes the products of 
& will have more than ten zeros, and therefore can be omitted, and that under all 
circumstances they will have at the least seven, so that the multiplication is s>on 
performed. Thus, suppose 

Sin. p’ = .3759264827 

2 k, sin. p' = -0000000253 8 

59,3 

4,2 

7 


* 0000000318 


By this means we can successively obtain the sines of 1’ 2’ 8’ 4’ and so on for 
every minute up to 45° 


eee er enaa amet terete ence ene - Pe 





} 


! 
| 
| 


METHOD OF CHECKING PRECEDING CALCULATIONS. dal 





(62.) Zo obtain the Cosines of the Angles 2 8' 4', &. 


Since cos. (A + B) + cos, (A — B) = 2 cos. A cos. B, 

.. Cos. (n+1) + cos. (~— 1)’ = 2 cos. 1 cos. n’. 

Hence as before 

Cos. (n + 1Y — cos, 1’ = cos. 2’ — cos. n— 1’ — 2h cos. nv’. 
or, since the cosine continually decreases, 
Cos. 2’ — cos. m + 1’ =cos. 7 — 1’ + cos. n’ + 2k cos. 2’. 

Hence 

Cos, 1’—— cos, 2’ = 1 — cos. 1’ + 2k cos, 1’, 
Cos, 2’ — cos. 8’ = cos. 1/-— cos. 2’ + 2k cos. 2’, 
Cos. 3’ — cos. 4’ = cos, 2’— cos. 3’ + 2k cos. 8’, 

The method of calculation is precisely similar to that of the sines. It will be 
further observed that since sin. (90 — A) == cos. A, that we noed not to continue 
the calculations of the sines and fosines of the angles beyond 45°. Yor example, if 
we know sin. 23° 15’ and cosin. 23° 15’, these are respectively cosin. 66° 45’ and 
sin. 66° 45’. 


(63), Simplification of calculation in case of certain Angles. 


Again, the calculation of sines and cosines of angles greater than 30° can be very 
much simplified, for 
Sin, (30° + 6) + sin, (30—6) = 2 sin. 80° cos. 6 = cos, 8 
Since sin. 30° = 
*, sin, (30° + 6) = cos, @ — sin. (30° — 6); 
now if 80° + @ is less than 60°, then 6, and 40° — @ are each less than 30°. Hence 
by our previous calculations we know both cos. @ and sin. (30° — 6), and therefore 
obtain sin. (30° + 6) by subtraction. . 

Thus sin, (41°.15’) = cos, (11°. 154) — sin. (18°. 45’). 

It is plain that by this formula we can calculate the sines of angles from 3’ 
to 60°. 

And since cos. (60~- 6) = sin. (30° + 6) this calculation of the sines from 30° to 
60° gives the sines from 30° to 45° and the cosines from 45° to 30°; which is what 
we want to complete the tables from 0 to 45°, Thus if we calculate by the 
preceding formula, sin. (51°. 33’), this is the same thing as cos, (88°. 27’). 


(64.) Method of checking the calculation, 


It will be observed, that according to the method above given, the sine of a given 
number of degrees or minutes is inferred from the sine of the number preceding. 
Hence, if an error is made at any one point, say in sin. 8° 15’, it will be propagated 
into the sines of every succeeding angle; to arrest the progress of any such error, as 
well as to verify the correctness of the calculations, at different points of their 
progress, when no such errors exist, it is usual to interpose the values of any such 
terma as.can be calculated by independent methods, Thus we have already seen that 
the sines, &o. of the angles 15°. 80°. 45°... can be readily expressed, as well as 
those of 18°. 36°. 54°... And that from hence we can obtain the ainea, &c, of an 
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angle of 3°, These and others will act as stops in the serics, and also serve to verily 
the accuracy of the calculation up to the point where they are inserted. 


(85.) The calculation of Tangents and Cotangents. 


By the methods now explained we can calculate the natural sines and cosines of 
all angles from 0° to 90° for every minute of a degree. ‘lhe natural tangents of 
sin. 6 
cos, C 





angles between 0° and 45° can be obtained by simple division, since tan. @ = 


From 45° up to 90° we can obtain the tangent by the formula, 
Tan. (45° + 6) = 2 tan. 20-4 tan. (45°— 6.) 
To prove this formula. 
Tan. (45° + 6)—tan. (445°— 6) — sin. (45° + 6) bes sin, (45° @) 
cos. (45°+ 6) cos. (45°— @) 
sin. (45° + 6) cos. (45°— 8)—~sin. (45° — 6) cos. (45° + 0) 
= cos. (45° + 6) cos. (45°— 6) 
= gin. 2 0 
= 2 sin, 2 6 
~ 2 cos, (45° — 6 sin. (48° — 6) 
2 ain. 2 0 2 sin. 2 0 


cos. (90° — 2 @) cos. 2 8 
=: 2 tan. 2 6 
-. tan (45° + 6) = 2 tan. 20 + tan. (45°— 9) 

Since @is less than 45°. 2 6is less than 45° + 6. and hence, whatever be the 
value of @, we shall have alrcady calculated tan. 26. before we need tan. 20. for the 
determination of tan. (45° + 6). . 

Thus tan. 81° = 2 tan. 72° + tan. 9° 

where before wo calculate tan. 81° we shall already have calculated tan. 72°. 

It is plain that if we know the tangents of angles from 0° to 90°, we also know the 
cotangents of the angles from 90° to 0°. 





(66.) Formulas of verification. 
There are many formulas by which the accuracy of the tables, when calculated, can 
be tested. The following are some of them: 
(1.) Cos. @ = sin. (30° + 0) + ain. (30° — 6). 
(2.) Sin. @ + sin. (72° + 6) — sin, (72° — @) = sin, (36° + 6) — sin, (36° ~- 0). 
(3.) Cos, (90° — 6) + cos. (18° — 6) — cos. (18° + 6) = cos, (54° — 6) — 
— cos. (54° + 6). 
The student will readily verify these formulas if he remembers the numerical 
values found in previous articles for the sines, &c., of 18°. 


(87.) Another method of calculating Tables of natural Sines and Cosines. 


Besides the method already given for calculating the natural sines and cosines of 
angles, there is another more convenient than that. The following is an account 
of this second method. 
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We have ee oka! x as 
Sin. «= “2 —T93+ Toaa5 es ewe 
m 3 
Now suppose x to be an angle = ay Then 


gin, 7 om © m a 1 =)" (5) 1 
2 ln z + (=) (= «ot (F 2) 628807 °° °° 


-1@@Qi+@Q Gat 


Now we have already seen that = = 1°570796326794897. Hence if we reduce the 


; m /m\3 
-oefficients of a (=) - + « « to numbers, we have 


gin. ™. 90° = ™ y% 1.570796826794897 — ( \ 0.645964097506246 
4b n via 
m5 a m\F . 
+(*) x 0.079602¢26246167 — (™) x 0.004681754135319 
9 YW 
+(*) x 0.000160441184787 — (*) x 0.000003598843235 
” 
13 15 
+(*) x 0.000000056921729 — (*) x 0.000000000668804 
” nN 


F 17 19 
+(¢ x 0.000000000006087 — (“) x 0.000000000000044 
n nr 


+ &. 2.2... 
A similar formula can be calculated for cos. —. 90°. It will be observed that - 


since we only require the sines and cosines of 
angles less than 45°. Hence these series converge very rapidly, and from them we 
ean easily calculate the sines and cosines for ench degree from 1° up to 45°. When 
these are known the sines and cosines of the angles for intervals of 1’, or if necessary 
10" or of 1", can be found by the “method of interpolations.” 

The method of interpolations involves mathematics of a higher order than is 
admissible in an elementary course. The advanced reader will find an account of 
the application of this method to the calculation of Tables of natural sines and 
cosines in Airy’s “ Treatise on Trigonometry,” in the “ Encyclopsedia Metropolitana.” 

We now proceed to give an account of the method of constructing Tables of the 
logarithms of sines, cosines, &c. of angles. 

N. B. The sines and cosines of angles are never greater than 1. Consequently 
their logarithms are negative. The numbers printed in the tables are always the 
logarithms of the sines, &c. with 10 added to them, thus if L denote the tabular 
logarithm, and log. the ordinary logarithm 

L. sin. @ = log. sin. 8 + 10. 
This notation will be observed throughout the following pages. 

The tables may be constructed by calculating the logarithms of the natural sines 
and cosines. And then as we have already found the natural sines and cosines of 
angles for intervals of 1/ from 0° to 45°, this tablo will give us the log. aines, and 
cosines for intervals of 1’ from 0° to 45°. 


is always a fraction less than 
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They are, however, more generally calculated by an independent process of which 
the following is an account : 
(68.) To obtain an expression for log. sin. =. 90° tna form adapted for calculation. 
We have already seen that 


cag =2(1-3) (1-Fp) G— 7) G- i) 


hence 

‘ mm = m wT Q- m2? i 
Sin. 7 Q°7 n 2 1-5) _ ( ar) (1 — ir) 
taking the logarithms on both sides, 


m m? 
Log. sin. ao ~ = log. ~ + log. zt log. es + log. (i—z =r) 


+ log. G-2.* oe) + log. (1—s- <) + 7 2 ee 


= log. m— log. m + log. r — log. 2 + log. (4m? — m2?) — log. 4 n? 


1 om 1 41— m 1 1 mé 
— ~— © —— —_ — 6 ——~ + mea oe — eee 
x (js i ay Caer Cr oe Car as ) 
1 mm 1 1 m™é 1 1 m& 
—“M\g@ a te a wt Ss ew wt .) 
M 1 me? 1 1 m4 1 1 m8 
— mT 8° By! Para ae ere” ae 
— ke. 
Where M is the modulus of the common logarithms. 
_ me 
Log. sin. er tae 


log. m + log. (22 —m) + log. (2n + 3) —3 log. n + log. r— log. 8. 


—M(p+htat it V4 
427° 6? 82s °F ne 
__éM es ae ae oe 4 

2 \4t 64 &4 10+ ny Aes 


pecs + : + : + : + ) = & 
BAB wT BT TT . 
Now log. r — log. 8 = 9 594059885702190 — 10 
And M == +4342944819038252 
2 ms 
Hence reducing the coefficients of — ~ .... to numbers (in the same 


manner as we calculated the value of m in article 53), and remembering that L. 


sin. = 90° = log. sin. ~ 90° + 10 we obtain 


L, sin. = . 90° = log. m + log. (2n—m) + log. (2n+m) —8 log, n, 
+ 9°594059885702190, 
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a s x 0070022826605902 — —- x 0:001117266441662 
eh a x o-ooooso2n9146454 —™ x 0°000001729270798 
= a x o-o00000084se2086 — x 0-000000004348716 
a 7 x 0-000000000281981 — 7; x 0-000000000012659 
= a x 0-000000000000708 — x 0:000000000000040 
— &. 


It can be proved in the same manner, by means of the expression 


2 3 
Cos. “= (2 — —)(a (1— = =): e ° e he that 
~ Ow? 


L cos. = 90° = 10 + log. (1 — m) + log. (n 4 m) — 2 log. 2. + 


terms involving S = &c., similar to those in L. sin. ” 90° 
n % n 
By means of the former of these expressions we may calculate L. sines of angles 
from 45° to 90°, or by means of the latter L. cosines of angles from 0° to 45°, which 
clearly comes to the same thing. Wecan then calculate remaining logarithms by 
means of the formula 
L. sin. A = L. sin. 2A — L. cos. A + 9°698970004336019 
To prove this formula 
Since sin. 2A = 2 sin. A cos. A 
log. sin. 2A = log. 2 + log. sin. A + log. cos. A 
“, L. sin, 2A = L. sin. A + L. cos. A + log. 2 — 10. 
And 10 — log. 2 = 9°6989700041336019. 
Hence the formula. 


We may also employ the formula for L sin. 90° to calculate the L. sines for 
n 


angles of large intervals, as for 1° 2° 3°. - . and then apply the method of inter- 
polations referred to in article 67. 


.(69.) Explanations. 


If we take a table of logarithms of numbers we shall observe that the numbers run 
quite regularly, viz., 10000, 10001, 10002, &c., and the corresponding logarithms are 
entered in the table. But if we take a table of logarithms of sines, &c., we shall find 
that ‘the logarithms of the sines and tangents of small angles are given for much 
smaller divisions of the angle than of the larger angles. Thus, in Hiilsse’s edition of 
Vega's Tables, the L. sines, cosines, tangents, and cotangents for every minute of a 
degree from 6° 0’ up to 45° 0’, while they are given for every 10” from 0° 0’ 0”, up to 
6° 0’ 0" andto this general table are prefixed two others, the former giving the L. sines 
and tangents for every tenth part of a second from 0° 0’ 0” up to 0° 0’ 59”.9, the latter 
giving the L. sines and tangents for intervals of 1” from 0° 0’ 0” up to 1° 29’ 59”, the 


need for these minute calculations appears from the following considerations :— 
To show that 
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L, sin. (@ + 2") — L. sin. @ = Mn sin. 1" cotan. o(1 — — 
sin. 2 6 
where % is @ small number. 
we have 
; : in. (9 + 8) 
Locus oy Niee eae og 
og. sin. ( ) og. sin og a 
= log. (cos. 5 + cotan. 6 sin. 6). 
Now if 8 bo small, so that wo may omit 6? . . . 
we have cos. § = 1 — 5 and ain. 8 = 6. 


* 


i nr ere, 


., log. sin. (@ + 6) — log. sin. @ = log. (a + cotan. 6. 5 — ~) 
2 
Now log. (1 + z) = M. («5+ = — &c. ) 
-. log. sin. ae + 5) — log. sin. @. 


x4 (cotan. 0. 5 — a: ses 5 (2 ee =) + 


— M. (3 cotan. 6 


— eee ape ee e 3 e * e 
Tanto 5 ) omitting 3. . 


= M. B cotan. @ (1 — - : . 
sin, 2 6 
, Now if & is an angle of x" then 3 the circular measure of this angle, saan 
m. sin. 1", 


; sin, 1" 
| J, L. pin. (0 4. 2") — L. sin. @ = M asin. 1" cotan. é ( 1— | - (60.) 








| “In this and the following articles are several instances of approximation which must bo carc- 
fully attended to. We say if 3 be so sinall that we may omit 349 and all the higher powors o: 4, 


32 
then cos. 3 = 1—-> and sin. d} = 3. Yor this, soc cor. to article (50). 


We then obtain 


log. sin. (0 + 35) — log. sin. 6 = M } (cotan. 6. ce 37) LXE (cotan. 63— 22 3 ‘ 
ae 62 1 34 
which is of course = M [ cotan. 63 — “yes 1s cotan.2 0 ber ~ cotan, 6 33 more + &e., 


which =M { cotan, 03 — 528 (1 + cotan. 6) ; 


if we omit 33, 34, &c., and hence the result in the text. 
So again in another article. If we omit 0', and all highor power of 0, wo have 


i ef ee, re 





iS) : sin. 0 of 
1 @ 1 76 \? 
62 
=1l— Fo gg &€ 


by the Einomial Theorem ; ; 
62 2 . sin. 
“( 1— =) m1l— if we omit  &. 2. —— = (1 - =) = ( cos. 6 ) 





= et SA 
eos Se a cee ae, a ee 
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In like manner we may prove that 


‘ __ Mn sin. 1” 
L. tan. (@ + »")— L. tan. @ = Pacey 
Now suppose that our tables are calculated for angles that differ by so small an 
angle 8", that we can neglect the second term of Equation (60) so that 
L. sin. (6 + 5") — L. sin. @ = M 8 sin. 1" cotan. @. 
Also, ifn < 8, a fortiori, 
L. sin. (6 + 2") — L, gin. 6 = M x sin. 1” cotan. 6. 
Now, for any value of 6 the Tables give us 
L. sin. (6 + 6”) — L. sin. @ call this A 
é A = Main. 1” cotan. 6 


(. — isin. 1" tan. ) : 


o Le sin. (0 + 2”) — L. sin. 0 = = A. 


i.e, when two angles are nearly equal, difference between log. sincs is proportional 
to the difference of angles. 

Now = is the difference corresponding to 1”. This can easily be multiplied by x. 
Also L. sin. @ is given by the Tables, and henco we can find L. sin. (@ + 7") and 
converscly having given L. sin. (@ + 2"), where only L. sin. @ is given in tables, we 
can easily find the 2 seconds. 

If the numerical valucs of formula (60) are taken for different angles, it will be 
found that in order to make the difference between two consecutive L. dines, given 
in the Tables proportional to the number of seconds, we must have § = 1" from 
0° up to 1° 30, and 3 = 10" from 1° 30’ up to 5°, and & = 60" from 5” 
upward :—the log. sines being calculated to 7 places of decimals, 

The practical mode of employing the Tablos will be readily understood from the 
following examples :— 





Thus 
(1). Find L. sin, (15° 11’ 16"* 5). 
By tables . . . . ©.) 6 sin, 15° 11’ = 9°4181495 
Do. diff, 1" = 7755 x 10" = 775 5 
ON = 4653 
L. ain. (15° 1 16” 5) = 94182765 
(2). Find L. sin. (8° 19° 37% 4), 
By tables : - Lesin. (8° 19’ 80”) = 8'7634252 
Do. diff. 1” = 3623 x T = ~~ 25341 
: 144 0 
L. sin. (8° 19’ 87% 4) = 86736981 
(3). Find 6. If L. sin. @ = 9°7645827 
L. sin. 6 = 9°7645827 
L. sin. (35° 33’) = 9°7644849 
978 
Diff. 1” = 29°45 « 380 893°5 





84°5 
2 58.9 


i ere rn ee er 





| 
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25°6 
8 23°56 
3 @ = 35% 83’. 32” 8, 

We proceed in precisely the same manner with the logarithms of the other trigo- 
nometric functions, with this exception, that what is true of the L. sines and L. 
tangents of small angles, is true of the L. cosines and L. cotangenta of angles 
which are nearly equal to 90°. For, since sin. @ = cos (90° — @) and tan. @ = cotan. 
(90° —6), then if @ be small, 90° — @ is nearly equal to 90°. 


(71.) Another way of treating the L. sines of small angles. 


If the tables give the log. sines, &c., for intervals of 1’ throughout, and not the 
refined tables for small angles before spoken of, we can find the accurate value of s 
small angle whose L. sine is given, and vice versd, by the following process. 

If 6 is small, so that we can omit 6 6, &c. we have (Art. 50) 





Bin. 6=—=-@— Las 
6 
G 

& cos.@é = 1 — —. 
os 9 

sin. 6 a ee \$ 3 
Hence = =] rae = (3 —o\. cos. @ 
Now suppose 6 to contain x” .°, @ = n sin. 1” 
sin. 6 4 
mime = cos. “@ 


log. sin. @ — log. 2. — log. sin. 17 = = log. cos. 6 


L. sin. @— log. n — L. sin. 1” = > L. cos. @ — - 


L. sin. @= log.n +l cos, 6 + L. gin. v= 


& Lain. 1” = 4.6855749. 
L. sin. @= log. n + > L. cos. 8 + 1-8522416 


and log. » = L. ain. @—« +L. cos. @ — 1.8522416. 


It is to be observed that when @ is very small, cos. @ changes very slowly. Hence 
in the term L. cos. @ we may use the number of minutes in 6, omitting the odd 
seconds, and then, the former formula gives us L. sin. 6, when @ or 7" is given, and 
the latter gives us the n" when L. sin. @ is given. 

For instance, 

Find 6, having given that L. sin. @ = 7.2777618. On looking into Tables we find 
that 0 is between 6’ and 7’, hence in this case cos. 6 = cos. 6’ 

L. sin. 6 = 7.2777613 
— 4 L. cos. 6’ = 6.6666668 — 10, 
— + 13522416 = 8.6477584 — 10, 


2.5921 865 
.5921768 
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39100 
8 
6 


See REEL 


391.0086 = n. 


97 
90 


ee eet 


7. 
. 9 = 6, 31" .0086 


If we find »" by more refined tables 
A L. sin. @ = 7-2777618 
L, sin, 6.31" = -2777514 . 


99,00 
75,21 1 


23,790 
22,563 3 


“, 6 =6", 31".018. 
.. by this method m = 391-0138 
which does not differ materially from the result we obtained by the less refined 
table and the formula. 
Find L. sin. 6 when 6 = 7’, 31". 37. 
Here 2» = 451.37 . cos. @ = L. cos. 7’ 
L. sin. 6 = log. m = 2-6545327 


+ ; L. cos. 7’ = 3-388383830 
+ 1-8522416 = 1-3522416 


ey 


7-34010738 
The more refined tables give us at once 
L, sin. 7’ 31” = 7-3397511 
Diff. 1" = 9619 x ss 2885,7 
‘a 673,33 
7°3401070 


Tn like manner if we have 680 small an angle that 6 6... 
and if 6 be an angle of 7 seconds, 


may be omitted, 








i ve 

sin. 0  é& 68 @ 

ee oe s) +z) 
2 

tan. 0 DS dis & = z. 
; = 1+ 58=(1-5) = (cos. 8) 
-. log. tan. @— log. m sin. 1" = —s log. cos. 6 
2 


EL. tan.@= log.2 + L. sin 1" +5. (10 — L. cos. 6). 


L. tan, 6 = log.» + 11°3522416 —= L. cos. 6. 


This formula can be used in the same manner as the one for L. sin. 8. 
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(72.) Delambre’s method for L. sines of small angles. 


There is another method of treating the L. sines of small angles, of which the 
following is an account. 


a 9 
= = Se eet . 
Sin. @ ah ig0 &e. 


, log. au = log. {1 (¢ ae) . Omitting 65 
e° ot \2 
So {( -a) +3 (aw) } = 
@2 i 


From this a table for log. -~— can easily be calculated. Now sup- 





| 
sin. @. sin. o 
6 
pose @ to contain 2” 

Then nm sin, 1” = 6 | 
: sin, 2" sin. 6. kin. 1” | 
™ n ) | 
: : ain. @ sin 1" 
ee L. 61n. a" = log. 117 + L. ae, ia | 
' tin. & sine 1” |, . 

and since L, ———-— is. given by the Tables, if we know » we can at 

once find L. sin. x". And conversely if we have given L. sin. 6, we can 

find »; for sin. @=@=~7 sin. 1" nearly. 4, log. »= L, sm. 6 — L, sin. 


| 
t 
| 
1" nearly, whence we know m approximately. This will enable us to obtain | 
Rin. @ sin. 1" 

| 


the value of log. ———7-——— from the Tables with sufficient accuracy ; which 
. : 1 

being known, we have log. » = L. sin. @ — log: oe jae which gives us 7 

accurately. 





gin. 6 
It can easily be shown, that in Penna tables for \ 7 from the formula, | 


log. sin. ce —M(= + aay) | 


that for tables of seven aes of decimals up to 5°, 6 can be omitted. 
53 
180 





For when @ is an angle of 5°, @ = 


hd 44 


1 
-Migg = ™ Geoe | 


Let us now look back and consider what wo have done in the previous pages. | 
(1.) We have investigated the various general relations existing between the trigono- 
metrical functions, (2.) We have investigated the general relations existing between 
the sides and angles of triangles. (3.) We have fully discussed the mode of constructing 
trigonometrical tables, 4.¢. the means of obtaining numerical results from our 
trigonometrical formulas, 

We now proceed to the actual numerical calculation of the sides and angles of 


= = .0000001,39927 - 


— 
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triangles, which we shall find will invariably consist in reducing formulas to 
numbers. For instance, 
Given sin. (m + x) — sin. (m — x) = cos. (m — n) — cos, (m + n) 
Find 2 when m = 12°- 18’ and n = 7% 87’, 


Since gin. (m + x) — sin. (m — x) = 2 in. x cos. m 
and cos. (m — n) — cos, (m + n) = 2 sin. m sin. 2. 
.. 2sin, 2 cos, m = 2 sin. m, sin, n. : 


.. Sin. & = tan. m. sin. 2. 
“, log. sin. = log. tan. m. + log. sin. 2. 
. .*. log. sin. z -+ 10 = log. tan. m + 10 + log. sin. x + 10 — 10 
and v, L. sin. 2 = L- tan. m + L- sin. x ~ 10, 
L, tan. m = 9-3354823 
L. sin. % = 9-12238624 — 10 


8-4578447 
L- sin, 1° 38’ 40" 8-4578369 
78 

diff, 1"= 732,8 x -1 73-28- 


Ans, az = 1°38’. 40". 1. 


THE NUMERICAL SOLUTION OF RIGHT-ANGLED TRIANGLES, 


The parts of a right-angled triangle are the three sides, two angles and the right 
angle, if any two of the former five, ono of the two being a side, are given, we can 
calculate the remaining three. The following are the methods employed in the 
various cases, which are these, 

(1). Given the base and perpendicular. 

(2). Given the hypothenuse and another side. 

(3). Given the base or perpendicular and an angle. 
(4). Given the hypothenuse and an angle. 








B 
(1). Given the base and perpendicular 4, 
ie. given a. b. find A, B. c. x 
tan. A = 2 gives A. ye 
b ae @ 
B= 90° — A. Gives B. 
Con A = 2. 
c 
ee A 5 6 
orc = con A 1ves C. Fig. 23. 


These can be put into forms adapted for logarithmic calculation, as follows : 
log. tan. A = log. a — log. d, 
“, 10 + log. tan. A == log. a + 10 — log. b. 
or, L. tan. A = log. a + ar: comp: log. & (a). 
Similarly. 
Log. ¢ = log. 6. — log. cos. A. 
= log. b. + 10 — (10 + log. cos. A) 
= log. & + 10 — L. cos. A. 
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.. log. ¢ = log. b. + ar: comp.: L. cos. A. 
(a). and (0b). are the formulas actually used in calculation. Thus 
Given a = 7564 5 yds. b = 3987 ° 4 yds. 
Find. A. B. and c. 
To find A. from (a) we have. 
Log. tan. A = log. a + ar: comp: log. 3, 
= log. 7564°5 = 3°8787802 
+ ar: comp: log. 3987:4 6°3993102 


10°2780904 
L. tan, 62° 12’ 10°2779915 


diff. for 1” = 51°05 ) 989-00 ( 19 
- $105 





47850 
~. A = 62° 12’ 19” 45945 
90 











and B = 27° 47’ 41" 
To find c we have. 
Log. c = log. b + ar: comp: L cos. A 
log. 6 = 3°6006898 
ar: comp: L cos. 62° 12’ 19" = ar: comp : 9°6686623 3313377 


i 


3°9320275 
9320271 
85912 ———. 


08 aiff 4 


\ 





.. ¢ = 8551°208 
(2). Given the hypothenuse and another side. 

e.g. given ac to find A B and 6. 

We have, sin. A = — 


“. log. sin, A = log. a — log. ¢. 


L. sin. A = log. @ + ar: comp: log. ¢ (a) 


aehicli gives A and ,*, B which equals 90° — A. 


Again cos. A = —. 


ate b = c cos. A. 

Ex: Given a = 724°5. c = 10054. 

We shall have <A = 46° 6/17". B= 43° 58’ 43”. 
b = 697 086. 


: log. 6 = log.c + L. cos, A — 10. (d) 


(0). 


oo 1c ic nis cd ma gree meee 
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(3) Given the Base or Perpendiculur and an Angle. 
e.g. given a. A., find B. 8, ¢. 


We have B = 90° — A. 
‘ a 
Again ee sin, A 


-. log. ¢ = log. a — log. sin. A 
log. c = log. a + ar: comp: L. sin. A. (a) 


b 
A i Smee © 
— cos. A 
log. b = log.c + L. cos, A — 10. (2) 


In using formula (6), It must be remembered that in the calculation of formula (a) 
we have already found log. c. 


Example. Given a = 7643-5 A = 87°. 18’, 
We shall find B = 52°. 42’ 
c = 12613-4 
b = 100338.53 


(4) Given the Hypothenuse and an Angle. 
e.g. given c. A, find B. 5. a. 


We have B = 90° — A. 
b= c. cos. A. 
= log. 6 = log. c + L. cos. A — 10. (a) 
Again @ = cin, A. 
ae log. a = log.c + L. sin. A — 10. (b) 
Example. Given c = 7234.5 A = 33°. 19. 
We have B= 56°. 41’. 
b = 6045-498. 
@ = 3973.665. 


The cases of oblique triangles are in like manner reducible to four, viz.— 
(1). Given three sides to find the angles. 

(2). Given two sides and the included angle. 

(3). Given two sides and the angle opposite to 


them. oe 
(4). Given one side and two angles. 7 
(1). Given three sides to find the angles, y 
t.¢, given a.b.c. to find A. B.C. 
We have2s=a+b-+c. 4 ss C 
ra tan? = (3—5) (@—¢) Fig. 24. 


2 8. (8 — a) 


“. 2 log. tan. a = log. (s— 6) + log. (es —c) — log. s— log. (# —a) 
.. 2 log. tan, > + 20 = log. (@ —d) + log. (s—c) + 10 — log. 8 + 10— log. @—a 


.. 21, tan. > = log. (e— b) + log. (e—c) + ar.: comp.: log.s + ar: comp 
log. (¢ —a) 
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This formula gives us > We shall have to find B from the formula 


21, tan. = log. (s —c) + log. (s—a) + ar: comp.: log. + ar: comp: 


log. (88) 

It will be observed that all the logarithms needed for finding B and C have been 
already used in finding A, whence, when A is known, B and C are found with very 
little trouble. 


Instead of using the formula which gives us tan. 4, we may use those which give 


ee: te A 
sin. —- or cos. 
Example given, @ = 8756-3 6 = 5928.7 ¢ == 4652, we shall find that— 
A = 39°. 18’ 28” 
B == 49° 0° 50” 
C = 51° 40’ 427 
A+B4HC = 180° 0-0 
which circumstance is a test of the accuracy of the calculation. 


(2.) Given two sides and the included Angle, 
e.g. given ab C, find A Be. 























We have 
A—B a—vbd “A+B 
ar Cy ee oe 
A—DB 
.. LD tan. 7 log. (a —b) + ar: comp: log. (a } 0). 
ig a0: (a) 
A+D 6.8 : 
It must be observed that ee 90° — 3 and is therefore known. Wherefore 
’ A—B 
(a) gives us a ae known angle. Then, 
A+B a Cc 
Z 2 
A—B _ ? 
7 = 
. A = 90° + a— 


whence A and B are known. 
To find c we have 
sin, C 
sin. A’ (6) 
.. log.c = log.a + Lain. C + ar: comp: L sin. A—10, which will give ua c. 
We may employ a subsidiary angle 6 in the following manner (see Art. 40). 





C= @ 


ee ee ee ee ee 
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a—o 
Assume tan. 6 = Z 





C 
ra cotan. rs 
. 
Pam b) Bin. > 
cos. 8 


log. tan. @ = log. (a — v) + ar: comp: log. (a + 5) + log. cotan. = — 10 (c) 


log. c = log. (a@ + 5) + log. sin. ~- + ar: comp: log. cos. @ — 10 (d) 


By using (c) and (d) we can obtain ¢ without first finding A and B. 
If we solve by the former methods we require six logarithms, viz.: those of 


(a —b) (a + 2) tan, “> 





a. sin, C. gin. A. 


If by the latter we require five logarithms (a — 6) (@ + 5) cotan. ae gin. = .and 


cos. 6; the latter method possesses a slight advantage over the former. 





The @ in formula (c) is evidently the samo as nfo in formula (a). 


2 
If b > a the formulas become 


B—A b—a A+B 














tan. 5 cia tan. 3 
b—a 
and tan. @ = ae cotan zr: 
Example :—Given a = 562. 6= 320. C = 128° 4’ 
We shall find A = 338° 34’ 40" 
B = 18° 21’ 20" 
c = &00°008. 


If we take the second method we shall find 
log. tan. 6 = 9°1258969 
-, log. cos, 6 = 9°9961568 


And, as before we shall find, 
ec = 800°008. 


(3.) Given two sides, and an Angle opposite to one of them. 
e.g. given B. 6c. find A. C. a. 
We have sin. C = 5: sin. B. 


+, log. sin. C = log. ¢ + log. sin. B + ar: comp : log. 6 — 10 (a) 
which gives C. Then 
A = 180° — (B + C) 
which gives A. Then 
sin, A 


a=b => 
sin. B 
or, log. @ = log. b + log. sin. A + ar: comp: log. sin. B— 10 (0) 
which gives a. 
N.B.—This is sometimes called the ambiguous case of a triangle; for we have 
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sin. C given us, whence we know C =a, wherea Z 90°. Now, sin. a = sin. (180 — a) 

.. C may also equal 180 — a. Hence this equation may give us two triangles, one 

which has C = a, the other having C = 180°— a, In many cases, however, this 

ambiguity does not exist. 

(1) B=or > 90°. Then C= 180° — a is inadmissible, since C would then be 

> 90°, and B + C > 180°, which is impossible. 

(2.) IfB < 90°. Then 
(a). Ifc sin. B = 6 then sin. C = 1 or C = 90°, and the other value of C =180° 

— 90° = 90°, or in this case there is no ambiguity. 

(8). If c <b. Then C < B, hence ifC =a. a < B, and 180°—a+B> 
180°. or in this case the angle 180° — a is inadmissible, and there is no 
ambiguity. 

(y). But ife > 6. Then both c = a, andc = 180° — a are admissible, and 
there are two triangles determinable from the given values, 0. c. B. 

This can be illustrated geometrically as follows :— 

AB =c 

ABe = B. 

with centre A and radius } 

describe a circle. Then, 

(a). If 6 =c sin. B, the 
circle will touch Be 
in c, and the triangle 
will be ABe. 

If ¢c < 6 the circle 

will cut Be, in two 

points C,C,, on dif- 
ferent sides B, and 

the triangle is ABC,. Fig. 25. 

(y). Ifc > 6 the circle cuts Be in two points c, c, on the same side of B, and the 
triangle may be either ABc, or ABc, ; which is the reason of this case being 
called ambiguous. 

Example: Given B = 45° &= 805 c = 219°5 
Then C = 80°. 36’. 22” 
A = 104°. 23’ 38” 
@ = 416, 8344, 


(4). Given, one side and two angles e. g. given, a BC, to find A. ¢, b. 


We have A = 180° — (B + C). which gives A. 
Now, 5 _ sin. B e _ sin. C 


~—— 


_— 


(B). 








a sin. A: ‘@ ain. A 
.. log. 6 = log. a + log. sin. B + ar: comp: log. sin. A—10. and log. ¢ = log.a + 
log. sin. C + ar, comp: log. sin. A — 10. Whence we can immediately calculate 6, &e. 
Example: 
Given B= 49°. c¢ == 29°. 19’ and a = 95.4, we shall find 
A = 101° 41’ 
6 = 73°52255 
¢ = 47°69952 
Several practical applications of the science of Trigonometry will be found in the 
following short treatise on Mensuration. 
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MENSURATION. 


Tix object of the following short treatise is to show the practical application of 
the truths investigated in previous treatises of geometry and trigonometry, to solve 
a variety of questions about measurements such as may frequently occur in practical 
life. For instance, the determination of the area of a field, the distance between two 
inaccessible points, the solid content of a pyramid, and others. We shall endeavour 
in each instance to refer these questions to the principles on which they rest. By 
doing so, the attentive reader will be enabled to apply the same principles to cases 
that may occur practically, but which our limits forbid us to treat of. We shall take 
in order a variety of questions concerning the determination (1) of Heights and 
Distances, (2) of Areas of Surfaces, (3) of Contents of Solids. 


(1.) ON HEIGHTS AND DISTANCES. 

In the following articles we are supposed to have the means of measuring the 
angle subtended at the eye of the observer by the line joining two points. The 
instrument by which this can be done is called a sextant. For measuring the angle 
subtended by two objects on a horizontal plane, and for determining the vertical 
elevation of one point above another, an instrument called a Theodolite can be used. 


1. To determine the height of a Tower standing on a Horizontal Plane, the base of which 
as accessible, 


AP the tower. B any convenient place for the observer. 


At B measure the angle ABP; also measure the line AB. ic 
Then, if AP = z, 
x= a tan. B. 
“. log. a = log. a + L tan. B— 10. 
which gives 2. A B 
N.B. If P is the top of a steeple, half the breadth of the Fig. 1. 


tower must be added to the measurement, which is made to 

the outside of the tower. It will be observed, moreover, that B is the place of the 
observer's eye, and .*, A P, or z, is the height of P, above the horizontal plane passing 
through the observer's eye. Hence, if h ia the height of the eye above the ground, 
x + his the height of the summit of the tower above the ground. 


(2.) To determine the height of a Tower, the base of which is inaccessible, 


Let ABN be the horizontal plane; PN the height Pr 
required. At B measuro angle PBN ; move backward : 
to another point, A, taking care that A and B are 
both on the same vertical plane passing through P, 
and measure AB, and the angle PAN. 

Let PBN =f. PAB=a AB=a, 

BP= 2. PN =» 
Now angle APB = (8 — a) Fig. 2. 


sin. @ 
sin, (8B — a) 
and x = y gin. B. 
sin. a- sin: B 
sin, (B—a) 
. log. #=- log. a + L. sin. a + L.sin. 8 + ar. comp. L sin. (8 -- a) — 20. 


. y= 





(8.) Zo determine the height of the Tower in the last article when the nature of the grouna 
docs not admit of the observer moving backward, 


Let PN be the vertical height required, place .p 
pickets at two points, A and B, APN and BPN 4 
being two different vertical planes. YS 
Meagure AB = a. Let PN =z. i 
N 


va 
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Measure angle PAN = a. 
PAB=A PBA=DB. _ 

Then x == AP sin. a. 

Now APB = 180° — (A + B) 

sin. B 
OD ee ae (A + B) a Fig. 3. 
_ _ sin. a sin. B 
— O Fin. (A + B) 
“, log. 2 = log. a + L. sin.a + Losin. B + ar. comp. L sin. (A + B) — 20. 

In the above case such on angle as PAN being the vertical elevation of P above the 
horizon is measured by a theodolite. While tho angle PAB, which is not ina 
horizontal plane, being the angle subtended by the distance between two objects, is 
measured by a sextant. 





If the object is a long way off we may measure the angle subtended at the eye by 
the line joining that object and its image in still water, by a sextant; half that anglo 
will be the vertical elevation of the object. 


Example: We observe that the altitude of a hill is 3° 15’ on proceeding 13 miles 
towards it. Its altitude is 15° 37’. Find the height of that hill, neglecting ihe 
sphericity of the earth. 

Here (fig. 2) AB = 14 miles. 

PAB = 3°15’. 
PBN = 15° 37’, 
.. PBN — PAB = 12° 22’, 


Then by the formula proved in Article (2) 
sin, PBN sin. PAB 


EN = @. 7 PBN— PAB) 
“, log. PN = log.a+ L. sin. PBN + L. sin. PAB + ar. comp. L. sin. (PBN ~PAB)—20. 
log. 1°75 243 0380 
L, sin. 15° 37’ 9°430 0750 
L. sin. 9° 15’ 8°753 5278 


Ar. comp. L. sin. 12° 22’ 669 2473 — 20 





aus we ar a ne 


THE DISTANCE BETWEEN TWO POINTS. 269 





"I 2458881 


19764 2958748 
G 138 
“197646 of a mile 132 
or } of a mile very nearly. (Answer) 


(4.) To jind the distance between two points, one of which is accessible and the other 
tnaccessrble, 


Let P be the inaccessible point. 

A the accessible. By 

Drive a picket in at A, and drive in another at any con- 4 
venient point, B. A / 

Measure the angles PAB and PBA, also measuro the ‘a / 


line AB. , 
Then by the fourth case of the solution of tangles / 
_ sin. APB 
| pa ADP / 
_ bin. (PAB + ABP) 

ar pin. ABP ee, | 

., calling AB = a. PAB = A. ABP = B. 
we have 

log. AP = log. a + L. sin. (A + B) + ar. comp. L. sin. B— 10. 


Fig. 4. 


(5). To find the distance between two points neither of which is accessible. 


Lot A, B, be the two points; place on the 4 — 


ground two pickets C, and D, such that the dis- r 
; tance between C and D can be measured, and that | 
| from each of C and D, the two inaccessible points 
, and the other picket may be visible. ; 
Measure CD=p ACB=C BCD=C’ \ 
ADB=D ADC = 1)’ 

Then in triangle ACD we know one side and c seemed 
two angles, and therefore can calculate AC. 

In triangle BCD we know one side and two angles, and thereforo can cal- 
culate BC. 

And finally in triangle ACB we have already calculated AC, BC, and have 
| measured the angle C, and therefore can determine AB, 

Of course from the first two triangles we can also determine AD and BD, and then 
in triangle ABD we know two sides, and the included angle, and hence can 
determine AB, and can use these two calculations for checks upon each other. 

The calculation is performed as follows :— 

Call the sides and angles of ABC —a.b.c. A.B.C. and observe that CAD = 180° — 
(C + C’ + D’) and CBD = 180° (C’ + D + D’). Then from triangle ACD 

sin. CAD 
AC as sin, CDA 
, log. AC = log. CD + L. sin. CAD + ar. comp. log. sin. CDA — 10. 


Sa ener nner cae rr rr tens TSA eS SS SFR Ss SS LCS 
BSATUEPRPATIAAL QOIENCER «Nn XI! 2B 


Tig. 5. 








| 
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or 


log. b = log. p + L. sin. (C + C’ + D) + ar: comp: log. sin. D’—10 (1) 














Similarly 
log. a = log.p + L, sin. (C’ + D + D’) + ar: comp: log. sin. C7’ — 10 (2) 
| From triangle ACB we have 4 : = 90° — : 
{ ad 
A—B_a—éb A+B 
= g 
| ca a+b "2 
b a— 6 1 — tan. o 
tan. @= - i ——— = —-——_—__ = - (46°—~ 
| eee ree a*" a+6 14+ tang ae a a 
' .. L. tan. @ = log. 6 —log. a + 10 (8) 
= log. 6 + ar: comp: log. a 
| A—B A+B 








and L. tan. =~ L. tan. (45° — >) + L. tan. — 10 (4) 


A+B 
2 


2 


2 





whence we obtain — and ., AandB since we know 


Finally from triangle ABC 

sin. C 

sin. A 

.. log. c = log. a + Lain. C + ar: comp: L. sin. A — 10 (5) 


— 


It will be observed that in the above calculation we do not require @ and 8, but 
only log. a and log. b, which are given by equations (1) and (2). (Compare Plane 
Trig., Art. 40.) 


Example. Given CD = 372.5 yds. C = 128°.15’. C’ = 13°.42’, D = 129°.11”, 
D’ = 19°.13’, 


ee ee ee Sas 








(1) Log. b = log. 872.5 = 2.5711263 
+ L. sin. 156°.10/ 9.6064647 
+ ar.comp. L.sin.19°.13’—10 — .4826176 — 10. 
2.6602086 
(2) Log. a = log. 872 5 - 2.5711263 
+ L. sin. 162°.6’ 9.4876426 
+ ar. comp. L. sin. 18°.42’— 10 .6255483 — 10. 
2.6843172 
(3) L. tan. @ = log. b = 2.6602086 
+ ar. comp. log. a 7.8156828 
9.9758914 
o = 43° 24’ 9.9757318 
4218)159600(37.8 
12654 
! 
@ = 48° 24’ 37.8 33060 
45 29526 
45—g = 1° 35’ 22.2 35340 


10. 





(4) L tan, <= = L.tan. (45° — @) + L. tan. 


A+B _ 
2 
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= L, tan. 1° 35’ 22"-2 = 8:4432492 
L, tan. 28° 22’ 30” 9°7326024 — 10 








81758516 
0° 51’ 80" 8°1755658 
2 1408)2858(2 
T= O° Bi’ $2" 2816 
42 
A+B = 28° 227 30" 
A = 29° 14’ 2" 
B = 27° 30’ 58" 
(5). log c = log. a + L.sin. C + ar. comp. L sin. A — 10. 
= log. a = 2°6843172 
L, sin. 56° 45’ 9:9223549 
ar. comp. L, sin. 29° 14’ 2" “3112458 — 10 
2°9179179 
82778 9179149 
6 30 
827.786 32 
. C == 827.786 yds. (Answer) 


II. THe MENSURATION OF AREAS. 
(1.) Zo find the Area of a Rectangle. 


Let ABCD abcd be two rectangles, Then (Kuclid. VI.—23.) the areas of these 
rectangles are to cach other in the ratio com- 


A p pounded of the ratios of the sides, z.¢., in the 

ratio compounded of the two, ab : ABand bc: 

@ d BC, and if we suppose these lines to be repre- 

- sented by numbers, this compounded ratio is 

; ab x bc: AB x BC. Hence rectangle ac: 
eee : rectangle BC::ab x bc: AB x BC. 

Fig. 6. Now suppose ab = 1, andcb = 1. Then the 


area ac is the unit of area, z.¢., isa squareinch, ora 
Aquare foot, or a square yard, according as ab is an inch, a foot, ora yard. In this caso 
. Rectangle BC = AB x BC. 
Hence, if a and b be the sides of a rectangle, its area is ab, i.¢., it contains as many 
units of area ag the product of the number of units of length in one side, by the 
number of unite of length in the other. 


Cor.—If a is the side of a square, its area is a”. 


I ee el a ae ae Re ey ea a ee 
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(2). To find the Arca of a Triangle. 


Let ABC be the triangle; from A draw AN per- - 
pondicular to BC. Then, since the area of ABC is 
half that of a rectangle, whose base is BC and 


BC x AN 4 


height AN, the area of triangle = ——~— / 


2 


Cor.—(1). If we have given AB. BC and angle B. 


Area triangle = 


Since 


AN = AB sin. B. 


BC x ABsin. B __ ae sin. B B C 


— SD NW 
2 
2 Fig. 7. 


(2). If we have given BC and the angles of triangle, 





: Cc sin. C 
Then, since — —= 
a sin, A 
. a* sin. B sin. C 
Area triangle ==-——____—___—— 
2 sin. A 


(3). If we have all the sides given (by Trigon : Art: 41) 
Area triangle = 4/ s. (8 — a) (8 — b) (s —c) 
where 28 --a+b+0¢. 


(3). To find the Area of a Parallelogram. 


Ifv.b be the sides of the parallelogram, and A the angle containel by those sides, 
then by the last article the area of half the parallelogram 


__ absin. A 
3 Z 


.. Area of parallelogram = ab sin. A, 
Or, if » is the perpendicular distance between two parallel sides, each of which 


= a, then 





Fig. 8. 


Area of parallelogram = ap. 


(4.) Zo find the Area of a Trapezord. 


Let ABCD be the trapezoid of which 
the side AB is parallel to the side CD. 
Join BD, draw DM perpendicular to AB 
and BN perpendicular to DC, or DC 
produced, and let a = AB: 6 = DC and 
p= DMorBN. Then 

Area triangle ABD = 4 ap 
Area triangle BCD = 4 bp 
.. Area ABCD =p (a + d) 


Or the area of a trapezoid = 4 sum of parallel sides + perpendicular distance 


between them. 
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ry 


(5.) Zo find the Area of Trapezium. 


Let ABCD (Fig. 9), be the trapezium ; join AC, 
from B and D let fall perpendiculars B m, Da, 
upon AC. 

Tho area of triangle ABC = } Bm. AC and B 
area of triangle ADC = 4 Dn. AC, 


.. Area of trapezium =: 4 AC (B m + Dn.) mm 





If instead of having the perpendiculars Bm and 
Dn given we have the sides AB. BC. CD. DA. anda 4. \p 
diagonal, we must find the areaof each triangle 


separately by the formula Fig. 9. 


Area triangle = ~/ 8. (s — a) (# — b) (@— oc) 
Or, again, if we have the sides and one angle, as A, given, we can proceed as 


follows.—Let AB. =a. BC = b.CD=c.DA=d. Join BD (Fig. 10), then we can 


calculate BD from triangle ABD by second case of zs 


oblique-angled triangles, and having calculated DD we eas 
can determine the areas of the triangles as before. at Pe 
(6). Zo determine the Arca of aa irregular Polyyon. / ie 
Suppose ABCDET to be an irregular polygon, its Vi See D 
arca can be determined by effecting the following Fig. 10 


measurements ; join AD, the longest distance across 
the figure from BC # ¥, draw perpendiculars to AD., viz. Bm, Cx, Ep, Fa, respectively ; 
ineasure Am, mr, 2D, Cx, Bu, Ag, gp, PD, Ep, Fg. 
Then area of polygon = ABm + BunC + 
CrD + Dpli + EpyF + FgA. 
= 4 Am x Bm + 4 mn x (Ba + Cn) 
+4Cn x nD + 3+ Dp + pl + 3 pg (Ep + 
ig) + §Aq x QF. 


(7.) Zo determine the Area of a regular Polygon. 


Various formulas have been already given for 
this in the “Treatise on ‘Trigonometry” (Art. 45). 
It is there shown that if m be the number of 
hides of the polygon, and a@ the length of one of 








the sides, : Fig. 11. 
Area = > cotan. oe : 
Hence in case of pentagon, 
Area = oar cotan. 36° = 5 (M5 + 1) a? 
4 4 /10—2 J5 
In case of hexagon, 
2 5 as 
Area = = cotan, 30° = nh 


And so’on in other caser. 
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(&.) Zo determine the Area of a Circle. 


If ~ is the namber of sides of a regular polygon inscribed in a circle whose radius 
is r, then, a8 we have already seen (Trig: Art: 45), 


mt, or 
Area polygon = “g fin or 
(Oe 
sin. a 
— 2 somtimes 
= 8x > 
* 


Now if we increase the number of sides of the polygon, it becomes more and 
more nearly equal to the circle, and in the limiting case when the number of sides 


2 
is infinitely great, it becomes the circle; * but whenn =o ,", — = Oand (Trig: 


, _ 2m 
Art : 47) in this case sin. — 

~ =1 
27 
n 

Area of circle = r° 7m. 
Cor. Hence area of quadrant = og ens 
4 2 2 
Now —~ = the length of arc on which quadrant stands. 


2 


.. Area of quadrant = - x arc on which quadrant stands. 


(9). To find Area of a Sector of a Cercle. 


Let AOB be any sector of a circle, 
OA=* AOB = @ (in circular measure), B 
.. AB 18, 


Now if AOB were a quadrant, AB would equal $ 
and the area of the quadrant = + : A. c 
But in equal circles sectors are to each other ag the Bigot 
arcs on which they stand. 
J 


Area sector : area quadrant ::70 : > : 
2 
, Area sector a ee Aa < 
72 9 
.. Area sector = ae 


= ar x 70, 


* Compare with the statement in the text what is said on page 160. 
aes enntennemetoetezenemeesinmepmemnemen ones teaneecrenenene cameenamemeaneamtnentanenieneteneneanaeneneemenenamnnatnmemmennnemaemnememammnernnsaaeenneneeme mene re enn 
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1 
= 5" x (arc on which sector stands). 


(10). To jind the Area of a Segment of a Circle. 
Let OACB be a sector of acircle. Join AB. We 


are required to find the area of the segment ABC. i 
Draw ONC perpendicular to AB. Let AOB— 4. 
OB +r. 
@ , 8 
-. ON=rcos. — AN = rain, —- 0 Cc 


2 2 


. 6 ) 1 
> area ABO =r’ gin. g 08. 5 = 3° 22 gin, 6. 


Now area ACBO = 57°, 
yr? ; Fig. 13 
*, area of segment = z (8 — sin. 6). 
Cor.—From A draw A% perpendicular to OB. Then An? sin, 6, also arc 
ACB = r@, 
Hence the area of segment 


r . 
=% (ré — r sin. @) 


= - x (ACB — An) 


2 


(11.) To find the space between two Concentric Circles, viz. ABCEDF. 


i 
| Let OA =" OB=r, 
| Then area of interior circle = 3 r 
| and area of exterior circle = r7r,* 
| .. Area of the space between the circles 
| = (rv, 27—1*) 
On OB as a diameter, describe a circle OPB 
cutting the interior circle in P; join OP. PB, 


y 


then OPB is a right angle, 

BP? = OB?— OP? = r,? —7? | 
2°, © BP? = =x (r,? — 7?) | 

also since OPB is a right angle, BP touches the 

circle, or the area of the space in question is 

Fig. 14. equal to the area of a circle whose radius is 

the length of the line drawn from any point 

in the exterior circle to touch the interior circle, 

The above cases of areas of plane figures are the chief of those which belong to 
Elementary Mathematics. The determination of areas bounded by curved lines 
belongs, of right, to the Integral Calculus; the following propositions, however, are 
best given here, though the reasoning is not of a strictly elomentary character. 


i 
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(12.) Zo find the Area of an Ellipse.” 


Let aBA be a semi-ellipse. 

OA its semi-major axis = a. 

OB its semi-minor axis = J, 
On aA as a diameter describe a semicircle aCA. 
In AB take any point P and draw an ordinate 
PN perpendicular to OA and produce it to 
mect the circle in Q and draw another ordinate 
qpn parallel and near to QPN and complete the 
parallelograms nP, nQ. 





Fig. 16. 


Now, by a property of the ellipse, 
NQ : NP :: as b 
 nQo: mP :: a: 6 
and hence, if we suppose a series of parallclograms to be described in circle and ellipse, 
the same proportion will hold good between each of these, and therefore 
Sum of parallelograms in semicircle : sum of parallelograms in semi-ellipse: : a : 0. 
and this being true, however great the number may be, is true in the limit. 
Now the semi-ellipse is tho limit of the parallelograms inscribed in it, and the 


semicircle is the limit of parallelograms inscribed in it. 
*, semicircle : semi-ellipse :: @: 0b 


“, circle ; ellipse : : ma*: rab 


Sut area of circle = ra? 
.. area of ellipse = z ab, 


*T.ct APQ be an area included by two straight lincs AB. AP, and the curve PQ; divide AQ into 
equal parts Aa, ab, be, ed, dQ, and on these lines draw the rectanglus Ap, ag, br, cs within the 





Fig. 15, 


curved areas, and complete the parallelograms Ap’, aq’, br’, cs’, dt. Then it is plain that the 
«fference between the interior parallelograms (Ap, aq, br, cs)and the exterior parallclograms (Ap’, 
aq’, br’, es’, dt) will equal Ap’. Now, by making the number of parallelograis very large, Aa, and 
.. Ap’ will become very small, and may be made less than any magnitude that may bo 
assigned, Now the curvilinear area is clearly greater than the interior and less than tho exterior 
varallclograms, and therefore differs from tho interior parallelogram by a quantity lessthan Ap’ ;4.¢., 
a quantity that can be made less than any that can be assigned: and thorefure the curvilinear 
area is the limit to which the sum of the interior parallelograms continually approaches when 


their number is increased, 


~ 
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(13.) Let q PQ be portion of a Parabola. It is required to find its Area. 


Bisect Qq in V, draw the diameter PV. Through P draw r PR parallel to QV g, and 
draw QR and gr parallel to PV. Then the area g PQ is two thirds of gr RQ. 





¢ 9 Sid PE eam ee ~Yy 


Fig. 17. 


Take p and p,, two points in PQ, and through p, draw p,m, p; ™ parallel to PV 
and QV, and through p draw pm pn also parallel to PV, QV, and produce them to 
meet p; 2"in gq and yim, in gy réspectively. Then 

Parallelogram pm, : parallelogram pn; :: pn x an,: pn «x mm,. 

2: pn x (Pn,-— Pn): Pn x (p,n, — pn) 
Now, by a property of the parabola 
Po: P, mi: pnts ppm? 

.. Pu: Pa,— Pn: : pr?: pm? — pre 
or Pn : Pu,— Pn: : pn*: (py m — pn) (p,m + pn) 
7, Pa x (prim — pn) : (Pn, — Pn) pn si pn: p,m + pn 
.. parallelogram pm, : parallelogram pny :: pn: p,m + pn. 

Now in the limit m1 differs from pn by a quantity less than any that can be 

assigned. 
. In the limit pa: pi nm + pn::1:2 
”, In the limit parallelogram pm, : parallelogram pn, :: 1:2 
which proportion is true for each pair of parallelograms inscribed in PQR and PQY, 
and .", is true of all. 
.. Inthe limit sum of parallelograms in PQR: sum of parallelograms inPQV ::1:2 

But the area PQR is the limit of the sum of the parallelograms inscribed in it; and 

PQV is the limit of the sum of the parallelograms inscribed in it. 
.. PQR: PQV::1:2 
. PQOVR : PQV::3:2 
Now PQVR is the half of gr QR, and PQV is the half of PQg. 


1. PQ? = srt QR. QED. . 


378 MENSURATION. 


(14). To find approximately the Area of a Plane Figure bowuded by a Curve. 


Let ABPQ be the figure; divide AB into 
equal parts, AN,, N, N,, N,N,, &., and draw 3 Q 
ordinates P, N,, PgN», P,N;, &c. parallel to 
AP or BQ, and perpendicular to AB. 

(1). Asa first approximation the curved area 
may be considered as identical with the poly- 
gonal area inclosed by PABQ and the chords 
PP,, P,P. PePs, &c. In this case, the 
area required — AN,P,P + N,N,P.P, + 
N,N,PsPo, &. 








AP + P,N PLN, +P,N 
ce anal es N,N, x ee Ww ¥ 
L 2 3 

png, « PNAAPNG, gg oor 


AP QB 
HAN, (4 PN FPNe +P, toes +=] 

Or the area == (the distance between any two consecutive ordinates) x (half the 
aum of the extreme ordinates, together with the sum of all the intermediate ordinates) 

Or if AN =A AP Sa QB = 6b 

PN Sy, PUNy = Ue P,N,=Y, &e. 
a+b 
ABQP = a( 5 +49, *FY¥at¥ateee- +m) 

(2.) The above is a good approximation, but a much better may be found in the 
following manner. Consider the portion of the curve between any three consecutive 
Pg, such ag P, P, P,, through P, drawa line » P, m touching the curve, and let 
it meet N, P,, N, P, produced in ~ and m Draw Py, p perpendicular to P, 
N,, join P, P, meeting P,; N, ing. Now we may 
consider P, P, P, a portion of a parabola,* and 





.. the curvilinear area P, P, P, = : of nm P, P, m. 
2 


mP, x Pop. 


Pag x Pop. 


Cibo G3! 


] 
Now N,9=5 (yg + y¥,) and Ppp =NZN, =2 A 


l 
o. Py,g= Py, N,—qN,= Ys 5 Ye + Ys) 





4A 1 
jc tptataca =a {ys og Ya + Y,) } 
Now the area P, P, Nz Ng =A (Yq + 94) 


* It appears from Newton, (Lemma XI. Lect. 1,) that inany curve of finite curvature, Ps q is in 
the limit as the square of gPy. Now itis tho characteristic property of the parabola that Ps q, 
is as the square of g Py; hence every curve of finite curvature tends to a parabola as its limit, 
and so if we take a small arc Pg Ps Py, we may consider it to be a parabolic arc, without making 
any appreciable error. 
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, A 

., the whole area P, P,P, N,N, aa (445 + Yo t+ ¥4) 
Hence the area of the figure P A BQ (fig. 18), which equals P A N, P, + PZ N 
PAN, +P, N,P,N,+ +--> 


at dy, ty) + ZF Oat Ms +9) + 


D> olp 


A 
3 (Ya + 4y¥y + Ye) teeee + 3° (Yon + 4Yan—1 + 0) 


reckoning that there are 2n + 1 (an odd number) ordinates drawn between the two 
extreme ones PA, QB. 


a PABQ= =. {a+b+4Y, +a +¥o+: ie Pg et) 


+ 2 + tere t 
or the area (Yo + Yat Yo yan ) 


= - x (sum of extreme sides + 4.sum of odd ordinates + 2sum of even ordinates.) 


Hence the Rule :—At equal distances along the base AB draw an odd number of 
ordinates parallel to the parallel sides of the figure ; then take the sum of the parallel 
sides, of four times the odd ordinates, and twice the even ordinates, and multiply 
the third part of this sum by the common distance between the ordinates, and this 
product is the area of the figure. 

Besides the above areas of plane surfaces, there are areas of certain solids which 
will be best given here, viz., the areas of a prism, a cylinder, a pyramid, a cone, 
and a sphere. 

Der. 1—A prism is a solid bounded by two equal and 8 
similar rectilinear figures in parallel planes and by paral- c 
lelograms. A 

Thus ABCDE, abcde, is a prism bounded by two equal 
and similar pentagons whose planes are parallel (ABCDE, 
and abcde), and by parallelograms AabBd, BbcC, &. A 
prism is called a right prism when the planes of the paral- 
lelograms aré perpendicular to the plane of the base (2.€. ; 


abcde in the accompanying figure). 
Der. 2.—A pyramid is a solid bounded by any plane x 
rectilinear figure, and by triangles having a common vertex, a 
and for bases the sides of the rectilinear figure respectively, ¢ 
Thus (Fig. 21) PABCD is a pyramid, on a quadrilateral Fig. 20. 
base, ABCD. 
Der. 8.—A cylinder is a solid whose surface is traced out by a straight line 
which always moves parallel to its first position and P 
whoso extremity is guided by a given curve. 
Thus (Fig. 22) if acb is a circle, and Aaa straight line 
perpendicular to the plane of the circle, then ABC abe is a A. 
cyiinder which is traced out by a line Ce, that is always 
parallel and equal to Aa. This cylinder is strictly defined _, 4 
asa “right cylinder with a circular base ” it is, however, Fig. 21. 
in elementary treatises generally called “a cylinder.” 
Der. 4.—A cone is a solid, the surface of which is traced out by a straight line, 
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one end of which passes through a fixed point, and the other end through a given 
plane curve, called its base. 





c 
Fig. 22, Fig. 23. 


If BCD (Fig. 23) isa circle, and @a fixed point, the surface ABCD is called a cone on a 
circular base. If O is the centre of the circle, join A; then if straight lines, draw 
from A to different points in circumference of circle, make equal angles with AO; or if 
(which is the same thing) AO is perpendicular to plane of circle, ABCD is strictly 
defined as “a right cone with a circular base ;” or as it is more generally called in 
elementary treatises, a “right cone.” 

N.B. It is manifest that if a regular polygon is inscribed in the circle BCD, and its 
angular points are joined with A, that the resulting solid will be a pyramid inacribed 
in the cone; and also, that if we increase the number of sides in the polygon, the 
inscribed pyramid will approach more nearly to the cone ; and, since the circle is the 
limit of the inscribed polygon, the cone will be the limit of the inscribed pyramid. 

Similarly, the cylinder will be the limit of the inscribed prism. 


(15.) Zo find the Arca of a riyht Prism. 


In figure (20) AHec is a rectangle. Since the planes Ab, Ac being perpendicular to 
the base, their cone of intersection Aq is also perpendicular to the base, and therefore 
angle Aacisaright angle. Hence the area of AKea is Aw x AJ, similarly of all the 
other parallelograms. Hence the arca of the parallelograms is Aa (AE+ED+DC+...) 
=: Ali x (the perimeter of the base.) Hence the whole area = height x perimeter 


of base + areas of the two ends. 


(16.) Zo find the Area of the surface of a right Cylinder. 


Since the surface of the cylinder is the limit of the surface of the inscribed prism, 
and the area of the prism = height x perimeter of base + 2 x base, whatever be 
the number of sides to the base, this will be true in the limit when base is a circle. 

~, Area of a cylinder = height x perimeter of baso + 2 x base. 
Henco, if & = height, and a = radius of base. 
Area of cylinder = 2rah + 2ra? = 27a (ath). 


ee A et a 
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(17.) To jind the Area of the curved surface of a right Cone. 


Let PACDB be the cone, ACDB its circular base, O the centre of the circle, then 
PO is at right angles to plane of the circle. In the circle 
inscribe any regular polygon, ACD. . . and join PA, PC, 
PD... Bisect CD in x, join Pn, Then Pn is perpen- 
dicular to CD, and ., the area of triangle PCD = 4CD, Pn. 
Now the line joining P with the bisection of any other 
side of the polygon is equal to Pn. 

Hence area of pyramid inscribed in cone 


=4PN(AC+CD+DB+...) 





= }$ PN x perimeter of polygon. | 

Now, this is true whatever be the number of sides the Fig. 24. 
polygon may have, and hence is true in the limit; when perimeter of polygon 
= circumference of circle, and Pn is drawn to a point in circumference, or is = slant 
side of cone, 

., Area of curved surface of cone = 4 slant side x circumference of base. 

Corn.—If we suppose that the surface of a cone is capable of being unwrapt, it is 
plain that its surface will be ao sector of a circle whose c 
radius is the slant side of cone, and base of the same length 
| as the circumference. It is plain (Mensuration, Art. 9,) 

that the area of this rector is, as it should be, the same as 


that of the surface of cone. a b 
Der.—The frustum of a cone or pyramid is the portion . 
eut off by a plano parallel to the base; thus, ABda is a 
frustum of the cone CAB. : A Ss 
Sheps 
(18.) Zo find the Area of the Frustum of a Cone. se 


Suppose a sector, OPQ, (Fig. 26) of a circle is described with radius OP = CA (Fig. 25), 
and if its base PQ = circuinference of AB, we have seen 
that the area of POQ is the same as that of the cone 
CAB. Take Og — Ca, and describe the are Ogp. 
Then as before, area of opg = area of Cab, and ,°, the 
area of frustum = gQPp. 

Let angle POQ= 6. Og=" OQ=r 0 
| , Area Opg = }7" 0 
.. Area OPQ = $17 6 
.. Area gOPp = 40 (1° — 1°’) 
r+ 











= O—G— x (r—r’). 
Bisect ¢Q in ¢ and draw are tt’ 
rer! 
Then 5 6 = tt’ and r—r’ = gQ. 


., Area of frustum = rectangle between Qg and tt’ or between slant side of cone 
and circumference of mean section of frustum. 





ne ee 
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(19.) Zo find the Area of a portion of the surface of a Sphere. 


Let AB be a quadrant of a circle whose railius 


: is AB or OB. If we suppose the quadrant to 

pz n revolve round AO it will describe a hemisphere, 

7 and if we suppose a number of equal chords, 

pa : AD,, Py’ Pe: Pas Pa, &e. to be drawn from point 
3 to point of AB, these chords in the revolution 


will describe frustums of cones; now the are 
AR is the limit of the chords Ap, + p, po + 
R n PePs +... and hence the area of the portion 
of sphere described by AR will be the limit of 
the sum of the frustums of cones described by 
~ 5 Q AP, P,PePoPs--- 
Fig. 27. Let PQ (Fig. 28) be one of these chords: 
draw PM, QN perpendicular to AO. Draw O 
perpendicular to PQ, and in perpendicular to AO. Now tn is the radius 
of the mean section of the frustum of cone described 
by PQ, and therefore area of that frustum 
A —2rin x PQ 
Now tn = Of sin- 0A. 
and PQ sin. PQN = NM. 


pss 





’ or since PQN = 120A. 
PQ sin. (OA = NM 
| N + in. PQ = Ot. NM 


And area of frustum = 2 7 Ot, NM. 
In (fig. 27) draw p,”, Po % Ps My perpendicularly 
AO. Then, since Ap, P, Pe Pg Py are all equals, tue 
perpendiculars on them are equal, and therefure the 
sum of areas of frustum of cono 
= 24 Ot x (An, $+ 2, My + NM +...) 
= 24 Ot x AN. 
if we only consider the portion of sphere described by AR. This is true, however 
great the number of chords, and is therefore true in the limit; but in the limit O¢ 
== radius of sphere 


., Area of portion of sphere, whose height is AN 
= 2r, OA. AN. 


If we take the whole sphere. AN = 20A 
”, Area of sphere = 47. (OA)* 
Cor.—In the sphere 27 x OA = circumference of a great circle. 
:, Area of portion of a sphere = height of portion x circumference of a great 
circle. 
If woe imagine a right cylinder to be described about a sphere, its curved area 
= circumference of a great circle x diameter of sphere = area of sphere. 
Hence, “area of sphere = area of circumscribing cylinder.” 


Fig. 28, 
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Exam : How many square miles of sea are visible from the top of a mast 80 feet 
above the surface ? 
Let O be the centre of earth, draw OA. OC, so that AC is perpen- 
dicular to OC. draw CN perpendicular to OA. Then, if BN = 2, 
¢ OB=r. The area visible from A will be the area of the part of the 
sphere whose depth is BN 
1.€. Will = 20 ¢ 2, 
Now, let AB =p. Then, by similer triangles 


re prri: ri raz, 











7? 
{fe . 
r+ p 
ae ga : 
” + p 
and visible area = slat 2 . 
r+p 
== 2nrp very nearly. 
2 Now, w = 3°14159. 
Fig. 29. 7 = 3958 miles 
80 1 
= 80 feet — F580 ine 
*, visible area = 2 x 314159 x 3958 x 53 


== 378 nearly, 


III. Tue Mensvuration oF SOLIDS. 


(1.) Zf two solid Angles are each contained by three Plane Angles, that are equad each to 
each, then the inclination of the Planes will be equal, each to each. 


Let O, 0, be two solid angles contained by the plane angles AOB, BOC, COA, and 


0 
0 












" Ws WK Won 
RY WS 





Fig. 80. 


aob, boc, coa, respectively, Then the plane AOB is inclined to plane COA at the 
same angle that aod is inclindd to aoc. For, take OA = oa and let the plane CAB be 
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perpendicular to OA, and cab perpendicular to oa. Then angles CAO, LAO, cao, bao, 
are right angles; and CAB, cab, are the inclination of the planes in question. 

Now in triangles AOB, aob. we have OA = oa and angles BOA, OAB = angles 
boa, oab, each to each, ., OB = ob and AB = ab (Euclid, I. 26) ; similarly in triangles 
COA, coa, we have OO = oc and AC = ac. 

Then in triangles BOC, boc, we have the sides BO, OC = aides bo, oc, cach to each, 
the included angle BOC = boc. .*. (Euclid, I. 4) the base CB = base cb. 

Hence, finally, in triangle ABC, atc, we have the sides BA, AC = the sides ba, ac 
each to each, and the base BC = base be. .°, (Euclid, I. 8) CAB = cad, Q.E.D. 

Cor. 1. Hence (fig. 30), if the solid angle O be superimposed on the solid angle 0, so 
that AO coincides with O oa, and the 
plane AOB with plane aod, then, because 
angle AOB = angle aob the line OB 
coincides with ob, and because inclination 
of plane COA to AOB equals that of 
coa to cob the plane COA will coincide 
with coa, and hence OC with oc. 

Cor. 2. If ABCDEF and abcdef are 
two prisms, the edges of which are equal 

JS ¢ each to each, and the plane angles at 

j Fig 31. B equal those at b, the prisms are equal 
in all respects. 

For, if the triangle ABC be applied to abc so that AB coincides with al,and BC with 
bc, it ig plain by the last corollary that BD coincides with dd. 
And hence the prisms will coincide throughout. 

Cor. 3.—If ABCD abcd be a parallelepiped * (i.c. a prism on 
a parallelogram for a base) it can be divided into two equal 
prisms by a plane ACca passing through the diagonals of its 
bases ; for it is obvious that the edges of these prisms are 
equal, each to cach, and also that the plane angles containing 
the solid angles at D and B are equal. 

' Cor. 4,—Again (in fig. 31) if we suppose the base DEF of 
the one prism to be in all respects equal to that of the other 
def, and if the angles at D are equal to the angles at d, each to 
each, then it is plain that if DB is > db the prism BDFE Fig 32. 

is > prism bdfe, and if DB < db, the prism BDFE < prism 

bdfe. Also if BD is double of bd, the prism BDFE is double of the prism bdfe, and 
generally if BD is any multiple of bd, then BDFE is the samo multiple of bdfe, 

Cor. 5.—If we suppose (fig. 31) BD produced to K so that DK is any multiple of 
DB, the prism KDFE is the same multiple of BDFE; and if we suppose db produced 
to k so that kd is any multiple of bd, then kdfe is the same multiple of bdfe. But 
if KD > kd, KDFE > kdfe; if equal, equal; ifless, less .°, (Euclid, 5. p. 186). 

BDFE : bdfe:: BD: bd. 

Cor. 6. The results proved in Cors: 4 and 5 to be true of prisms, are 

manifestly true of paraler*, 





n 





* Wo shal) use throughout the abbreviation paralrré for parallelepiped. 
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(2.) Parallelepipeds onthe same Base and of the same Altitude ure equal to on another. 


If the Paral?r* are on the same base and of the same altitude, it is manifestly that 
the ends opposite the common base are in the same plane. 


(a) Suppose two of the edges of the cnds opposite to the base of each figure to be 
in the same straight line. 

Let DBEG, DBeg, be the 
parallelepipeds on the same , 
base BD, and of the same alti- 
tudes, and suppose that EH, eh, 
are in the same straight line, 
and also FG, fy, in the same 
straight line. Then it is obvious 
that Ee =: Hi, HC = ED, and 
angle AHC = angle eED. 

., the base cED = base HC, 
also HG = FUE, and the plane 
angles that form the solid angles 
at H and E are equal each to 
each, .", tho prism ACHG = the 
prism ¢eDEF. Hence if we suppose the former prism taken from the whole figure 
ACDEF, and the latter to be taken from the same figure, the remainders,will be 
equal .., DBEG = DBeg. 

(b) Suppose that no two of the 
edges of the side opposite to the 
base are in the same straight line, 

Let DBEG, DBeg, be tho 
paralret on the same base BD, 
and being of the same altitude, 
their ends EG, eg, are in the 
same plane. Produce EH, FG, 
fe, gh, to meet, they will cvi- 
dently form a parallelogram, let 
this parallelogram be KLMN, 
then LK, MN, and FE, GH = 
AD, BC, each to each, and KN, 
LM = EA, fy = DC, AB, each 
to each, and angle MLK = angle Fig. 34. 
GFE = angle BAD. 


., LEMN is equal to ABCD. Join AL, BM, CN, DK. Then DB MK is a 
parallelepiped—and by the first part of this proposition, BD MK is equal to each of 
BDGE, and BDge. .°, BDGE = BDge. Q. E. D. 
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(3.) Solid Parallelepipeds on equal Bases and of the sume Altitudes, are equal to each other. 


(a). Suppose the edges to be perpendicular to the bases. To avoid a complicated 
figure we will only letter the 
bases, and will call the edges of 
figure that are perpendicular to 
the bases by the letters at the 
angles of the base. Thus the 
edge B means the edge perpen- 
dicular to the base at the point 
B—t¢., BU. Let AC, DF be the 

‘bases where we suppose the solids 

: \ to be so placed as to have a 

common edge D, and the sides 

AD, DE in the same straight line, 

produce CD, and FE to meet in 

H, through G draw LGK parallel 

CD and produce BC to meet 

KG in L. 

Now since DH = GK, and HE is evidently = KF and the angle DHE = GKF 
+ the base DHE = basc GKF; and since edges H and K are perpendicular to 
base, the solid angle at H is contained by plane angles respectively equal to those 
containing the angle K; and hence the prisms whose bases are DHE and GKF 
are equal. Add the solid on base DEKG to both, .*, paral?P¢ on DK = paraler’ DF. 

Now paral’ BD : paralppP? DL :: AD: DG:: BD: DL 
and paralre’ DL : paralre¢ DK :: CD : DH :: DL: DK 
’, (Ex equali). 
paral’re? BD : paralpeP? DK :: BD : DK 
But BD = DK, since (Eucl. I. 35) DK = DF 
. paralPP? BD = paralP*? DK = paralrrd DF. 
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(0). If the edges are not perpendicular to the bases, call the paralpr¢ P and Q. If 
on 1's base a paralPr? p. is described, whose edges are perpendicular to base and 
whose altitude is same as P, then p = P by last Proposition, and if g be in like 
manner described on same base as Q, but having its edges perpendicular to the base, 
then (last Proposition) q = Q, and by the former part of this Proposition, ¢ = p, 
.Q=P. Q.E.D. 


Cor. 1.—Hence if there be two paralrr’* of the same altitude, but the base of 
the one is double of the base of the other, the former is double of the latter, 
and generally if the base of the one is any multiple of the base of the other, the 
former paralrr’ is the same multiple of the latter; and hence, by reasoning similar 
to that employed in Cor. 5. Prop. 1. of the present article, it appears that paralrrds 
of equal altitudes are as their bases. And again, if they havo equal bases, they 
are to one another as their altitudes. 


Cor. 2.—Let there be two paralrd* P, P’, the base and height of one of which 
are A and h, and one of the other A’ and h’, where Ak A’H’ are in numbers. And 
suppose S to be a third paral?P4 on the base A’ and the height &. 
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* Then P:S ::A:A 
BS: Ps: hii! 
o P: Pt: Ak: AW 

Cor.-8.—If we suppose P’ to be a cube which has one of its edges equal to 

unity, then A’ = 1. and h’ = 1. 

See RP? 2S A od, 
hence if we consider P’ to be the unit of solid measure (a cubic inch, or foot, for 
instafice) then P = Ah, 
Hence the volume of a paralPr¢ is found by multiplying the area of one face by the 
distance between that face and the opposite one. 

Cor. 4.—We have seen that a prism on a triangular base is half of a paralrré 
of the same altitude and on a base which is double of the triangle. Hence if A 
is the area of the triangle, and A the height of the prism, the volume of this paral??? 
= 2A x h, and .*, the volume of the prism = A x A; or the volume of a prism 
on a triangular base is found by multiplying the area of the base by the altitude. 

Cor. 5.—It is plain that a prism on a polygonal base can be divided by planes 
passing through one edge of the prism into a number of prisms on triangular 
bases, each having the same altitude as the original prism. 

Let A, A, A, ... be the areas of these triangles, and 4 the common altitude, 
the volumes of all these prisms 

= (A, +A, + Ag+... )A 
But the polygon is equal to all the triangles; hence if A is the area of the polygon, 
A=A,+ 4A, + A, te°°>> 

.. The volume of the prism on a polygonal base = AA, or is equal to the base 
nuultiplied by the altitude. 

Cor. 6.—It is plain that Cor. 5 is true of a regular polygon of any number of sides, 
and therefore is true in limit; now when the number of sides of the polygon is 
increased, its limit is the circumscribing circle, and the limit of the corresponding 
prism is the circumscribing cylinder. Hence the volume of a cylinder = AX, or 
base x height. 

N.B.—When we speak of the volume of a solid, a prism for instance, being 
equal to the base multiplied by the height, it is of course understood that all the 
measurements are referred to the same unit. Thus, if we were asked what is the 
volume of a prism whose base is 2 square feet, and height 18 inches, the answer is, 


b~ 2) 


not 2 x 18, but 2 x 3 = 3, and the 8 is in cuit rset. The cubit foot and 


the square foot being the unit of content and of area corresponding to the linear 
unit one foot. A 
(4.) If P,ABC ts any pyramid on a triangular dase, 
and if through the middle point (D) of one of the sides 
(AP) we draw planes (DGH and DEF) parallel to ane of i D 
the faces (PBC) and to the base (ABC) of the pyramid, 
then of we suppose a plane to be drawn through DE and 
DH, cutting of a prism EFD,HKC, the figure EDGHCB ad 
is double of the prism EDF, HKC. SL 
Since the plane EDF is parallel to ABC, ED is 
parallel to AB. Now AP is bisected in D. .°, PB 
is bisected in E. Similarly AC is bisected in H. Also since plane DEF is parallel 
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to ABC. ., ED is parallel to KH, and .°, KH is parallel to AB. Draw CN perpen- 
dicular to AB, meeting KH in M, then since CH : HA::CM: MN (Euclid VI. — 2), 
aud CH = HA »,CM=MN. Hence, if from N and C perpendiculars are drawn 
on the plane, DEKH, they are equal. Hence paralrP’* on the base DEKH, with 
these perpendiculars respectively for altitudes, are equal. Now the prism BEKHDG 
is half the former, and the prism KCHDFE is half the latter. Hence the prisms 
are equal, and they are together double of one of them. But the two prisms make 
up the figure EDGHCB, which is, therefore, double of the prism EDFHKC. 


(5.) Pyramids on triangular Bases and of equal Altitudes are to one another as 
their Bases. 


Let P, ABC, p, abc be the two pyramids, and let them be divided by planes as in 
the last proposition. 





Fig. 87. 


Now efd : bca in the duplicate ratio of fd :ca; but fd:ca::1:2 ., efd: bea ::1:4. 
Similarly EFD: BCA:.1:4 .°, efd: bea: : EFD: BCA or efd: EFD:: bea: BCA. 
But the prism efdkch : prism EFDKCH :: efd: EFD:: abe : ABC. .°. (by last 
proposition) 

The double prism edghcb : EDGHCB : : abc : ABC. 

Now if we suppose pd and PD, and also da and DA figures will be formed p,dfe, 
and P,DFE of the same kind as in p,abc and P,ABC, and also in d,agh and D,AGH, 
and these figures will have to cach other the ratios efd : EFD and agh : AGH 
respectively ; which ratios are each cqual to the ratio abe: ABC. And the same will 
be true, however often we continue to bisect the bisections of the sides, and hence 

All the double prisms in p,adc : all those in P,ABC :: abc : ABC. 
And the number of successive bisections being as great as we pleaso, this is true in 
the limit. Now the pyramids are the limits of the sum of these double prisms. Hence 
p,abe : P,ABC :: abe : ABC. Q. E. D. 
Cor: Hence pyramids on equal bases and of the same altitude are equal. 
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(6.) Every Prism on a triangular Base can be divided into three equal Pyramids. 

Let ABE, DFC be the prism; draw a plane through DE and 
¥, cutting off the pyramid E, DFC, and through ED and B draw 
a plane dividing the remainder into two pyramids E, ABD and 
E, BCD. Now since these two latter have their vertexes coin- 
cident at E, and since their bases ABD, BDE are manifestly 
equal being halves of the parallelogram AC, the two pyramids 
E, ABD and E, BDE are equal. Now the pyramid E, ABD is 
clearly the same as the pyramid D, ABE. But the base ABE = 
base DEF, and the perpendicular from E on DFE, is equal to 
that from D on ABE, since these planes are parallel; hence the 
pyramid D, ABE = pyramid E, DFE, and therefore the three 
pyramids are equal. 

Cor. 1.—Hence if a pyramid and a prism have equal triangu- 
lar bases and are of equal altitudes, the pyramid is one third Fig. 38. 
part of the prism. 

Con. 2,—Let A = area of base, = height of pyramid. Then the volume of the 


re en we oe SEE A a 





prism on base A and of height 2h = Ah. And ,. the volume of pyramid = ~ ° 


Cor. 3.—If we have a pyramid on a polygonal base of which the area is A, it can 
be divided into triangles whose areas we will suppose to be A, A, A,....80 that 
A=A, + A, + A, +... Nowif & be the height of the pyramid, then its 
volume being clearly the sum of the pyramids whose bases aro A, A, Ag-...and 
height 4, will equal 


zh (Ay +A,+A, +...) = pAb 


Cor. 4.—This is true, however great the number of sides there are to the polygon, 
and hence is true in the limit. Now if we suppose the polygon to be regular, its 
limit is the circumscribing circle, and the limit of the pyramid is the circumscribing 


cone ,.*. volume of cone = ~ where A is the area of the circular base, 


(7.) To determine the Volume of the Frustum of a right Prism on a, triangular Base. 

Let ABC, DEF be the frustum, where ABC is per- 
pendicular to the edges. Let A = area of ABC, and 
leth, 2, hg be the edges Al’, BE, CD respectively, 
and V the required volume. Join FC and suppose 
plane to pass through FCE, cutting off the pyramid 
C, FED, and another through ECA cutting off the 
pyramids E, ABC, EH, ACF, these three make up the 
volume V. Join FB, DB, and DA. Now volume of 


E, ABC = A 2, volume of E, FAC = volume of 


B, FAC; since perpendiculars from E and B on the 
plane ACF are clearly equal, and B, FAC is the same 


pyramid as F, ABC, the volume of which is A 2. 





Again, since FA is parallel to DC, the triangle ACD 
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is == the triangle FCD, and we have already secn that the perpendiculars from E 
and B onthe plane ACDF are equal, .”, the pyramid E, CDF = the pyramid B, ACD, 


= D ABC, the volume of which is A hy 


3 
: ae ho , My. h, tho +h, 
vs VeAzgrag Pg) ee 
Cor: If the prism be ABC FED, in which neither of the © D 


cnds is perpendicular to the edges, take abc an area whose plane 
is perpendicular to the edges, and let A = area of abc. 


Let AE = h, BD=h, CF = A, 
aE = 2, (D= a2, cF = a, 
aA = y, (B= y, C = ¥, 


Then if V = volume required sd =] 6 
V = abe DEF + abc ABC = A “E72 + % F 
A Y¥. + YoY, — a ec, + ¥, + % + Yo + % + Ys 
3 3 
= A ht My + hs We | 
: A B 


Fig. 40. 


(8.) Zo determine the Volume of a Prustum of a Right Prism on a base which 
as a Parallelogram. | 


Let ABCDEFGH be the frustum in question; let A, h, h, h, be the edges at | 
A. B. C. D. respectively ; draw AC, and if a plane B. 
pasa through AC and E it divides AB... . H into 
two frustums similar to that in the last proposition. 
Let V be the required volume, and A, the area 
ABC which is = area ADC (Euclid I—34). Now 
the volumes of the two triangular prisms are 








respectively Al 
A “tte ts, ond A, —— 
V= sA, (i, + hy + hy) + = Ay (tg + hth) " Fig. 41. 


If we had divided the figure by a ans passing through BD, we should have had 
v =5 A, (h, +hg +h.) + ; A, (hy + 4, + 2) 

Similarly if we had divided at C and D, we should have had respectively 
V a3 Ai (ty +h, + h,) +5 (hy thy t+ hy. 
Va54, (h, +h, + hy) +5 Ay (kh, + hy +h,) 

Now let S = h, + -. +h, +h, Then ane the four values of V we have 
AV= 5A, (8+S8+8 ) + z4(8+5+8) 

== 2A,.8 
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”, If A isthe whole area ABCD. Since A = 2A, ‘ 
V=aoA S A hy phy + hy + hy 
4 4 


(9). To find the Volume of a Frustum of a right Prism on a regular Pentagonal Base. 


Let P, P, P, P,P; be the base, and let A, A, h,h,h, be the edges corresponding 
to these ahgles. Join P, P, and P, P,, and let the areas 
of P, P, P, and P, P, P,, which are equal, be each A,, ps a 
and the area of P, P, P, be A,- Let V bo the required Pa 
volume, then this volume consists of three portions of Zr 
prisms of the same kind as in article (7) and hence 
Ve An (h, +h, +h.) 4 *: (hth, +h,) + AL (bth, the) 

Now divide the base by lines drawn through P, the 
areas will be the same as before, and hence 


v= A lglg +h) + Ss (hath, +h) + A (hath +h,) 


rhe | 
tay 





P 
3 


my 


Big. 42. 
and similarly by dividing the base by lines drawn 


successively through P, P, and P, we obtain 
=46, eee ie = (hy Pe as AL (hy dees 


= Sh, +h, + h,) + = (h, + by + hy) + = (wee ee 


Vez “ Ce RIS % a2 + ha + Ty) + A (hy ede 


Then adding these together and writing 
ht+h+he th th, =S8 


we have 5 Va G+S+H+2G+8 ; $) + (S+8 8) 


., 6V = (2A, + A) S=A,S. 
If A = areca of base. 


& V = A. h 


, th +h +h, th, 
5 
The student can easily prove that a similar formula is truc in the case of a prism 
on a hexagonal base, or indeed on any base 


which is a regular polygon. 


10. Zo find the Volume of a Prismoid. 


Der. A prismoid isa solidof the form represented 
in the accompanying figure. ABCD isa rectangle, 
and ABFE, DEHG, are planes perpendicular to 
the planes of the rectangle, ED and CF are planes 
inclined at given angles to the plane of the rect- 
angle, the lines EF and GH being parallel to AB 
and CD. 

Through AD and BC draw planes ADLK and 
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BCNM perpendicular to the plane of the rectangle, these divide the given figure into 
three, viz, AEKDLG, BDN, and BMFCHN. 
Let AB=a AD=h AK=2DL=2z, EK=6bGL=6, MF=c NH=c, 
Then (a) the figure BDN is of the same kind as in article 8. Now the arca 
DB = ah, if therefore V, is its volume, 





y= eter n tn) = 2 e+e) 

(b.) Let V, be the volume of the figure AEKDLG, draw a 
planes through ED,K and GD,K. dividing the figure into three u A 
pyramids, DGL,K, AEK,D, and DEG,K. e 4 

The volume of GLD,K Me h 

KL wb kh kh 
GUD) Xone ig Rg eh \/ 
Similarly voluine of AEK,D = - xb, 

Now the volume of GED,K is to that of ADE,K as GED is \ 
to ADE, or as AK to GD, or since triangles AEK, GDL are i 
similar, these volumes are as AK to DL, oras EK to GL. me 


I 1 b 

«, Volume GEDK == a3 x tor=_. ab x 2 
6 zr T= 6 b : 
i, 


t 
h h G’- = 
= gb ov = G20, Fig 44 
_ hk ab + 2b, 
6 2 


h xb + xh 
ma Vv, aaa a (3, + uch + a). 


(c.) Similarly, if V, is the volume of MBFCNH, 
h xc + re, 
VV; = 6 (a + 10 + a) 
Now if V be the required volume, 
Vo VV; + V, + Vz. 
j 
_V= 5 {8a(e + #,) + x, (B, 1,¢,) + 2(b + ¢) 


b+e b,+¢, 
ne ey aay to Oe ae : 


or re-arranging the right-hand side of the equation, 


h b+e 6b, + ¢ 
=5{2(«+ ea, (a4 5 ) 
b b+e 
+ w+) (2+ +o ‘yt 


Now in this expression, 


x ( Pe ‘) is the area of ABFE: (Fig. 43.) 














L, ( a -t- 244) is the area of DCHG. 





we ae eee al in oh as Se ls ns pn Ceara eee en cRNA 


ee ee 
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b b 
and ( + %,) (: a + a + 22%), which equals 


bx SE { 5 (ot $*) + 5 (a+ tE*)h. 
is clearly four times the area of a section made by a plane parallel to ABFE and 
DEHG, and half way between them. 

Hence the solid content of a prismoid is found by the following rule: “To the 
areas of the ends add four times the area of the mean section, multiply this sum by 
1th of the height of the figure ; this product is the volume required.” 

In practical cases it will generally happen that b = c, and b, = ¢,. This does not 
affect the enunciation of the rule, but simplifies the formula, which becomes 








Va] dale 4 £,) + v, (2b, + D) +0 (2b +). 


(11.) Yo find the Solid Content of a Railway Cutting. 


Tn tho last article the figure is very nearly that of a portion of arailway cutting, 
in which ABCD is the road, AG and BH, the sloping sides of the embankment, and 
hence the solid content required can be found by means of the rulo given in the last 
article. It is to be observed that the rule requires KE G and FH to be straight lines, 
or, as an approximation, to be very nearly straight lines, or EH to be a plane, which 
is not true if the cutting isa long one. For this case we derive the following rule 
from the above formula. 


. 
wee 





A’ M. M SL M ML. M 7 ad 
2 3 4 
Fig, 45. 


Let ABC represent a section made by a vertical plane of the hill to be cut through, 
AB tho level of the road, and suppose sections of the cutting to bo made by planes 
perpendicular to AB, at equal distances along that line, viz., at M, M, M,... Moa +1, 
let the terminal sections at A and B be a and 3, and the sections at P,M, P.M... 
D, Me Passes Pon Pont 1, the number of sections being odd, and let the common 
distance between the sections be 2. Now by last article the volume of portion 





. AM h 
AM.P.D is a (@ +4 + ps) or (a + 4 + P2) 


h 
and the volume of the portion P,M,M,P, is = (p, + 4, + P,), and so on, 


h 
nnd the volume of P2, Me, BC is 3 (Pon t+ 472 +1 + 4). 
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Hence, by addition, the whole volume required is 
h 
= (a+b +4(p, + py tees + Dom ta) $2 (PetDy- - Pom) } 


which may be expressed as a rule as follows :— 

Between the first and last sections make an odd number of sections at equal 
distances along the road, the planes of the section being perpendicular to the road; 
then one third part of the common distance multiplied by the sum of the first and 
last sections, with four times the sum of the odd sections, and twice the sum of the 
even sections, gives the volume between the first and last section. 

The student will observe that this rule is the same as that for finding the area of a 
figure bounded by a curve, which has been already given (p. 379), excepting that the 
ordinates in the former rule are replaced by trapezoidal sections in the latter. The 
formula given in article 10 is called the Prismoidal formula. It will be observed 
that the material on each side of a cutting being generally the same, is the reason 
the inclination of the planes AG and BH to BD being generally the same as stated in 
the last article. Mr. Macneill, to whom the prismoidal formula is due, has constructed 
tables founded on that formula, by which the volume of a cutting is very readily 
calculated. The volume of an embankment is to be found by the same formula, 
since, as a question of mere figure, an embankment is only an inverted cutting. If 
the calculation is made directly from the formula it is very tedious; the value of the 
Tables above referred to is therefore very great, and is enhanced by the following 
circumstance :—In constructing a long line of railway, the earth taken out of the 
cutting should be sufficient to form the embankment, otherwise land must be 
purchased for the mere purpose of obtaining earth; to effect this end of making the 
volume of the embankments equal that of cuttings, the ascents and descents 
(gradients) of the line of road have to be properly chosen, and this can only be done 
by trial, so that the calculation may have to be performed two or three times before 
a right adjustment can be hit upon. It is worth adding that, as a general rulo, a 
cutting is followed not by a long level, but by an embankment; if possible, these 
two are adjusted to each other to prevent the need of carrying earth from long 
distances. 


12. To find the Solid Content of a Military Earth-work. 


The form of a military carth-work will be understood from the following 


explanations :— 

The form of a section of the work made by a = 
vertical plane perpendicular to the face of the on 
work is such as ABCDEF from B,C,D,E draw i, 


perpendiculars to AF, viz., Bm, Cn, Dp, Eq, then 
Am, mn, np, pq, GF, are of known magnitudes, as | 
also are Bm, Cn, Dp, Eg. The plan of the work se aR ¢g 
will be of the accompanying kind, viz, F/f Fig. 46. 
(Fig. 47) is the line corresponding to F (Fig. 46) 
E’e the line corresponding to E, and so on for the others; the lengths of all these lines 
are known ; we will call them a,),c,d,e,f, respectively. 

In fig. 46 join pE, pC, pB, dividing the section of the work into triangles ApB, BpC, 
CpD, DpE, and EpF ; call these areas respectively A,A,A,A,A,, then the contents of 
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the work are clearly equivalent to the frustums of five prisms (similar to that in the 
Corol. to article 7), which have the area of perpendicular section A, and edges fie,d, 
scction A, and edges e,d,d, section A,, and ; 

edges d,d,c, section A, and edges cd,b, and A _3B c’ D>’ nT 
section A; and edges 4,d,a, it being evident 
that the odge through p = d. Hence if the 
whole volume equals V, we have 






A, A 
Vea fterd+-sletd+d + 
a 


A 
Zd@+d+o 


A A 
+ Bet d+) + Pbt+dta) 


.3V=aAi+6(A, + A.) + ¢ (A, + A,) 
i d(A, + A,) + c(A, + A,) + fA,) 

+ d(A, + A, +-A, + A, + A,) F 
In which formula it will be observed that Fig. 47. 

each line in the plan is multiplied by the 

triangle, or by the sum of the triangles, which have an angular point in that line, and 
that the line dD’ is also multiplied by the whole area of the section. Hence if these 
products are formed and added togethor, the requircd volume is one third of the 
sium. 


13. Zo find the Volume of the Frustum of a right Cone made by a Plane parallel 
to the Base, 


Let ABCD be the frustum of the cone PCD. Join POO, where OO, are the 
centres of the ends of the frustums. Let AO = r CO, = 7, 00, 
Sh OS @. P 


Od 
rd 


Then volume ABP = 7” volume PCD = mr," € + hy 


v (r? — 19°) x 


~, Volume offrustum = 


3 
= mth t+ 


A 


Nowx thir, i: a: L——5—\B 

oo Ate ee /_| \ 

”. Volume of frustum = = rh + m (re — m) ar : a 
3 8 "—? ccs 


ah Fig. 48. 


za ah A ca OR i a ad 
which is the same as the volume of three cones whose common height is h, and 
which have the radii of their bases respectively 7, 7, and a mean proportional 
between r and *,. 
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14. To find the Volume of a Portion of a Sphere. 


Let ABO be a quadrant of a circle, draw BC, AC, tangents at A, and B, join OC, 
and take any point P in AB and draw QPN 
parallel to BO; then if the whole figure revolve 
round AO, the quadrant ABO will clearly 
describe a hemisphere, the square AOBE will 
describe a cylinder, on a base whose radius is 
OB, and height AO, and the triangle AEO will 
describe a cone on a base whose radius is AC 
and height AO. Also APN will describe a 
portion of a sphere, ACQN a cylinder whose 
height is AN and radius AC, and ACMN a 
frustrum of a cone, the radii of whose ends are 
AC and MN, and height AN. Divide AN into 
any number of equal parts, of which let mm, B' 
be one, through m, draw mk parallel to BO, Fig. 49. 
meeting AB in p, and OC in &, and through mM, 
draw a line m, %, parallel to mk, and from p and h draw pp, and hh , perpendicular 
tom, k,. Join Op. Now Op? = mp? + m0? since Omp is a right angle. But since 
triangle Omh is similar OAC and AC= AO +, Om = mh also kin = BO = Op 
ome = mp? + mie se x mi = mw x mp? + © x mh? or (Mensuration of Areas, 
Art. 8) the circle, the radius of which is m& is equal to the sum of those whose radii 
are mp, and mh ; also since ki, = pp, = hh, we have 

am? x kk = 2 mp? x pp, + wml? x hh, 

or the cylinder, the radius of whose base is mi and height ki, is equal to the 
cylinder, the radius of whose base is mp, and height pp,, together with that the 
radius of whose base is mi, and height 4h, ; but these cylinders are those which will 
be described by mk, mp, and mk,, when the whole figure revolves round AO. And 
the same is true of the cylinders corresponding to any other one of the equal parts 
into which AN is divided, and therefore is true of all of them. Now all the cylinders 
corresponding to km, make up the cylinder described by AQ, and all those described 
by m,p, make up the series of cylinders inside the spherc, and those described by 
m, h make up those described about the cone. Hence, 

Cylinder AQ =: sum of cylinders inside portion of sphere + sum of cylinders 

outside portion of cone. 

This being truce, however small mm, may be, is true in the limit, but the portion 
of the sphere is the limit of the inscribed cylinders, and the frustrum of cone is the 
limit of the cylinders outside the cone (compare note, p. 376). Hence, 

Cylinder described by AQ = portion of sphere described by APN + portion of cone 
described by ACMN. 

Now let * = radius of sphere, h = height of AN, and V, = volume of portion of 
sphere, NM = ON = r—h. 

Now column of cylinder described by AQ = 7r°h. And volume of frustum of 


cone described by ACMN = : x { mit (r—h) rv + (r—h? } 


mh 


5 { m+ (r—h)yr t+ (r—h)? \ 


Cc —— 





.. Tr th = Vv, + 
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2, 8V, = 8rrh— ah { m+ (r—h)r + r— uy} 
== wh ( sr h—h ) 
ah? 
Vi, = a ( 3r—h ). 
Hence if V = volume of the whole sphere, in which case h = 2). 
ce An 7 
3 
Now the volume of cylinder circumscribing sphere = m? x 2r. 





om 's =4 . (circumscribing cylinder.) 


Cor. 1.—The above proposition may be demonstrated in the following manner. 
Suppose a solid having any number of plane faces to be described in the sphere, and 
let A, A, A, &c., be the areas of these faces, and p, p, p, &c., be the perpendicular 
distances of these faccs from the centre of the sphere ; now thisinscribed solid may be | 
conceived to be made up of pyramids, the bases of which are the faces of the solids, 
having the centre of the sphere for their common vertox. Hence, if the volume of the 
solid is V, 

] 
3 

Now this is true, however great the number of faces may be, and ,, is true in the 
limit, but in the limit », p, p, . .. become equal to ono another and to 7 tho radius of 
sphere. Hence, 

Limit of A, p, + A, p, + Az Py +... =” x (limit of A, + A, x Ay...) 

Now the limit of A, + A, + Ay +... = surface of sphere = 44 1° (Mensuration 
of Areas, Art. 19). Also the limit of V, = V the volume of sphere. 

3 1 - " 4n 73 
o VS at x See = oR: 
3 8 

Con. 2.—To find the volume of the portion of the sphere corresponding to BPNO. 

Let the volume be called V, and let 4 = ON whichis = MN. Then 
V = cylinder BN — cone ONM. 
Now volume of cylinder BN = ar*h 


Volume of cono MNO = ; rh? 


Vv 


4 


1 
=i A, p, += A, Pp, fs tas a Wis 





a esigte — i ald = ah ( 21 ) 


15. To find the Volume of a Spheroid. 


Der. A spheroid is a figure formed by the 
revolution of an ellipse about one of its axes ; 
if about the major axis it is called a prolate 
spheroid, if about its minor axis it is called an 
oblate spheroid, 

Let ABa be a semi-ellipse, OA its semi-major 
axis, OB its semi-minor axis. With centre O and 
radius OA describe a semi-circle ACa, draw QPN 
through any point in the ellipse parallel to OC, seta 





a 0 TIN A 
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draw Mnm parallel to NPQ and complete the rectangles MP, MQ (Mensuration 
of Areas, Art. 12). 

Now if the figure revolve round Aq the semi-ellipse will describe a prolate spheroid 
and the circle a sphere, also MP and MQ will describe cylindors with altitudes MN 
and having the radii of the bases NP and NQ respectively, and ,°, having volumes 
aMN x PN?and a MN x NQ?. Now by a property of tho ellipse, 

QN :PN::a:6 
. QN? : PN? :: a: 2 
But Cylind. MQ : cylind. MP : : MQ? : MP? 
cylind. MQ : cylind. MP: : a? : 8 
and the same is true of any other cylinders described in like manner within the 
sphere and spheroid, and ,°, is true of their sum 
all cylinders within sphere : all within spheroid : : a? : & 

and this being true, however many cylinders there may be, 7. e. however small we 
suppose MN to be, is true in the limit, but the sphero is the limit of its inscribed 
cylinders, and the spheroid the limit of its inscribed cylinder, 


.. Sphere : spheroid: : a?: :: al : = 
3 
But volume of sphere = ae 
Anal? 





Volume of spheroid = 


Cor: In hke manner the volume of an oblate spheroid is = 


16. To find the Volume of a portion of a Spheroid, cut off by a plane Perpendicular 
to the A.cis of Revolution. 


In figure 50, »uppose we wish to find the volume of the portion of tho spheroid 
corresponding to the portion APN of the generating ellipse ; then, as in Art. 15, we 
shall have 

Portion of Spheroid : portion of sphere : : 67: a* 
Now (Mensuration of Solids, Art. 14.) if AN = A the volume of the portion of the 


sphere is equal to = (8a—h) *, If V, is the volume required, 
x he 
~ 3a? 
Similarly if we wish to find the volume of the portion corresponding to ONPR, 
and if V, is this volume, and h = ON, 
V, = mio? ( i— 3. = ) 


Vv, = (8a—zh). 


a? 
as is evident from sorol. 2. Art. 14. Mensuration of Solida 


17. To jind the Volume of a Cask. 


We may consider a cask to be either the middle portion of a spheroid, or two 
frustums of equal cones joined together at their bases, though it will net ceincide 
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with cither of these forms exactly. It is to be observed that excise officers generally 
consider casks to be of the first form. 

The measuroments that are most easily made in practice are the diameters of the 
end, and of the middle section, and the distance between the ends; we will call 
these, d, D, and k , respectively, and investigate the rule in each of the above cases. 

(a.) Suppose the cask to be a portion of a spheroid. Its volume V will be double 


that of V, in the last article .°, V = ab? ( 1— ; is ) 
a 


Also by a property of the cllipse, (See fig. 50.) 


PN? ON? 
OB * Of 
”. PN i? 1 
ee te” 
1 PN? 1 2 4 
3° FZ eB 
2 1 PN? 1 hk? 
3+3° &@ =1-3&@ 
V = 2rhb? 2, 1 PN?’ 
3 6 
Qrh 
“Vo = 55 (8b + 4PpNe) 


ae gs (2.D'+ da). 


Also Zz = .2618 very nearly, hence the rule. ‘ To twice the square of the 


middle diameter add the square of the end diameter, and multiply the sum by the 
length of the cask, this product multiplied by .2618 gives the content of the cask.” 

(6.) Suppose the cask to have the form of a double frustum of a cone. 

If v is the volume required # is clearly double of the volume ABCD, fig. 48. And 
hence by Article 13, Mensuration of Solids, 

v= i ( rt + rr, +22 ) 
Now D = 2r, d = 2r and k= 2h 
nos tk. k( Di+Dd + a). 

Hence the rule “ To the product of the diameters add the sum of their squares, 
multiply this by the length of the cask, then the whole product multiplied by .2618 
gives the contents of the cask.” 

N.B. If the measurements are made in inches, the above rules give the required 
contents in cubic inches ; to obtain the contents in gallons we must divide by 277.274, 
since 277.274 cubic inches go to one gallon. 

Cor. It is evident that v, the value given by the second rule, is less than the true 
contents of the cask; it is to be observed, also, that V, the value given by the 
former rule, is generally greater than the true value; so that the true value will lie 
somewhere between these two results. Hence we can easily estimate the amount of 
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accuracy in each of the above determinations. Thus, V—~? is clearly greator than 
the difference between the true result, and either of those given by rule, and ¥ is loss 
than the true value of the contonts, hence the error committed by either way of 


NS th 
making the calculation cannot be so great as the ( bla ): of the whole. Now 


_» — mh ‘)-B(p+pdd+ @) =U ( Deva) 
Vv = F (apes d a =5 





ep Ded). 
12 
. ak D D d) 
va WEP) ena 
‘ r (D+ Des oe) Dit Dd +a 
irD «d+n. Then Dd — D’—Dn, and d? = Dt—2Dn + n* 
nN 
i a, BD, 
y ~ 8D%—8Dn + nt 3 n qu? 
— p+ Dp 


which is an expression for a limit of the part of the whole, by the approximate differs 
from the true value. e.g. Suppose the diameters to be 18 and 20 inches respectively, 


then 2 = 2 inches and 5 = = and there the error committed by calculating 
1 
according to either rule cannot beso much as ~ of the whole, or so much 
1—— + ~—— 
10 = 300 


10 1 
as Si or th (very nearly) of the whole. If the cask in question had an interior 


length of two feet, then, by the first rule, its contents are 25°47 gallons, and, by the 


second, its contents are 24-56 gallons. So that the error committed by either way of 
gauging must be less than one gallon. 
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SPHERICAL TRIGONOMETRY. 


Berore reading the following trcatise, the studont will do well to reperuse tho 
treatise of Spherical Geometry already given (p. 251, &c). He will there find the 
definitions enunciated and the chief properties of spherical triangles proved which are 
employed as the premises from which the formulas of the following treatise are 
deduced. It is stated in the introduction to that treatise that the chief applications 
of this science are found in practical astronomy and geodesy; also it is stated on 
np. 256, that the side of a spherical triangle measures the angle it subtends at the 
centre of the sphere, and hence is spoken of as an angle ;—now it is to be observed 
that in practical astronomy, the measurements made by the various instruments are 
invariably the angles subtended at the eye of the observer by arcs of the great 
sphere, for instance, the altitude of a star is measured directly as an angle,—so that 
in these cases the radius of the sphere never enters into consideration ; but in the 
case of measurements on the earth’s surface, if we have a distance measured along a 
great circle in miles or yards, which is to enter into our calculations, we must 
determine the angle these yards or miles subtend at the earth’s centre; thus if a is 


the length in question, 7 the radius of the earth, @ the angle, then 6 = © where 0 is 
? 


a 180° 

ar 
observed that in case the sides of a spherical triangle are small compared with the 
radius of the sphere, the triangle does not differ sensibly from a plane triangle: cy. 
a triangle on the earth’s surface the sides of which are each about a mile long will not 
differ sensibly from a plane triangle, unless the measurements are made with very 
refined instruments; hence it is manifest that the plane triangle is the limit ofa 
spherical triangle, and accordingly we shall find that the formulas for the solution 
of spherical triangles are quite analogous to those that have been already deduced for 
the solution of plane triangles (pp. 822, 325), and we shall see that the latter can be 
deduced from the former by considering the plane triangle as the limit of the 
spherical triangle. 

N.B. The following results already proved on p. 259 are very important. [et 
A, B,C, a, b, c, be the angles and sides of any spherical triangle, and A’, B’, C’, u’ b’, c’, 
the angles and sides of the corresponding polar triangle. Then 

A+a=—-B+0'=C +e’ = 180° 

And A’+a=B+b6=C’ + ¢= 180° 
We shall employ this notation for the angles and sides of a spherical triangle ond of 
its polar triangle throughout the following treatise. 


in circular measure. If @ contains n°, then n° = Further it will be 
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(1.) Zo show that the Sines of the Angles of a Spherical Triangle are proportional to 


the Sines of the opposite sides. 
Let ABC be the triangle, O the centre of the sphere, join OA, OB, OC; through 
A draw a plane ANP perpendicular to OB, a 


cutting the plane AOB in AN and BOC in NP, 
these lines are perpendicular to OB, and the 
angle ANP measures the inclination of the 
planes, and is .°, equal to the angle B of the 
triangle, Through A draw another plane AMP 
perpendicular to OC, cutting AOC in AM, COB 
in MP, and AMP in AP, then AM and MP are 
perpendicular to OC, the angle AMP is equal 
to the angle C of the triangle, and AP is per- 
pendicular to the plane BOA, and .’, APN and 
APM are each right angles, Hence 





; AP 
Sin. B = —. it. = oes oer eve ae ‘ 
a iN oe anv0 AN 
Also since c is the angle AOB and 6 the angle AOC 
sin.¢ = AN. and sin. 6 = AM iF sin, 6 = AM 
OA OA sin. ¢ AN 


, sin. B __ sin. d or 82-_B _. sin. C 
" gin. ¢ sin. cc. sin, b sin. ¢ 
The same proof holds good of the other sides and angles. 
gin. A sin. B sin. C 

eet es = ———.... (1). 

sin. @ sin. 0 sin. ¢ 














Hence 





Q.E.D, 


Cor. 1.—Suppose a, 8, c, to be the lengths of the sides BC, CA, AB, then the 


angles denoted in formula (1) by a, ,¢, are a b . © in circular measure, 7 
ra ro 
being the radius of sphere. Hence 


























2s 30 _ »&b 
, fin — sin, — 
sin, — M o b 
sin. B ©. sy 2 8 r 
sin.C gin, & sin. & c sin, = 
9 c 5 , 
r ¢ c 
, r 
Now in the limiting case when r is infinite,2 = o and® = 0 
r " 
b c 
Bin, gin. > 
and .°, (Plane Trig. Art. 47) = 1, and = ], ., in the limit 
3 i : 
sin. B 


b 2 
io =o The formula for plane triangles (p. 322). 
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Cor. 2.—If through O and AP a plane be drawn cutting the surface of the sphere 
in Ap, then Ap is perpendicular to BC, and —s equals the sine of AOP: i.e. is equal 


to the sine of Ap, which we will call p. 


Now sin. Bain.c = AP. x eon == sin. Ap. 
AN OA AO 
”, sin. Bsine = sin p....- (2). 


cos. @ — cos. 6 cos. ¢ 


(2.) To prove the Formula cos. A = ceeer ae ite ee 


As before, let O be the centre of the sphere, and ABC the triangle, join OA. OB. OC, 
and produce the planes AOB, BOC, A 
COA indefinitely ; at A draw a plane 
Apq perpendicular to OA, eutting the ee 
planes AOB, BOC, COA in Ap, pq, gA 


respectively, then since pA is on the 
plane AOB, and perpendicular to OA, 























and qA is on the plane COA, and 2 = O 
perpendicular to OA, pAq is the angle 
between the planes, and .", is equal to 7 Pe 
the angle A of the triangle, also the 
angle pOq is the angle subtended by \/ | ae B 
BC : ie. is the angle a. p 
Hence (Plane Trig. Art. 37) Fig. 2 
Ap? + Ag? — 2 Ap, Ag cos. A = pg? = Op? + Gg? — 2 Op. Og cos. a. 
Ap __sin.e Ag sin.b OP 
aon OAa> “Conc OA sao OA 88% 6 = Conc 
— = 1 
OA ed cos. b 
. Sintc  sin?b  , sin. ¢ sin. b ; a. 1 __ 2 cos. a 
* cos.2¢ * cos.26 cos. ¢ cos.b cos.2¢ cos. cos. ¢ cos. b 
; 2ein.csin:b She vae.< 2con@ 1 sin.? ¢ 1 gin.? 6 
cos.ccos.6 ~ cos:c¢cos.b cos.2c¢ cos.2c¢  cos.2d cose 
md 1 SS cos.? c iy 
cos.” ¢ Cos.” ¢ cos.? ¢ 
Similarly oe ee ee 
cos? 6} cos:? ¢ 
, 2sin. csin. b 2 cos. @ 
ge. Sg CON ae ee 
cos. ¢ cos, 6 cos. ¢ cos. b 
“, sin. c sin. 6 cos, A = cos. @ — cos. ¢ cos. 0 
bi sdee Ae: Oe a PE (3) Q. E. D, 
sin. 0 gin, ¢ 


Cor. 1.—If a.b.c. represent the lengths of the sides of the triangle, and r the 
radius, 
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eT 

















ae a U2 +c — a? 
2 be 
or a®*—=b* + c? — 2 be cos. A. 
as in the case of the plano triangle. 
Cor. 2.—In formula (3) substitute 180° — a’ for A. 180° — A’ fora. 180° — D’ 
fur b, and 180° — C’ for c, and we shall have 


cos. A’ + cos. B’ cos, C’ 


b ae 
| Then < = <. are the angles of formula (3) in circular measure. 
Hence, remembering that cos. @ = 1 e + : and sin. 6== 6 — oe + 
: ss eimai iy ee ae eee 188 
we have 
a o° c 
omer. —: 1 a eee + eee = <= 
(: at ) ( or (: art ) 
Coz. A = —- 2 ee bce 
b b3 c e} 
= ’ as OD NE ot 
az de? c ; ee | 
(1 sae >) ae (1 a a =) + terms involving ——. os 
be tel 
pe eae terms involving =, + 
2 ; ae Tae 
+ ¢? — a? + terms involving —. Sa hee 
~ 2 be 2 Sercivinetlen 1 a 
a“ rT iS4 : ' ee 
: ge os ee ee : ee ee , 
Now in the limit when + is infinite, the terms involving ge BA will all 


I momen wate ss 
Cos. a? = sin. B’ sin. C’ 


This is true of the sides and angles of every polar triangle. Now it appears from 
Prop. xi, p. 259, that every triangle may be regarded as the polar triangle of some 
other; hence the above formula is perfectly general, and is true of every triangle, 
and we have 
cos. A + cos. B cos. C Soak. UO 

sin. B gin. C 


Cos. a == 


Cor. 3.—Formulas similar to (3) and (4) are, of course, true of Cos. B and Cos. C, 


disappear ; hence in the limit, 
and of Cos. 6 and Cos. e. 
| 


Calculation. 


cos. @ — cos. b cow? 


ne 


Since Cos A= — sin. Raine 


con. @ — cos, b cos. c cos, a — cos. 6 cos. ¢ + sin. 6 Rin. ¢ 


~]1l+cecos AmI1 + ——-~- etn, ie ete 
sin. J gin. c Bill. © BIL, C 


| 
(3.) Zo express the Formulas of the last Article in u Form adapted for Logarv‘hmic 











csdiietennnentbenmmmeemnemerneman onnenyeee en 
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hoe a : cos. a — cos. b cos. c cos. 6 cos. c + sin. Dsin. c-— cos. @ 
nd 1 — cos. A = 1—- —- 3 being Om ~ sin, 0 sins ¢ 
— a __ 008. @ — (cos, b cos. ¢ — sin. 6 sin. ¢) cos. @ — cos. (b -+ ¢) 
“s i es sin. dsin.c = "gin. b sin. @ 
A cos. (b — c) — cos. @ 
oe, ac mae 2S 
And 4 sin, ae sin. 6 sin. ¢ 
A ~ — 
© cos? & az Zaid GF - 6 + ¢) sin. } 3 (6 + ¢ @) 
2 sin. b sin, ¢ 


_ _A 2 sin. } ,(a—b + c)sin. }(a + b—e) 

And 2sin2 > = - —————_,_, + 
2 gin. b sin. ¢ 

Now ifa +b +c=238,thenb + c—a=2(s—a)a—b + e¢ = 2(s—b), and 


a+ b—c == 2(s —c), 
















A __ sin. 8 sin. ( — a) 


sin? A = 


es 2 wide 5 
oe 2 sin. b sin. c (5) | 
gin A — sin. (8 =e) sin. (s — c) 6) : 
2 sin. ) sin. ¢ 

ae tan 4 a sin. (¢ — b) sin. (8 — Cc) (7) | 

2 sin. 8. sin. (¢ — a) 

And since, sin. A = 2 ain. * cos. 

: | 
| 


Bee hein sin, 3. sin. (¢ -— a) sin. (3 — b) sin. (8 — cc) (8) 
| these formulas are analogous to the formulas on p. 324 of plane trigonometry, 
which can be shown to be ae limits of these in the same manner as in Cor, (1). Art. | 
(1), and Cor. (1) Art. (2). | 
It is to be observed that, since any two sides of a triangle are greater than the 
third, s — a, s — b, s —¢, are positive; and since all the sides of a triangle are less 
than four right-angles, s is less than two right-angles, and a fortiort, s — a, s — b, 


sin. (¢ — c), are cach positive, also } and c are each less than 180°; so that sin. 6 and 


| 
j 
s—c, are each less than two right-angles: so that, sin. s., sin. (s — @), sin. (s — b), | 
sin. ¢ are always positive. Hence, (5), (6), (7), (8), are always positive, and .°, tho : 
| 

- tan. i and sin, A derived from them are always real. 


lues of cos. ae 
va §1n. 5) 5 


2 
A , a 
Cor : If we consider the case of the polar triangle A = 180° — a’ ., 3 > 90° — — 


a == 180° — A’ b= 180° — B’ c= 180° — 


ex 270° — 5 (A’ + BY + C) = 270° — Sif Sta + B+ CY 


a 


8—ax90°— (SV — A). s— b= 90° — (S' — B) s— ce = 90° — (S'— C). 
a — cos. 8’ cos. (8’ — A’) 
Hence sin.? 3 = sin, B’ sin. C 


for all triangles we shall have 
a cos. S cos. (S — A) 


| 

{ 

| 

| 

° e ° a’ a’ | 
with similar expressions for cos.? _-- cotan.? > . and sin.? a’; and since these are true 

: 

gin? == — —~_____, 
2 sin. B sin. C a 
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or: 3 cos. (S — B) cos. (S — C) é 
Similarly ONS <= Tae pene (10) 
a cos. S cos. (S — A) 
= SAM 5 oe (S — B) cos. (8 — C) st) 
4 


and gin. a = 


ai Baare4 — cos. 8 cos, (S— A) cos. (S— B) cos. (S— C) } (12) 
where 2S = A +B+C. It is to be observed that A + B + C must be less than 
six right-angles, and greater than two right-angles; | S>90° < 270° .', cos. S 


is always neyative, 

Also S—A being equal to 5 - (B+ C-A) = 54 (180° — (b’ + c’—a’) } must be 
< 90°, since b' + ¢’ >a’ ,, cos. (S — A) is always positive, and similarly cos. (S — B) 
and cos. (S--C) are cine positive, and .°. (9) (10) (11) (12) though in appearance 


bed ope . « a a 
negative, are really always positive, and .°, give us real values for sin. 3? COB in 


a 
tan. ry and sin, a. 


: gD ns, G 
Similar formulas, of course, exist for sin. 3° sin. 5 &e. 


(4.) To prove the Formulas, 











cos, —— z sin eee 
Tan. aa =_= - 2 cotan. eo and Tan, i ee cotan. c : 
2 men a+b 2 2 a+b 2 
ai sin. 5 
oe + ha A i ain. (6-6) sin (s— ¢) tans 2 B a sin. (8—c) sin. (s—a) 

2 sin. 8, sin. (¢—a) 2 Bin. & sil. sin. (s—b) 
fe fae (ped 
tan? C __ sin. (¢@—a) sin. (s—b) 





2 ~ ain. & sin. (s—c) 
sin. (s—c) sin. (s—a) sin. (s—a) sin. (s—0)__ sin.® (s—a) 


a Poy ad tan 2c — , = Oe abr | 
2 2 sin. 8 ain. (s—d) sin. 8. sin. (s—c) sin.? | 








B C ain. (s—a) 
sees ea sin. 8 
i C A ain. (6—2) A B sin. (@—c) 
1 ~~ tan — = — tan. = ———— 
ce ears 2 2 sin. 8 and. tan.'> ” 3 Bin. 8, 
" tan. B tan, & + tan. © tan. A cule ‘ en. (s— 4) 
Buta hata eis ts ea 
: 1—tan. 4 tan, 2 j etcaets Cy 
2 Bln. & | 
B C , é , 2 sin. 5 (2s—a—5) COR. s(—~) 
tan, AF tan, & a. He Ga) + se) ie ae 


pin. 8—sin. (s—c) 2 sin. A ¢ cos. = 5 (2- °) 
2 
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sin. —~ ¢ccos, — (a 
2 fs 


parce =-_ — ipa acetontriop-ejeetaan tanner nina! 


sin. 1 6 Goe. (#42) 
2 2 








cos I a—b) 
tan, 2_*_B ee, here C 
5 i cotan. — (18) 
7 cos. = (a+b) 
2 
Similarly 
ae | 1 
2 sin. - ( a—b )cos. - s—a—b ) 
ton. AB tan, © _ Sime (@~b) — sin, (#2) ee) a SRE: 
2 sin. § + sin. (s—c) 2 sin. i Gee ) Cos, i c. 
y. 2 
ss 
A_B & 3 a — b) 14) 
o. tan. oa ae =O cotan. 7 


sin. ; (a + b) 
These formulas are clearly analogous to (36) on p. 325 Plane Trigonometry. 


Cor : If we take tho polar triangle, since 



































At Bo cae ag w+ A—B —a a+b _ : A’ +B’, 
2 LOO Se 7? a ae = — 9° 5) = 180° = 2 2 
fot SSH, and 5 = 90° — £. 
We have from (13) and (14) 
COs. ess sin. B’—A’ 
a’ + 0! 2 ¢ b' — a! 2 ¢’ 
— tan. 5 = TR tan. >? and tan. 5 = Wye tan: 3 
— COs, 9 81n. 9 


Hence, remembering that the formulas for the polar triangle are perfectly general, 
we have 

















ic 
a+ b a” c 
tab me ees So ree 15 
2 yas ga ) 
Cos. 
2 
ein, 22 
a— 6 7 2 c 
= tan: —. 16 
wo - A+B 2 (16) 
cca aa a 


(5.) To prove the Formula Cotan. A sin. C = Cotan. a sin. 6 — Cos. C cos. b. 


This formula is used in certain propositions : e.g. it is employed in the astronomical 


problem of finding the aberration in declination. 
TS 





408 SPHERICAL TRIGONOMETRY. 





From formula (3) we have 
Cos. A sin. 8 sin. c = cos. @ — cos. b cos. ¢. 


And from formula (3) we have 
Cor. c = cos. @ cos. 6 + sin. a gin. cos. C, 
., Cos. A sin. 8 sin. c = cos. a — cos. @ cos.? 6 — ain. a sin. b cos. 8 cos C. 
., Cos. A sin. 6 ain. ¢ = cos. a sin. 6 — sin. a sin. } cos. b cous. C. 
~. Cos. asin. c = cos. a gin. 6 — gin. a cos. 8 cos. C. 
Also from formula (1) we have 
: ain. C sin. a 
Sin. 6 ==) - = 
sin. A 


sin. C sin. a . ' 
= cos. asin. 6 — gin. a cos. b cos. C. 


“. Cos. gin, A 


* Cotan. A sin. C sin. @ = cos.a@ sin. ) — sin. « cos. § cos. C. 


* Cotan. A sin. C = cotan. a sin. b — cos. C cos. 8, 


Q.E.D. 


Tuer SoLtvutTion or RicHt-ANGLED SPHERICAL TRIANGLES. 


There are as many as six different cases of right-angled spherical triangles, as 
will appear from the following considerations :— 

Let A BC be the triangle, having a right angle at C. Then 
using the ordinary notation, all possible cases are the following : 

(1.) Given the base and perpendicular, i¢., given @ and 0. 

(2.) Given the hypothenuse and another side, i.e, given cand 
a, or c and J, 

(8.) Given the base or perpendicular, and an adjacent angle, 
ae. given a and B, or d and A. 

(4.) Given the base or perpendicular and an opposite angle, 
ze. given a and A, or b and B. A 

(5.) Given the hypothenuse and an angle, ce., given cand A, i eee 
or c and B. Fig. 2. 7 

(6.) Given the two angles, u¢., A and B. 

If these cases be compared with those on p. 361, for plane triangles, it will be seen 
that the third case of plane triangles diverges into twe cases, viz. the third and 
fourth of spherical triangles, while the sixth case is peculiar to spherical triangles. 
Both of these differences are duc to the circumstance, that in the spherical triangle, 
A + B + C is not known, whereas in the plane triangle A + B + C = 180° 


B 


6. To investigate the Formulas on which the Solution of Right-angled Spherical 


Triangles depends. 
From the general formula pean pula = edad 
sin. C gin. B sin. A 


Since C = 90° and .-, sin. C = 1, we have 
. sin. b BID. @ 
810. ce —— oa — 7 
gin. B sin. A 





eee Ae a te ee 





ee 
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.. sin. b = sin. c sin. B (17) 
Similarly sin.@ = sin. c sin. A (18) 
Again, sinco cos.C = C8: °— C8: % £08: and cos. C = 0, we have 
sin. a sin, 6 
*, COS. C = cos. a cos. b (19) 
Rosia eiaca G cos. C + cos. A cos. B 4 o 
gain, cos. C = sin. A sin. Boe «= 8Bd cos. C = 0 
*, cos. ¢ = cotan. A cotan. B (20) 
Again, since cos.a@ = °* a ies Hr cope and cos. C = Oandsin, C = 1. 
sin. B sin. C 
.. cos, A = cos. @ sin. B (21) 
Similarly cos. B = cos. b sin. A (22) 
Again, since cos. A = cos asin. B and sin. B= b 
sin. ¢ 
*, cos A = sin. 6 cos. @ and cos. @ == cos. C. by (2) *. COS. ih ss: sin. 0 ; COR. C 
gn. ¢ cos. b bln. c cos. b 
*, cos. A = tan. 6 cotan ¢ (23) 
Similarly cos. B = tan. @ cotan. ¢ (24) 
Again from (1) sin. @ = sin. csin. A = 2 o. sin, A from (2) and this = ie 
sin. B cor. 6 


cos. B P sin. A cos, 4 


sin. B cos. B 
But by (4) cos. B = cos. b sin. A. 
*, sin. a = tan. b cotan. DB (25) 
Similarly sin, 6 = tan. @ cotan. A (26) 


(7.) Napier’s Rule for the Solution of Right-Angled Spherical Triangles. 


The formulas given in the last article can be included in a single rule, which is 
very easily cnunciated and remembeied. It is generally called Napicr’s Rule, having 
been invented by Napier, who, as we have already stated, was the inventor of 
logarithms. Leaving out C, which is 90°, there are three sides and two angles in the 
triangle, viz., a. b.c. A. B. we will call the base, the perpendicular, the complements 
of the hypothenuse and the angles circular parts; if we fix on any of these aud call it 
the middle part, then of the remaining four two will be adjacent, and the other two 
opposite: then it will be found that all the formulas of the last article are included 
in the following rule. “The sine of the middle part equals the product of the 
tangents of the adjacent parts, and also equals the product of the cosines of the 
opposite parts ;” 

Or, Sin. mid. = tan. ad. = cos. op. 
Thus, if 90° — A is the middle part, then 90° —c and b are the adjacent, and 90° — 
B and a are the opposite part. 
The rule gives us * sin. (90° — A) = tan. (90° —c) tan. b = cos. (90° — B) cos. a 
Or Cos. A = tan. 8, cotan. c = cos. a, sin. B (a) 
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Similarly if 90° — Bis the middle part, then 90° — cand aare the adjacent, and 
90° — A and 0b the opposite parts. The rule gives us 
Cos. B = tan. a, cotan. c = cos. b, sin. A (b) 

If a is the middle part then 90°—B and 6 are the adjacent, and 90°—c and 

90°—A the opposite part, then the rule gives us 
Sin. a = tan. 0d cotan. B = sin. ¢ sin. A (c) 

If b is the middle part thea 90°—A anda aro the adjacent parts, and 90°—c 

and 90°—A the opposite parts, then the rule gives us 
Sin. 6 = tan. acotan.A = sin.c sin. B (d) 

Finally, if 90°—c isthe middle part, then 90°—A and 90°—B are the adjacent, 

and a aud l the opposite parts, then the rule gives us 
Cos. ¢ = cotan. A cotan. B = cos. a cos. b (ec) 

If the five formulas of the present article be compared with the 10 of article (6) 
they will be found identical. Hence Napier’s Rule, as was stated, comprises all the 
formulas of Art. 6. It is a question whether as a matter of practice Napier’s Rule is 
really more convenient than the disconnected furmulas of Article (6). 


(8.) To explain the Method of Solution in the cases of Right-Angled Spherical 
Triangles. 


All the formulas of Art. 6, to which we refer in the present article, are expressod 
as products, and consequently are adapted for logarithmic calculations. The cases, 
as we have already seen, are the following :— 


(1) Givon @ and 2, find c, A and B 

Cos. c is given by (19), then cos. A is given by (23), and cos, B by (24) 
(2) Given c and a, find l, A and B 

Cos. 0 is given by (19), then cos. A is given by (28), and cos. B by (24) 
(8) Given a and 3, find b,c, and A 

Cos. A is given by (21), then cos. 0 is given by (22), and tan. ¢ by (28). 
(4) Given a and A, find 8, c, and B 

Sin, B is given by (21), then cos. 6 is given by (22), and cos. ¢ by (19) 
(5) Given c and A, find a, 6, and B 

Sin. is given by (17), then cos. a is given by (19), and cos. B by (22) 
(6) Given A and B, find a, b, and ¢ 

Cos. c ig given by (20), cos. a by (21,) and cos. 6 by (22) 


It will be observed that each of the above determinations is clearly unambiguous, 
except the determination of B in (4), and 6 in (5), for these are the only two 
determinations made by means of sines; for which reason if B’ and 0’ are the values 
less than 90° which satisfy (4) and (5), then 180°—B’,and 180°—® also satisfy (4) 
and (5), and hence it would seem that in the former case there would in general be 
two values of b and two of c, corresponding to B’ and 180°—B/ respectively ; and in 
the latter case that there would be two values uf a@ given by (3), and therefore two 
values of B given by (6). If more closely considered, however, it will appear that 
there is really no ambiguity in case (5). We will consider the cases separately. 
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In case (4) we have given A and a. Now AB and AC being produced mect at A’ 


where ABA’ and ACA’are each of arc 180° (See B 
Spherical Geometry, pp. 255, 256) and the angle wx [ 
at A’ is equal to the angle at A. Hence the 
angle A and theside a belong equally to triangle Cc 
ABC and to A’BC. And if we take the value of Fig. 4. 
B less than 90° to be ABC. Then CBA’ is 180°—B’, the second value ‘indicated by 
the solution. 
In case (5) — from (10) it appears that tan. a = gin. d tan A. 
Now s‘n. 0 is always positive, and hence the sign 
of tan. amust be the same as that of tan. A. Hence B 
if A > 90° a must be > 90° and ifa > 90 °A must X 
be < 90°, and A is given, hence only one of the two 
values of @ is admissible. This also follows from ek | 
geometrical considerations. Let C be the right- 
angle, then CA and CB when produced meet in (’, A 
then since we havo given AB (c) and BAC (A) we Fig. 5. 
determine 6, i.e. cA from the equation or 180°—b 
ze. AC’, but AC’ belongs to a triangle on which the angle BAC’ is not A but 180° — A, 
and .", the value AC’ is inadmissible. 


OL 


THE SOLUTION oF OBLIQUE-ANGLED TRIANGLES. 


(9.) To enumerate the Cases of Oblique-Angled Triangles. 


There are six cases of oblique-angled triangles, viz., 

(1.) Given three sides, e.g. a. b. ¢ 

(2.) Given two sides and the included angle, e.g. a. 6. and C 

(3.) Given two sides, an angle opposite to one of them, e.g. a. b. A 

(4.) Given one side and the two adjacent angles, e.g. A.B. c 

(5.) Given one side, the opposite angle and another angle, e.g. A. C. ¢ 

(6.) Given the three angles, eg. A. B. C 

As in the case of right-angled triangles, these six cases are analogous to the four cases 
of plane oblique-angled triangles (p. 863.) But the fourth case of a plane triangle 
diverges on to the fourth and fifth of the spherical triangle, owing to the circum- 
stance that A + B + Cis not known in the case of the spherical triangle, whereas 
in the plane triangle A + B + C = 180°. For the same reason case (6) is peculiar 
to the spherical triangle. 


(10.) Zo solve the First Case of Oblique-Angled Triangles. 


We can obtain A from either of the formulas (5) (6) or (7),;and then can obtain 


A 
B and C from similar formulas. Of these formulas (7) which gives tan. > is the most 


convenient if we wish to find both of the other angles. Compare the analogous case 
of Plane Triangles, p. 363. 


412 SPHERICAL TRIGONOMETRY. 


(11.) Zo solve the Second Cause of Oblique-Angled Triangles. 


In this case we will suppose that we have givenabandC. Then from formulas 
(18) and (14) we can determine A+s ed = Bnd Vieriees Asana oe ; and then, 
knowing A and B, we can determine ¢ from formula (1). 

If, however, we wish to determine ¢ directly, 2.¢., independently of A and B, we 
can effect our object by introducing a subsidiary angle in a manner analogous to the 
corresponding case of plane triangles. (See pp. 325, 365.) Thus, from formula (3) 


we have 





cos. C — cos. a cos. > 
s1n. @ sin. Ob 


Cos. C. = 


; Cos. c = cos. a cos, 6 + sin. a sin. b cos. C 
“, 1 — Cos. ¢ = 1 — cos. a cos. 6 — sin. a sin. 5 cos. C 
= 1 — cos. a cos. 6 + sin. a sin. } —sin. asin. b (1 + cos. C) 
= 1 — (cos: a cos. 6 — sin. a@ sin. b) — sin. asin. b (1 + cos. C) 
= 1 — cos. (a + 6) — sin. asin. b (1 + cos, C) 


Now 1—cos. A = 2 sine & and 1 + cos. A = 2 cos.? 





ah at 
eee . , at db . ; F 
: sin.? — = sin.? — sin. asin. 0 cos.2 — 
2 2 
e > * s a o 
Assume sin.* @ = sin. asin. b cos? . 
Pe 4, a+ ee 
; gin.” — = s1n,* — ——— gin.? 0 
2 2 
































+b 
2 
| at b 1 fa +b 
=2sin, > (45 —_— ) cos. 5 ( 5 +0) 
1 b 
x 2810. > (“= +0) cos. 5 (*t*— 0) 
. 1 sat b 1 fa +b 
a & ae ot Se os 
= sin. 5 ( 5 a | cos. = ( 5 a | 
2 si : ti +o) eon t+" +0) 
x 2 sin. 7 (“ 5 { 3 
a+ 





a+b 
—#) sin. (“Z- +8) 
This latter method is very much easier than the former: for by this we only 


require five logarithms, whereas by that we require eight, for the determination 
of ¢. 





° Cc . 
on sin.” 2 = 81n. ( 


(12). Zo solve the Third Case of Oblique-Angled Triangles. 


In this case we will suppose that we have given a, 5, A. Then we obtain ain. B by 
formula (1); and knowing a, 4, and A, B, we can determine C, by formula (18); and 
finally we can determine ¢ by formula (1). 
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It will be observed that in this case, since the results depend on our determining 
B from a given value of sin. B, they will be ambiguous, as in the analogous case of 
plane triangles (p. 366); for if B’is the value of B < 90°, which we derive from 
formula (1): then 180° — B’ also satisfies formula (1). 

This amount of ambiguity depends on the data. or let ABC be a triangle, 
having the angle BAC = A AC = band 


BC = c. Produce AB and AC to meet in A’, C 

draw CB’ = CB. Then the given data belongs 

as much to the triangle ACB. as to ACB’. A i 
Moreover it is plain that CBB’ = CB’B, and a : 

hence if CB’A = By, wo shall have CBA = " 35 LD 

180° — B’, the same conclusion that wo Fig. 6. 


derived from the formula. 
(13.) Zo solve the Fourth Case of Oblique-Angled Spherical Triangles. 


; P a+b... 
In this we suppose that we have given A.B. andC. Then —=- is given fiom 


) 
a—t 
formula (15), and > from formula (16); hence we obtain @ and 8, and then we 


obtain C. by formula (1). If we wish to obtain C without the previous calculation 
of a and b, we must introduce a subsidiary angle @ and proceed as in article (11). 
From formula (4) we have 

Cos. C = — cos. A cos. B + sin. A sin. B cos, 


c 
Assume sin.? @ <= sin. A sin. Bein’ 5 
And we shall obtain 


oC sAt+B i A+B 
Cos. = ein. ( 5 ae 0) sin. (> ses @) 
(14.) Zo solve the Fifth Case of Ollique-Angled Triangles. 
In this case we will suppose that A.C. andc. are given. We shall obtain sin. « 
from formula (1). Now, formula (13) gives us 


1 
ene: cos. 5 (4 — c) 
= —.————_ cotan. = 


2 cos. : (« + ) . 
2 


Whence we obtain B, and ao similar modification of formula (15) will give us 0: or, 
having B, we may obtain 5 from formula (1). 

In this case a is determined from its sine, and therefore has two values, viz. a’ and 
180° — a’, and if both these values are admissible, 
the case is ambiguous. 

In tho triangle ABC let AB = c BAC =A 
and BCA = C, and suppose BC = a’, drayv 
BC’ = a’; then if @’is greater than ¢c, it is plain 
that A falls between C and C’; in this case 
produce C’B and C’C to meet in C". Then the Fig. 7. 
angle BCC’ = BC’C = BC"C. Hence the data 
belong equally to the triangle BAC. and BAC"; and the case is ambiguous, provided 





Tan. 
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c < a; also it will be observed that BC” = 180° — BC’ = 180° — BC = 180° —a’s 
as previously appeared from the calculation. If BC is less than BA, then C’ would 
fall between B and A, and the above construction would be no longer possible. 
Hence if c > a, the case is not ambiguous. 


(15.) Zo solve the Sixth Case of Oblique-Angled Triangles. 


In this case we have given A,B,C. We shall find a from formula (11), and 8 and ¢ 
from similar formulas. This case, however, never occurs in any of the practical 
applications of spherical trigonometry. 


On the Solution of Quadrantal Triangles. 


A quadrantal triangle (Spherical Geometry, def. xiv. p. 260) has one side of 90°, and 
., the corresponding polar triangle is a right-angled triangle. Froro this considera- 
tion it would be easy to modify Napier’s Rule to suit the case of the quadrantal 
triangle. In practice, however, it is better to treat them as oblique triangles—on 
doing so it will be found in practice that the circumstance of one side being equal to 
90° will introduce important simplifications. 


ON THE FORMULAS PECULIAR TO GEODETICAL OPERATIONS. 


We have already stated in general terms that the science of spherical trigonometry 
finds one of its applications in Geodesy. It is to be observed that this application 
possesses some peculiarities in consequence of the sides of the triangles employed in 
a survey, on even the largest scale, being small compared with the radius of the 
earth, and consequently small when estimated in degrees or minutes; whereas, in 
astronomy, there is no limitation imposed on the magnitudes of the sides of the 
triangles employed in that science; our object in the present article is to explain 
concisely the results of this limitation, and to deduce certain formulas depending 


on it. 
(16.) To state the Olject of a Trigonometrical Survey of a Country. 


The object of the survey is, (1) to fix accurately the relative positions of certain 
chief points in the country, so as to lay them 
down on a map; and (2), having fixed these 
chief points, then by means of subsidiary opera- 
tions to lay down in detail all the minor features 
of the country, its roads, rivers, towns, hamlets, 
&c. The accompanying figure will be sufficient 
to Llustrate this matter for our present purpose, 
which is from an actual survey. A, is a place 
called Ruckinge, B, High Nook, C, Allington, 
D, Lydd, E, Fairlight Down, and F, Tenterden. 
The line AB, is measured very accurately, and y* 
is called the base line; and then the angles Fig 8. 

CAB, ABC, are measured ; from these data, AC, 
and CB, can be calculated ; then CB being known, the angles DCB, and CBD, can be 
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measured, and thus CD, and DB, be determined ; and this operation continued for 
any number of triangles whatever. It is usual in the larger triangles to measure all 
the three angles of any triangle, and not merely the two at the base; this is done 
with a view of keeping a check upon the various errors to which all observations are 
liable. 


When the triangulating has been continued for some distance, it is necessary to 
compare the calculated length of a line that has been fixed upon, and then measure 
it; the coincidence of the two results is a verification of all previous measurements 
and calculations; hence such a line is called a base of verification. It is usual to choose 
stations that are from ten to twenty miles apart; also it is usual to choose for a base 
line a line of about four or five miles long. In late French surveys only two bases of 
Verification have been used. The accuracy attainable in practice will be appreciated 
when the fact is stated that, in some English bases of vorification, of four or five 
miles long, the computed and measured lengths have differed only by one or two 
inches. The operations of a trigonometrical survey are then two,—(1) the measure- 
ment of base lines, (2) the measurements of angles. We will proceed to consider 
each of these. 


" (17.) The Measurement of a Base Line. 


A space of open ground which is nearly level must be chosen, the line to be 
measured being indicated by stations and stages erected, if necessary, to secure the 
horizontality of the base; the measure may be made by rods of glass, or steel, 
proper corrections being applied for temperature; a more convenient contrivance 
for securing accuracy in the measures has been devisod of late for the Irish Survey, 
it is of the following kind :— 


Pe B. 
AB, CD, are rods of platinaand Co edd 


iron riveted together at the ae eae 
middle point P, and are exactly ce ms 
the same length for a given u if 
temperature: Ap, Bg, are Pp qY 
marks affixed to the ends of Fig. 9. 


each. Now the metals havo 
different expansions for the same temperature ; suppose then that AB, for a chango 
in temperature, becomes ad, while CD becomes cd, then Ap will assume the position 


A 5a 
ap, and let Aa = 3a Cc = 8b, then if Cp is taken s0 long that = = 5 then p 
will not be changed by the change of temperature; since within very large limits the 


— oa 
expansion of a metal is proportional to the increase of temperature, and |°, 3 8 


constant; the same arrangement being made at the end, BD, the distance pq, will 
not be affected by change of temperature. 
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(18.)Zo Correct for want of Straightness in the Base Line. 


The nature of the ground may be such as to render it impossible to measuro a 
perfectly straight base line of sufficient 


length. This was the case in some of 7 Bi 
the French surveys, whero the actual ; 
measurement was of two straight lines ee ee 
inclined to each otheratanangleof very «4 7 8 
nearly 180°. Fig. 10. 


Let AB be the line the length of which 
is required, the measurements are AC = 6b. CB =a. and BCN = @ in circular 
measure =” suppose. Then it is plain that AB < (a + 8). Let us suppose 
AB =a + b—2; our object is to find 2. 
AB? = a? + 6? —2ab cos. (t — 6) = a? + 6? + 2 ab cos. 8 


Now (Plane Trig. Art. 50, cor.) cos. @= 1 — > ‘fiee OLB soak 


be? 
°" AB =a? +2ab + lb? — abe = a+ te {1— 
( ) (a + 6b)? 





ahge L ale? : 

,, AB = (a + b) {1 —G + bp "= (a + ny 4a Ons by if we omit 6'... 

abe? 
° AB=a+t+b— Fa +b) 
: be? 
2 T= Za + b) 
Now Sk, eo es anokeds 

ne 18U° x 60 x 60 
ab 
z= —— x °00000000001175 


a+h 


The correction tu be applied to the sum of a and 8, to obtain the true distance, Ab. 


(19.) Zo measure the Angles of the Triangles of a Survey. 


Any two of the three angular points of one of these triangles is rarely in a 
horizontal plane passing through the third; tho angle required is, of course, such a 
horizontal angle. Now the angles are measured either by a theodolite, or by a 
repeating circle—in the case of the former instrument, the vertical elevation of each 
object is observed, and the horizontal angle between them—that is to say, if ABC Fig. 
(D) are the stations, ANM the horizontal plane through A, BN and CM perpendiculars 
from B and C on AMN, then by the theodolite we observe the angles BAN, CAM, and 
MAN ; the last is the horizontal angle required. The theodolite is the instrument 
that has been used in the English surveys. But if a repeating circle is employed, 
the angle BAC is the one observed; and it is necessary to deduce from this the 
horizontal angle MAN. The repeating circle is the instrument used in the French 
surveys, 


TCS Stage eeaS eeSN 
NE A 
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(20). To determine the Correction for reducing an Angle to tne Horizon. 


Let ABC MN be tho same as in Jast article; with centre A and any radius describe a 
sphere, which meets the lines 
AB AC, AN, AM in p, 9,7, m, 
respectively. px and mg, if 
joined by great circles, clearly 
meet in Z vertically over A, 
since the circles must be per- 
pendicular to the horizontal 
plane. Then mz, or the angle 
mZn (Spherical Geometry, 
prop. v. cor. 4) is the angle jle 
required, and for its de- Fig. (11) 
termination we have given 
py = A, pn = h, qm = hb’, Suppose mZn = A + 8A, then our object is to 
determine 3A. 





Now in triangle »Z7 we have by formula 3, cos. pZq = ss a ea ie salu ue 
sin. pZ cos. 9@Z 
Now pZ = 90°— h, and 9Z = 90°— h’ 
“. cos. (A + BA) = 6%: A — sin. h sin. 2 
cos. / cos. h’ 

Now we will suppose 8A so small that we can omit 6A2... and / and }’ so small 
that we can omit every power and product higher than h*, Ak’, and h’. 

“. (Cor. Plane Trig. art. 50.) sin. 5A = SA, cos. 5A = 1, sinh = h, sin. h! = 
h’, cos. h = 1 — Lom and cos. hk’ = 1 ete 
2 2 


Now cos. (A + 5A) = cos. A cos. 8A — sin. Asin. 8A. Hence 


co. A—SAnin, A = CAA etek ie EE 
1 —; (h? + h”) 


cos, A 


P4 
* QA gins A = Al’ — a oan ak 


Now leth + h’=p,andh—l’ =q .°, 2h =p + g, and 2’ = p—g 
", Abd! = p? — @, and 2 (h* + h’t) = pt + ¢? 
., 465A sin. A = p*— gq? — (pt + ¢*) cos. A = p* (1— cos. A)—g? (1 + cos. A) 








, 458A 2 sin. A Cos. A = p* x 2 sin? A _ g? x 2 cos.? A 
ys 2 2 2 
sin. 4 cos, 
. 2 9 
ote 48A = Lp asia | sin. A 
cos, = — 
2 2 


1 A A 
2... OA, oe { 2tan, — — g’ cotan. — } 


Hence, whether we use the theodolite, or the repeating circle, we obtain the 
same end, namely, the determination of the horizontal angle. It is plain that the 
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livrizontal angle being determined at each of the stations, these are the true angles, 
supposing the triangle spherical ; and the triangle so determined is spherical. 
We may proceed with the triangle thus obtained in either of the following ways :— 


(21). To Explain the Methods of Treating the Triangles thus Obtained. 


(a.) Delambre’s Method. 
It is supposed that we have tables of the kind described in Art. 72, Plane 


a 
Trigonometry. Now we know a, the length of a side in fest, hence ~ tho angle 





{ 
subtended at the centre by a is known, and hence log. ae is known; we will 


suppose the table to give us this for every value of a in feet. Then by simply 

sin. b sin. B 
sin. @ ~ sin, A? hence 
L sin. 6 = L sin. a + L sin. B + ar: c: Lain. A — 10, from whence 0 can be 
obtained. 


(b.) By the Method of the Chordat Triangle. 


Let ABC be a given triangle, the sides of which are a, b, c, and angles A, B, C, 
join AB, BC, CD, by straight lines, then the plane triangle A 
formed by these chords is called the chordal triangle. 
Let C — 8C be the angle of the chordal triangle corres- 
ponding to the angle C of the spherical triangle. Now, by 
Plane Trigon. art. 37, 
2 (chord BC) (chord CA) cos. (C — 6C) = (chord BC)? +. 
(chord CA)’ — (chord AB)? 





idding log. a we obtain log. sin. a, Now from formula (1). 


@ a b 
2 sin. =sin. = cos, (C — 5C) = sin® - in? — 
sin. 58D. 5 ( ) 5 + sin? 5 
at Met fos _ 6 
— gin2 —, since chord @ = 2sin. — B 
2 2 ¢ 
A ctuin Fig 12. 


* a ie) ¢ 
Sun. @ sin, b cos. C = cos. ¢ — cos. acos. b = ( 1—2 gin? — 
7 


: b 
— G — 2 sin.2 =) (1 — 2 gin.2 >) 
a b 


P . a b 
2 Sin. — ot 
~~ S ° Bin, a COs. axe COS, oO le 
9 5 3 Z 008 C 
@ , b c a b 
= sin. 5 + sin? = —sgin? = — 2sin2 = gine = 
a , 6 7] b 


= 2 sin. 9” sin. 5 cos. (C —5C)— 2sin.? 5 sin? 3 
a b 

.. Cos. (C — 8 C) = cos, 9 C08. 5 cos. C + sin, Sin, 

Now omitting (6C)? . .. we have cos. C + 8C gin. 


7 ; _ @, 6 a b 
“. Cain. C= sin. 5 sin. | — (1 — cos. F008. 5 ) cos. C. 


b 
2 
C. 
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t-] 
Also sin. = 5 and. cos. =] — a omitting a? .... (Plane Trig. Art. 50, Cor.) 
ab ae + 52 i 
x i = cos. C. 
.. &C sin, C = j 3 


Leta + b =¢,anda—b=f + 4ab= @—f?,and2 (@+h) = e+ f° 
-16 SC sin, C = (e? — f*) — (c2 +f) cos, C = 2 (1 —cos. C) — f? (1 + cos. C) 


“. 325C sin. = Cos. £ = Qe? gin.” = 2f? cos.* 7 


1 C C 
J8C=-— 4 tan. = —f? cotan, — 
rat ce ad F \ 
In this we suppose the radius of the sphere to be unity; and so if, for instance, 


bs s ™ e ‘ . 
e is in feet and equals m feet, we must have e = a where r is the earth’s radius in 


: : ‘ sC __ T 
feet. If wo wish for 8C in seconds, let 8C = mn" then ao Ako eo ae 
5C 
() 000004848, as we lave already sech. “| m= 7000004848 


The above is the method used in the English surveys. 


(c.) By the method of Correcting the Angles, and Treating the Triangle as Plane. 


Let a, 6, c, be the sides to radius 7, then the circular measures of the sides are 


‘ abe 
respectively eee Now 

c a b 
COs. — —Ccos, ~ COS. — 
r . ia 

Cos, C = 5 

sin. - sin.— 

r , 











—- rn ren ete aeneesen oe 
— 


But if we suppose that we retain all terms up to the fourth order, i. e. 
a , ob oa b bey ab a? 4+ b2 
nf ne (2) G-8) 2 0-8): 


al b' a? b2 
FV) 
a? +52 
(8) 
and 


1 1 1 
c a b e ct a? af b° bA 
COS. — — C08. — COB. - = 1 —— aes i eee Parag igen 
" r r ‘ ( : ) (2 de * Bar ) 


lar 


ts 


Qt 2474 2 * Oat 
- ce ct a2 +h?) at+b'4+ 6a? 0? 
7 stage] ~{S-} 
_~V+— at+ bt— c+ 6a? b? 
2 2474 ' 


ms pees 
oo. @iBP\ 7. | at + het + Gat dt 
2, Cox. C= 575 (1+ 6) )(e+e-e- Se) 





Taking in every term involving <. 
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Ca C= (a? + 07) (a? +o? — ¢?) Ae} 


6 {2r3 

af + Bi— 1 
igi eee : 9 Ba! a _ It — a4 
oe a (20% + 22 + Bla? — ct — 3B a) 


Now 2076? + 2d%c? + 2cla? — ct — bt — at -= 20%c? + 2c%a? — ct — (6° — a®)? — 
4ct* — 2ct (b? — a?) -- ct — (b? — a2)? = 40%? — (2 + 8B? — a3)? = 
(2cb + c& +08— a) (2ch—c? —b2 + a2) = 


{ + 0)? — a} { a? - o — a7} = (b+e + a)@ + e—a) (a+b—o) (a—d40) 


= 16 A‘, if Ais the area of a plane triangle whose sides are a, 6,¢. (Plane Trigon. 
Art, 41.) 


: { a? 2g? 
Sap (eT OP + 


av+P—e 16 =A? 
Qab «24s abr 
Now if 8C is the correction to be applied to the triangle, in order that we may be 
enabled to reckon the triangle plane, so that C — 6C is the angle of a plane triangle 
whose sides are a, b, c, then 


= os. :C = 


a’ + b2—c* 


Cos. (C — 8C) = Dab (Plane Trigon., Art. 37.) 
And Cos. (C — 8C) - Cos.C + 8C, sin. C 
e ° 2 A?2 
.. Cos. C = Cos. C + &C, sin. os abr 
: 2 A? 1 A 
10 O = Saban C2 3 


Since the area of the triangle is : ab sin. C = A. 


Now if E is the spherical excess, z¢. the excess of the sum of the three observed 
angles over two right angles, we have (Spherical Geometry, Prop. ix.) 
A: Area of hemisphere ::E: 2r 
E being in circular measure. 
J, 2rnA = E x Qa 
.E=4 


red 
- scale 
3 


The same clearly holds good of either of the other angles; hence the rule deter- 
niines the spherical excess into three equa] parts, subtract one part from each of the 
angles, and the triangle can then be considered plane. If 8C is equal to x” then, 
as before, 

_ A . 
372 x *000004848 

It is to be observed that ” is very small, eg. rarely more than 5 or 6, hencea small 
error in the area will produce no appreciable error. Hence A can be found on the 
supposition that the original triangle is plane. 


mn" = 
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Tux proceding portions of this treatise on “The Mathcmatical Sciences” having given, 
at the commencement of the several Books of Euclid, the general definitions of a point, 
a line, &¢., also the Fostulates and Axioms, it is unnecessary again to repeat them, 
being sufficient for the student to refcr to them when requisite, in order to give him a 
clear understanding or conception of the Problem he may at the time have under dis- 
cussion. It is not here intended to give all the Problems contained in a complete treatise 
on Practical Geometry, but mercly a sclection of those which may be considered most 
useful in assisting the mechanical draughtsman, workman, or others who may be 
engaged in like pursuits. | 
Instruments.—F or the purpose of performing the construction of the different 
Geometrical figures, the only instruments absulutely required are a pair of compasses, 
a ruler, a lead pencil, and a drawing pen. | 
CompassEes.—The best form of compasses, or dividers (Fig.1), are made of metal, | 
such as brass or silver, from five to six inches in length, having stecl points, and formed 
with one of the points or legs moveable, which at any time, as occasion may require, can | 
be replaced by another containing a pencil leg (a), or a pen leg (6), the pen being con- | 
structed in the samc manner as the drawing pen, aftcrwards described. The various 
| 
| 
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| 
| 
} 


uses to which the compasses may be applied arc 
well known; the principal, however, being to 
measure or transfer distances, and when fitted 


with black-lead pencil, the other with ink.* The 
small figure (c) is an instrumcnt used for tightcn- 
ing the joint of the compasses when the legs work 
too easily, or the reverse; the two points (¢ e) at 
the one end fitting into two small holes (e e) at the 
head of the compasses—the other end being used 
for screwing up the nails (dd@) in the pencil or 
pen leg, so as to make the joint work easily. 

Rvu.ex.—The ruler in general use is mercly a 
bar of wood or metal, the edges being formed 
straight, and, for convenience, should be from six 
to twelve inches in length, about an inch in breadth, 
and is for the purpose of guiding the motion of the 
pencil or pen in a straight line or direction. 

Penort.—It may perhaps be considered unne- 
cessary to give a description of a common drawing 
pencil; but as there are few who, in commencing 
to draw mathematical figures, can form a proper 
point to their pencils, a few words may suffice to 
show the best method of doing it. 






Fig. 1. 


* The snk commonly used in drawing mathematical figures, &c., is that known as China Ink, 
which, being rubbed on a plate or palette, with a little water, runs more freely from the pen, and dries 
more quickly than common black writing ink; it also has the advantage of not running or blotting 
go much on the paper. 


me rr ee ene 
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A pencil for drawing (Fig. 2) is generally prepared by sharpening the wood and 
lead, so as to form a fine point, similar to (No. 1) in the figure; but the point (No. 2), 
as shown in the figure, is tho best form used for mechanical drawing, and is made by 
cutting two sides of the wood and lead flat, and lcaving but a small flat edgo on the 
othor two sides, the one side showing a broad point, as at (a), the other a fine point, as 
at (b). in this way, the lead of the pencil may be kept close to the ruler, and at the 





Fig, 3. 
lig. 2, 


same time draw a fine linc. A very simple and beautiful little inst:umont, not much 
known, called the “Pencil Cutter and Sharpener’ (Fig. 3), has becn invented, which 
forms the pencil point (No. 1), and is used by placing the pencil through the guides (a) 
into the hole or cone (4); and by turning it round with the hand against the knife 
edge (c), the point of the pencil is gradually formed. 

Drawine Prx —The drawing pen (Fig. 4), like a pencil, is used for drawing 
straight lines, guided along the edge of the rulcr; it is usually 
mado in two parts—viz., the pen and the handle. The pen 
part consists of two blades, with stcel points, so bent that the 
ends or points meet, but leaving a space or cavity for the ink ; 
and in order to draw lines of different thickness, those blades can 
be opened more or less by a small screw. The best pens are 
also made with a joint to one of the blades, to admit of the 
pen being more easily cleaned by separating them. The othcr, 
or upper part, forming the handle of the pen, screws into the 
lower portion, having attached a short piece of steel with a 
very fine point, gencrally called the protracting pin, and is 
used for setting off points in a line, or marking their inter- 
sections. 

Having briefly described the few instruments requisite, it 
will be necessary to show their application, by performing the 
three fellowing simple problems, generally given as Postu- 
lates (Euclid, Definitions, page 47), which however, by con- 
structing, the student will the moro readily become familiar 
with the instruments and their use. 





Fig. ° 
Propiem I.—TZo draw a straight line frem amy one pomt (A) to-any other point (B). 
Lay one edge of the ruler upon the point A, as shown in dotted lines in the figure, 








tn 








nn 
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Will also be found to be perpendicular to AB. 


bnd move the ruler round until it coincides with the point B; draw the point of the 
pencil or pen from A to B, keeping it always close to 


A 
the edge of the rulor: the trace or mark left upon ea aS 
tho surface of the paper is the straight linc reqnired. > 


5 
~, 
em 


ae on 
ProBiEM Il.—TZo prolong or produce the straight et ee 
line (AB) to any length towards (C), in a straight ™ 
dine. Fig. 5. 


Place one cdge of the rulcr upon the point B at the extremity of the linc AB; take 
any point in AB, such as a, so far from B that 4 B C 
the distance may bo less than the length of tho  tusmmsmmeemeumemcemgynnn:!amseenmsmanpemans ton 
ruler; make the ruler coincide with that point a, = 
and draw as before with the pencil or pen from B towards C, which will leave the linc 
produced as required. This operation may bo repeated as often as wished, so as to pro- 


long a line to any extent. 


Prosimu LIT.— Tb deseribe a circle from a centre (0), and at any, \ 
distance (OA) from the centre (O). 





> 

F 

' 

{ 

boo 
> 


Place the fixed leg or point of the compasses in the contre O, 
opening them until they take in the given distance OA or rading 
of the circle to be drawn; then move them round, describing the 
circumference of the required circle. 

After performing the three preceding problems, it will bo useful, in order to acquie 
a frec usc of the instruments in describing circles, drawing 
lincs through points of intersection, and joining points by 
straight lines, to draw the accompanying figure scveral 
times, and thereafter to procced to the construction of the 
following problems — 


PROBLEM 1. 





To bisect or diwide into two equal parts a given straight line 
(AB), (Euclid, Book I., Prop. X.)# Fig. 8. 

Ist MetHop.— When there is not sufficient space in the drawing on etther side of the 
given line. By means of the compasses, place a leg at one of the extremities of the 
line, open them until the other leg is at ary othcr point near the middle of the line; 
mark this point ; transfer the leg of the compasses to the other extremity of the line, and 
mark the distanco of the other leg from this point ; if the two points so marked do not 
coincide, open the compasscs to as near the middle of these two points as the cye will 
direct: proceed as before; the distance between the new points will be smaller than 
before, and a trial or two will cnable us to bisoct the line accurately. 

2nD Mrruop.+— When the given line (AB) occurs in or near the centre of the drawing, 


* References are made to the propositions in Euclid, where several of the Problems are demon- 
strated, in order that the student, should he wish to investigate the Problems further, may do #0 by 
examining the methods of construction there adopted. 

+ This is the method most frequently ned to bisect a line; but in practice it isnot neeeseary to 
draw the whole arcs, but merely the intersections, and by means of the ruler placed on those points, 
to mark the centre point C. The line DO or DE, in this and the following Problem, when drawn, 


ee a eee 
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and there ts sufficient room on both sides of the given line (AB). With the centre A 
(Fig. 9), and any radius greater than the half of AB, . 
doscribe an arc; with the centre B, and the same XB 
radius, describe another arc, cutting the former in /\*% 
Dand E; join the points of intersection D and E, j \ 
cutting the line AB in C, which will bisect AB in the | 


point C. A= eae 
38RD Mrernop.— hen the given line (AB) occurs near 

the bottom of the drawing, and sufficient room is only left / 

on one side of the given line (AB). With centres A and B 

(Fig. 10), and any cqual radii greater than the half of AB 

(this radius should be as long as can be conveniently 

got), describe arcs cutting cach other in the point D. 

With the same centres, and less equal radii, also greater than the half of AB, describe 

arcs cutting each other in the point EL; join DE, and 

produce the line until it cuts AB in C, which will be the » 

point of bisection of AB. shee 


PROBLEM II. 


To draw a perpendicular or a straight line at right angles to 
a given straight line (AB) from @ given point (C). A 
(Euclid, Book I., Prop. XI. and XI1.) 





Vig 10. 

Ist Meruop.— When the given point (C) ts within or without the given line (AB) and 
near the middle of it, With the centre C (Fig. 11), and 
any radius, describe an arc cutting the line AB in the 
points E and F. With the centres EF, and the 
same, or any other equal radii, describe arcs cutting 
each other in the point D; join DC, then the line 
DC is perpendicular to the the line AB as required. 

2nd MeErHop. — 
When the given point 
(C) ts within and ator 
yen near the extremity of 

the given line (AB). 
| Take an i 

y pomt F 
ee (Fig. 12) above the 
Cc line AB, and with the 
SE radius FC describe 
ais the are ECD, cutting 
AB in the point E; join EF, and produco it until it 
cuts the arc ECD in the point D, and join DC, which 

will be perpendicular to AB, as required. rs 

SRD Mernop.— When the given point (C) ts wtthout se s 
and opposite the extremity of the given line (AB). In Fig. 11. 


the line AB (Fig. 13) take any two convenient points E,F, With the centre FE. and radius 


ee 


Ne Dead 
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EC, describe the are CGD, and with the centre F, and radius FC, describe an arc 
cutting the former arc CGD in the point C and D; NOC 
join CD; the line CD will be perpendicular to the a 
given line AB, as required. 4 | ‘ 
A very simple method of setting off a perpendicular 
on the ground may be performed with a tape line in the VA 
following manner :—Suppose it was required to sct out ge 
a straight line of road (CD) (Fig. 12) at right angles, or A7—4y 
perpendicular to another straight line of road (AB) : 
from any point (C)in AB. Put in a pin at the point 
C, and also one at E, along one side of the line of road | 
AB, and three feet distant from C; put the ond of the | 
tape line at E, pass it round the pin at C, carrying it | 
up in the direction of the line of new road, and bringing # 
: 
| 
! 





twelve fect on the line to the pin at E, and holding Fig. 15. 
twelve fect and the end of the tape linc fast at EK, strotch the line tight, putting 
in another pin at seven fect on the linc. When stretched, this will give the point D, 
and form a triangle, having sidcs three, four, and five feet respectively in length, of 
which DC will be perpendicular to EC, and form one side of the new road required. 
This method of sctting off a perpendicular is taken from that beautiful theorem in 
Euclid (Book I., Prop. XLVII.), where in this casc ED, tho hypothenuse of the triangle, 
is cqual to & feet, and the two sides EC and CD, 8 and 4 fect respectively; therefore 
5? = 82-4 44, or 25 = 9-+16. Tho sum of the three sides being 12, or the whole 
length of linc uscd; but any numbers may be used (consistent with tho length of the 
tape line), provided they fulfil the required value. It may be easily remembered that 
any multiple of the numbers used, viz., 3, 4, 5, will suffice. : 


PROBLEM III. C é | 
— ee 
To dvau a stratyht line parallel to a given straight : em ae “. | 
line (AB), and through any given point (C). | 
(Euclid, Book I., Prop. XXX). 
Ist Mutnop.—Take any two points, D and E A———$— 3 8 
(Fig. 14), in the given line AB, the further apartfrom Fig. 14. 


vach other the better, with the centres D and E and 
radii oqual to the distance between the point C and the line AB ;* describe two arcs, 
and draw a straight line to touch or be a tangent 
to both arcs, then the linc GH is parallel to AB. 

2np Metuop.—From the point C (Fig.15) draw 
the linc CD perpendicular to AB; at another point 
anywhere in the line AB, but as far from D as 
convenient, draw E H perpendicular to <A B. 
Make EH cqual to CD, and draw through tho 
points C and I the straight line FG, which will be 
parallel to AB. 


| 
\ 
| 
i 
* The distance between C and the line AB Is easily got by placing one point of the compasses at 





C, and opening them until the other point just touches, or describes an aro, AB. FG may be drawn 
parallel to AB at any distance apart, by merely using that distance a5 the radii of the arcs. 
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8np Mrerrmop.—Take any paint D (Fig.16), the further from C the better, in the ine 


AB; join DC, and with the contre D, and radius C iH 
DC (orany other convenient radius which willeut. = ~~ oo 
DC), describe an arc cutting AB in E; also with / 
tho centre C, and the same radius, describe an / 
arc DIL; again with the centre D, anda radius " ce -" 





equal to the distance between C and E, deseribe 
an arc cutting the latter arc in If; draw the lino 
FG passing through the points C and H; tho line FG will be parallel to AB. 

4rn Metiov.—Tuke any point D (Fig. 17) in the line AB; join DC and produce 
it, making CO cqual to CD: with the centre O and radii OC and OD, describe two ares, 
the latter cutting AB in E; join OE, cutting the lesser arc in the point H; draw the 
line FG passing through the points C and H, then FG will be parallel to AB. 


Tig. 16. 


- 
Pr 
Te mores 





5TH Mernop.—Take any point D (Fig. 18) in the line AB; join DC and produce 
it; with the centre C, and radius CD, describe a circle, cutting AB in E, and DC 
produced in 0; with the centres E and O, and the same radius, describe arcs inter- 
secting in the point H; draw FG passing through the points C and H; then PG will 


be parallel to AB. 
PROBLEM IV. 
To divide a given straight line (AB) into any given number (say 8) of equal parts. 


Through A (Fig. 19) daw a line AD at any angle with AB, and through B draw 
BC parallel to AD ; from A set off six equal parts 
on the line AD (those equal parts should beas nearly Ce 
the length of the required equal parts of AB as can oy 2 


be estimated), and from B on the line BC sctoff / / | #4 

the same number (six) equal parts of the same ‘ : fg a 

length as before; join B and o, land 1,2and 2,3 “* 3. aa } 

and 3, 4 and 4,5 and 5, Aand 6; then the points OS ec oy 

where those lines cut AB, ofz., in a, 0, ¢, d, 6, will a Oe, 

divide the line AB into the required number (six) o~ p 
Fig. 19. 


f equal parts. 
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PROBLEM V. 

To find a mean or mean proportional between two gwen lines (AB and BC). 
Draw a straight line ABC (Fig. 20) equal in 

length to AB and BC togethor; bisect AC in 0, % 
and with the centre O and radius OA, or OC, 
describe a semicircle; from B draw a line perpen- 





dicular to AC, and meoting the scmicircle in the : 
point D, then BD is a mcan or mcan proportional 
between AB and BC. 

AB 





PROBLEM VT. 
To describe a square on a given straight line (AB), (Euclid, Book I., Prop. XLVI.) 
From the point A (Fig 21) draw AE perpendicular to AB 
(Problem IT.), and from AK cut off AD cqualto AB; draw DC : 
and CB parallel to AB and AD respectively, intersecting at the 
point C; or, with B and D as centrcs, and radii equal to AB, 
glescribe arcs intersecting at the point ©, and join DC and BC, 
then ABCD is the square required. * 








aoe 
Fig, 21. 


To describe a square which shall be equal to ary number of given squares (1, 2, 3, 4, 5). 


PROBLEM VII. 


Draw any two lines, AB and AC 
(Fig. 22), at right angles to each othor; ae] 
in AB make AD cqual to the sido of 
the square 1, and in AC make AK 
equal to the side of tho square 2, and 
join DE; thon in AB make AF equal 
to DE, and in AC make AG equal to 
the side of the square 3, and join FG ; 
again, in AB make AH cqual to FG, 
nnd in AC AK equal to the side of the 
square 4, and join HK; lastly, in AB 
make AL equal to HK, and in AC 
make AM cqual to the side of the square ae 
5, and join LM; then the square LM LF D 
NO, described on the lino LM, is cqual Fig. 22. 
to the sum of tho squares 1, 2, 3, 4, 5. 

By proceeding in a similar manner till all the sides of any number of given squares are 
employed, a square may be constructed equal to the sum of the given number of squares ; 
this, as well as the next problem, depending throughout their whole canstruction on (Huelid, 
Book I., Prop. XLYII.) 

* Of course any rectangle whose length and breadth are given can be constructed in a similar 


manner, by making the perpendicular cqual to the breadth, and either drawing parallels or u 
the length of the sides as radii, TOTO ERS REO ROERD ERI EAUAE BP r using 
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PROBLEM VIII. 


To describe a square which shall be equal to the difference of any two given squares 
(F and G). 


Draw any two lines, AB and AC (Fig. 23), at 


right angles to each other; in AC make AD equal 
to the side of the less of the two given squares, F; K_ H G 
with the centre D, and a radius equal to a side of 


the other given square G, describe an arc cutting AB 
in E; the square AEHK, described on the line AE, E 
is the square equal to the difference of the two squares “| . 
F and G. 


PROBLEM IX. 


To describe a square which shall be equal to a given 
parallelogram (ABCD). Fig. 28. 
Draw any linc GK, which shall be a mean proportional between the two sides, AB 
and BC of the given parallclogram 





(Problem V.), and upon the line ; 1 

GK describe the square IIGKL, “ ae Be 

which will be equal to the given ; ca ee mits 

parallelogram, ABCD. (Fig. 24.) / | ae | £ 
When the given parallelogram tig | ~ re 0 ‘ / 

not a rectangle, as AEF B, then draw ee - 2 


a rectangle ABCD, standing on the 
same base, and between the same parallels (Euclid, Book I., Prop. XXXV.), egual to tt, 
and proceed as before. 


PROBLEM X. 


To draw through a given point (F) a straight line, which shall tend to the intersection of 
two given straight lines (AB, CD), but whose point of intersection (0) falls beyond the 
limits of the drawing (LMN). 


lst Mzruop.—Through the given point E, draw any line EC, mecting AB in A, 
and CD in C, draw any other line 
HK parallel to EC, mecting AB and 
CD in G and K; join CG, and 
through K draw KF parallel to if, 
meeting AB in F; join EG, and 
through F draw FH parallel to it, 
meeting KG produced in H; join 
EH, which, if produced, would pass 
through the point of intersection 
0. 





pa, an pcre. a ln ns See a nm =, 
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Qnp Meruop.—Draw any two parallels EC and GK (Fig. 26), as before; join AK 
and CG, intersecting in F, and 
through F draw PQ parallel to EC 
or GK. Join EK, cutting PQ in R, 
and through the point R draw CH, 
meeting the line GK produced in 
H{; join EH, which, if produced, 
would pass through the point of 
intersection QO, 





PROBLEM xr. % 
Fig. 26. 


alt a given point (E) in a given straight line (ED), to make an angle equal to a given angle 
(ABC). (Euclid, Book I., Prop. XXIII.) 


With the centre B (Fig. 27) and any convenient radius, describe an arc, cutting 
ABin H,and BC in G; with the centre E and the same : ° 
radius, describe an arc cutting ED in the point L; with 2 
the centre L and a radius equal to the distsinod HG, ae \ ! 
describe another arc, intersecting in the point K; join —— | 





EK, and produce it if necessary ; then the angle DEF ® H 
will be equal to the angle ABC, as required. r 
Xe 
PROBLEM XII, a A 
To bisect any given angle (ABC). (Euclid, Book I, ” ae ciemaamana 7 a 
Prop. IX. Fig. 27. ! 
With the centre B (Fig. 28) and any convonient radius, describe an arc cutting | 


BA in D, and BC in E, with D and E as centres, and 
any equal radii, describe arcs intersecting in the point 
F ; join BF; thon the angle ABC will be bisected by 
BF, or divided into two equal angles, ABF, and CBF. 
By again bisecting the angles ABF, CBF, the angle 
ABC will be divided into four equal angles, and so on; 
by proceeding in a similar manner, the angle ABC may 
be divided into any even number of equal angies, con- 
tinuing in geometrical progression—viz., 2, 4, 8, 16, 32 
64, &c, 





PROBLEM XIIT. A 


To trisect or divide into three equal angles a given right angle’ dD) ~~ 
(ABC). 


With the centre B (Fig. 29) and any radius, describe an 
arc, cutting BA in D, and BC in E, from the points D and E as 
centres, and the samo radius as before; describe arcs cutting 38 Bi 
the former arc in F and G; join B and the points of intersec- Fig. 29. 
tion F and G; thon the angle ABC is divided in three equal angles, ABG, GBF, FBC. 
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PROBLEM XIV. 
To trisect 01 divide into three equal angles any gwen angle (ABG}. 
With the centre B (Fig. 30) and any radius, describe Be 
a circle cutting Bi in D, and BC in E; bisect the angle th 
ABC by the line BL (Problem XII,), and produce AB till na 
it meets tho circle in @; on the edge of the rulor mark , at f 


off a distance (4d) equal to the length of the radius BD or 
BE, and lay the ruler at the point G, moving it until the 
point d cuts the circle, and the point d intersects the line 
BL, in Hf and F respectively ; join BH, and set off HK 
equal to EH, leaving KD also equal to EH, and join BK ; 
then the angle ABC will be divided into the three eanal 
angles, ABK, KBH, and HBC. 


PROBLEM XY. 


To describe an equilateral triangle upon @ given straight Une 
(AB). (Euclid, Book I., Prop. I.) 





With the centres A and B (Fig. 31) and radii equal to ~.. 
AB, describe arcs intersecting in the point C; join AC oN 
and BC; the triangle ABC will be equilateral. 


PROBLEM XVI. 


To construct a triangle, whose side shail be respectively equal to 
threc given straight lines (1, 2, 3), any two of which are Fig. 31. 
greater than the third. (Euclid, Book I., Prop. XXTI). 


Draw any straight linc, AB, (Fig. 32) equal to 
the given line], with the centre A and a radius 
. equal to the given linc 2 describe an arc, and with 
the centre B, and a radius equal to the given line 
3, describe another arc, cutting the former at the 
point C; join AC and BC; then ABC will be the 
triangle required, ~ 





Fig. 82. 


PROBLEM XVII 
To jind the centre and radius of a given circle.* (Euclid, Book III., Prop. 1.) 
let Murnop.—In the circumference of the given circle ABC (Fig. 33),, take any 
* This problem is performed in Euclid by drawing any chord, bisecting it by a perpendicular 


meeting the given circle at its two extremities, which gives the diameter of the circle, by: bisecting 
whieh both the centre and radius of the-cirole are found, 
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point D, and from it as a centre, with any radius, describe a circlo cutting the circum- 
forence of the given circle in the points E and F, with which as 
centres, and the same radius, deseribe aros intersecting the 
circle EF in the points GH and KL. Draw lines pass- 
ing through the points H and G, L and K, and prodace them: 
until they intersect each other in the point O, which is the 
centre of the circle, and OM or ON the radius. 

By this method the ares DE and DF are biseetéd; and the 
problem may be performed by merely drawing any two chords, 
such as DE and DP, bisecting those chords by perpendtouiars, 
which being produced, until they intersect each other, wiil give 
the centre. 





2np MetHop.—Take any five points, B, E, D, G, C (Fig. 34), 
in the circumference of the given circle ABC, equidistant from 
each other; draw lincs passing through BE and GD, meeting 
in the point K; also through CG and ED, meoting in the point g 
L; join EG, and draw BD and CD, cutting the line EG in M 
and N respectively; and through the points of intersection 
KM, and LN, draw lines, and producc them until they intersect 
each other in the point O, which is the centre of the given 
circle ABC. 





PROBLEM XVIII. 


To describe a circle that shall pass through any three given points (ABC), which are not tn 
a straight line. 


From the point A (Fig. 35), as a centro, with any A 
convenient radius greater than half the distance AB | 
or AC, doscribe an arc, with B and Cas centres, and 
the same radii, describe arcs cutting the former in the 
points D,F and E G; draw lines passing through those 
points intersecting each other in the point O, and with 
the ccntre O, and a radius equal to the distance OA, 
OB, or OC, describe a circle which will ncccssarily 
pass through the threo given points A, B, and C. Fig. 35. 

This problem will be found most applicable in 
the case of a circular arch, whoso span (BC) and 
rise (AH) (Fig. 36), are givon, and it is required 
to deseribe it; join AB and AC, bisoct them: by 
the perpendiculars DF and EG; then, as: before, 
the point of intersection O is tha centre with 
which to describe the circle: * 

The joints of tho stones or eowssoire forming 
the arch are drawn from the centre, aud form 
continuations of the radii, 


* See “ Euclid;* Book ITI., Prop. XXV,. 
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, PROBLEM XIX. 


To find the point in a given straight line (AB), drawn from the one extremity of a given 
are (AEC), through which the other ex- 
tremity (C) of the given are, tf continued, 
would pass, and without using the centre. 


From A (Fig. 37) draw any chord AD, 
and also any other chord AE, making the 
angle DAE equal to the angle BAD; 
with the centre D and radius DE de- 
scribe an arc cutting AB in F; then F is 
the point in AB, through which the arc Fig. 37. 

AEC, if continued, would pass. 

When the centre ts evther not known, or at too great a distance to be conveniently used 

(as very frequently occurs in practice), this problem will be found exceedingly useful. 





PROBLEM XX, 


To draw a tangent to a given cirele (ABC) through a given point D in the circumference. 
(Euclid, Book III., Prop. XVII.) 


der Meruop.—If the centre O of the given circle ABC (Fig. 38) is not given, find 
it by Problem XVIT.; join OD, and through the given point D draw EF perpen- 
dicular to OD; then EF is the tangent required. 





Fig. 38. Fig. 39. lig. 40. 


2nD Metuon.—Take any other point O (Fig. 39) in the circumference of the given 
circle ABC; join DO and produce it; with the centre O, and radius OD, describe a 
circle cutting the given circle in C, and DO produced in G; make the arc GE equal to 
the arc GC ; join ED and produce it ; then EF is the tangent required. 

3np Mernop.—Take any other point O (Fig. 40) in the circumference of the given 
circle ABC; join OD and produce it; with the centre D, and radius DO, describe a 
eircle cutting the given circle in A and OD produced in G; with the centres A and G, 
and any oqual radii, describe arcs intersecting each other in the point F; join FD 
and produce it; then EF is the tangent required, 


4 
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PROBLEM XXI. 


To draw a tangent to a gtven circle (ABC) through @ given point (D) without the circwn- 
ference. (Euclid, Book III., Prop. XVII.) 


ist MetHop.—Find the centre O (Fig. 41) of the given circlo ABC; join OD, and 
bisect it in G; with the centre G, and radius GO or GD, describe a semicircle, cutting 
the given circle ABC in the point C, which is the point of contact ; join DC and produce 
it; then ED is the tangent required, touching the circle at the point C, and drawn from 
the point D. 





Fig. 41. Fig. 42. Fig. 43. 


2xp MetHon.—With the given point D (Fig. 42) as a centre, and any radius, 
describe an are cutting the given circle ABC in B and C; join DB, DC, and produce 
them till they meet the circumference of the given circle ABC in F and G; join BG 
and CF, cutting each other in the point H; join BC, and through H draw a lino 
parallel to BC, and mecting the circle in the points KL; draw from the point D lincs 
DE and DM, passing through K and L, which will be tangents to the circle ABC. 

Srp Mretnop.—From the given point D (Fig 43) draw any three lines cutting the 
siven circle in E,A in F,B and in G,C respectively ; join GB, FC, intersecting in K, 
and GA, EC, intersecting in II; draw through H and K a line meeting the circle in 
the points L,M which will be the points of contact; and lines drawn from D through 
those points L,M will be tangents to the circle ABC. 


PROBLEM XXII. “ @ 


To describe a cirele that shall touch two given straight line® 
(AB and CD) not in the same straight line, and touching 
ata given point (E) in one of them (AB.) 


Produce the given lines, AB and CD (Fig. 44), till 
they meet in the point G; maxe GF equal to GE; from 
E and F draw EO and FO perpendicular to AB and CD, 
respectively intersecting in the point 0; and with the 
centre O, and radius OE or OF, describe the circle HEF, 
which will touch the given lines AB, CD, and also AB in 
the point E, as required. 
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PROBLEM XXIII. 


To describe a circle that shall touch a given straight ine (AB) te @ given point (E), and 
shall also pass through another given point (F) not in the same <@) 
straight line (AR). " 

From the given point E (Fig. 45) draw EG perpendicular 
to AB; join EF, and biscot it by a perpendieular CD, cutting 
EG in tho point 0, with which as a centre, and the radius OF, 
describe the circlo EDF, which will touch the line AB in the 
given point E, and also pass through the given point F. 


PROBLEM XXIV. 





To desoribe « part of a circle that shall touch a given 
straight line (AB) in @ given point (E), and shall r 


also touch a given are (DGH). G 


Draw EC (Fig. 46) perpendicular to AB; and 
through the centre K of the given are DGH, draw 
KL parallel to EC, and meeting the arc DGH con- 
tinued in tho pot L; join LE, and produce it to 
mect the given arc in the point D, and join DK, 
cutting EC in 0; then with the centre O, and radius . | 
OF, describe a part of a circle which will touch the 
given line AB in the given point E, and also the Fig. 46, 
given arc DGH in the point D. 





PROBLEM XXV. 


To describe two ares that shail meet each other in the line of thetr contres, and. shadl touch 
two given straight lines (AB, CD) at the given powts Cc 
(E, F) in those lines, the radius (EG) of the lesser are 
being also given. 


From the point E (Fig. 47) draw EG perpendicular 
to AB, and oqual to the given radius, and from the point F 
draw FH perpendicular to CD, and make it equal te EG 
join GH; bisect GH by a perpendicular KO, cutting FH 
produced in the point O; join OG, and produce it, then 
with O as a centre, and radius OF, describe an arc 
meeting OG produced in L. With the centre G, and 
radits GE or GL, describe an are mesting the former are 
in L; then the arcs FL and EL arethose required, meeting A 5) B 
each other st the point L in the line LO, passing through Fig, 47. 
both their centres G and O, and also touching AB and CD in E and F. 
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PROBLEM XXYVI. 
To find a straight line nearly equal to the length of a gwen are (ABC). 


Bisect the given arc in B (Fig. 48), and draw the 
lines AB, AC; with the centre A, and radius AB, 
describe an are cutting AC in D; make DE in AC 
produced equal te AD, and divide CE inte three equal 
parts, and make EF equal to one of the parts; then 
AF will be nearly equal to the arc ABC. 





PROBLEM XXVII. 


To draw « straight line nearly equal to the cireum- 
JSerence of a given circle (ADBC). 


Draw the diameters AB and CD (Fig. 49) at 
right angles to each other; produce CD until DE 
is equal to threc-fourths of DO; through C draw FG 
parallel to AB; join EA, EB, and produce them 
until they meet FG in F and G; then FG will be 
nearly equal to the semi-circumference of the circle 
AD BC. 





PROBLEM XXVIII. 


Te inscribe a circle in a given triangle (ABC) that shall touch all its sides. (Buclid, 
Book IV., Prop. IV.) 


Produce AC (Fig. 50) both ways; with the centre A, and any radius, describe an are 
cutting AC produced in D, and AB in E; 
also with the centre C, and the samo radius, 
describe an arc cutting AC produced in F, 
and BC in G; join DE and FG, and draw 
through A and C lines parallel to DE and 
FG respectively, and cutting cach other in 
the point O; then O is the centre of the / ~~ 
required circle (the lines AO and OC will bisect [ aid 
the angles BAC and ACB, which might be done ™ ; 
by Problen XII). From O draw OH por- Fig, 50. 
pendicular to AC; then with the cantre O, and radius OH, describe a cirele which will 
touch all tho sides of the given triangle ABC, 





PROBLEM XXIK. 
Te describe a circle about a given triangle (ABO). (Euclid, Book IY., Prop. V.) 


' This Problem is simply to describe a circle passing through three given points, 
ABC, as given before in Problem XVITI. 
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PROBLEM XXX. 


To draw a square within or about a given circle (ACBD). (Euclid, Book IV,, 
Props. VI. and VII.) 


Draw through the centre O (Fig. 51) any two diameters, AB 
and CD, at right angles to each other, meeting tho circle in the 
points ACBD. To inscribe a square in the circle, join those four 
points; then ACBD is the square required; and to describe a 
square about tho circle, draw tangents or lines parallel to the 
diameters at those four points, then EFHG is the square 
required. 





PROBLEM XXXI. 


To circumseribe and inscribe ctreles to a given square (ABCD), (Euclid, Book IV., 
Props. VIII. and IX.) 


Draw the diagonals, AC, BD (Fig. 52), intersecting in 
the point O, the centre of the required circles. With 
the centre O, and radius OA, describe a circle which will 
pass through A,B,C and D, and be circumscribed about the 
given square ABCD. From 0, draw OF porpendicular to 
DC; and again with the centro O, and radius OF, describe | 
a circle which will touch all the four sides of the square, 
and he izseribed in the given square ABCD. 


on ne i tree a eee 





PROBLEM XXXII. 


To describe a pentagon on a gwen straight line (AB). (Euclid, Book IV. 
Props. XI. and XII.) KF. 


Ist MetHov.—Biscct AB in C (Fig. 53), and from B 
draw BD perpendicular to AB, and equal to AC or BC; 
join AD‘and produce it; with the centre D and radius DB 
describe a circle cutting AD produced, in E; with the 
centres A and B and radii, each equal to AE, describe arcs 
intersecting in F ; lastly, with the centres A and F, and 
radii, each equal to AB, describe arcs intersecting in G, 
and with B and F as centres, and the same radii, describe 
arcs intersecting in H; join AG, FG, FH, and BH; then 
ABHFG is the pentagon required. 


~ 





Fiz. 53, 
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2np Meruop.—Bisect AB in C (Fig. 54), and from B draw BD perpendicular to 


AB, and equal to AC or BC; join AD and produce it; 
with the centre D, and radius DB, describe a circle cut- 
ting AD produced, in E; join BE with the centres A and 
B and radii, each equal to BE, describe arcs intersecting 
in O, with which as a centre and radius OA or OB, de- 
scribe a circle. With the centros A and B and radii, each 
equal to AB, describe arcs cut- 
ting the circle in G and H; 
lastly, with the centre G or H, 
and tho same radius, describe 
an arc cutting the circle in F, 
and join AG, GF, FH, HB; 
then AGFHB is the pentagon 
required. 





Fig. 54. 





Fig. 55. 


3np Metnop.—With the centres A and B’(Fig. 55), and 
radii, each equal to AB, describe circles intersecting in C 
and D; join CD, cutting AB in E, and produce it. Make 
EK equal to AB; join AK, and produce it, till KL is equal 
to AE or EB; with the centro A, and radius AL, describe 
an arc cutting DC produced in F; and with the centre F and 


radius AB describe a circle cutting the circles DAC and DBC in H and G respec- 
tively ; join AG, FG, FH, and BH; then ABHFG is the pentagon required. 


PROBLEM XXXIiI. 


To describe a vegular hexagon upon a given straight line, (Euclid, Book IV., Prop. XV.) 


With the centres A and B (Fig. 56), and radii, each 
equal to AB, describe circles intersecting in 0; with the 
centre O, and the same radius, describe another circle, 
cutting the two formcr in F and C respectively ; join AO 


and BO, and produce them till they meet the latter circle By 


in D and E respectively; join BC, CD, DE, EF, and 
FA; then ABCDEF isthe hexagon required. From this 
it will be scen that tho side of a hexagon is equal to the 
radius of the circumscribed circle; and by merely finding 
the centre O as above, and setting off the length of the 





Bp 
of” . 
of . 





given line siz times round the circumferenco, the hexagon will be constructed. 


PROBLEM XXXIV. 
To desoribe a regular octagon on a given straight line (AB). 


With the centres A and B (Fig. 67), and radii equal to @¢ 


AB, describe circles intersecting in K ; with the centre K) 
and the same radius, describe a circle cutting the two former 
in Land M; with the centres L and M, and still the same 
radius, describe arcs cutting the last circle in N andO; join 
AN and BO, by lines cutting the two first circles in P and 
Q, and produce them ; join AQ and BP, and produce them 
till PG and QD are each equal to AB; and lastly, with the 
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centres G and D, and the same radii, equal to AB, describe circles cutting the two first 
circles in H and C, and the lines AN and BO produced, in F and EK. Jom BC, CD, 
DE, EF, FG, GH and HA; then ABCDEFGH is the octagon required. 

2np Mernon.—With the centres A and B (Fig. 58), - 
and radii, each equal to AB, describe circles cutting cach 
other in K and L; join KL, and through A and B draw 
AF and BE parallel to KL, cutting the cirdles in M and 
N; join AN and BM, and parallel to them through A 
and B draw AH and BC, moeting the cireles in H and 
C; through H and C draw HG and CD parallel to 
KL, and mecting BM and AN produced in G amd D; 
and lastly, through G and D draw GF and DE parallel 
to AD and BG, cutting AM and BN produeed in F and 
E; join FE; then ABCDEFGH is the octagon re- ; 
quired. ces ners 


L 
Fig. 56. 





PROBLEM XEXYV. 


To describe a regular polygon (containing any number of given sides) upon a given strarsht 
line (AB). 

With the centre B (Fig. 59), and radius AB, de- 
scribe a semicircle, meeting AB produced in H; divide 
the semicircle into as many equal parts as in the pro- 
posed polygon; join B and the second point of division 
C; bisect cach of the sides AB and BC by perpendicu- 
lars imtcrsecting in 0; then with the centre O, and 
radius OA, OB, or OC, describe a circle, which will 
pass through the points A, B, and C; this circle will be 
that described about the required polygon; and there- 
fore, by sctting off AB as many times as required round 
the circle thus formed, the polygon will be deseribed. 
The example given in the figure is a nonagon, or ninc- 
sided figure. Fig. 59 





ON THE CONSTRUCTION OF THE CONIC SECTIONS. 


The preceding propositions depend entircly on the properties of straight lines and 
circle, and therefore admit of construction by rule and cempasses. Now, beside the 
circle there are several curves which are used more or less by draughtsmen; these are 
for the most part drawn, when required, by detarmiming accurately sevcral points in 
them which are then neatly joined by the hand. Of these curves the ellipse is the anc 
oftenest needed, and is used, in fact, almost a8 much as.tho circle, in consequence of 
the perspective representation of a circle being an cllipse. Besides the ellipse, the 
hyperbola and parabola are often needed im the delineation of shadows. These threc 
curves are gencrally called conic sections, and for this reason—if a right cone is cut by 
a plane, the curve which bownds.éhe seotion.is ome of these three, except in the special 
cases when the clliptic section degenerates ato a circle, and the hyperbolic inta two 
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straight lines. The object of tho few following pagos is to prove such properties of 
those curves as shall”cnable{us to give rules for their coastruction. The complete 
investigation of their properties,{which forms a distinct and very intoresting branch of 


mathomatics, is not here intended. g 
DEFINITION 1.—Let dD (Fig."60) be a given fixed P 
straight linc, called the directrix; S_a given fixed point, 
called the focus; P a moveable point. Let Pd be perpen- 
dicular to the given straight/linc ; then if P move in such a 
manner that SP bears a contant ratio to Pd, it traces out p é 


one of the curves called conic sections. Fig. c0 

Derinition 2.—Suppose SP: Pd::e¢:1, then ife Z 1, ; 
the curve is an‘edlipse ; if ¢ = 1, the curve is a parabola; ife 7 1, the curve is a 
hyperbola. 







THE ELLIPSE. 


Let Dd,8 and P (Fig. 61) bethe same 
as in tho foregoing definitibns; through S 
draw DAa perpendicular to Dd. Then if 
A and @ are so taken that SA: AD: :e: 
1, and Sa: aD::¢:1,then A and a are 
points in the ellipse; also the linc Aa 
ig tho ¢rausverse diameter or major axis ; 
bisect Aa in C, then C is the centre of the 
ellipse; through C draw BCd perpendi- 
cular to Ag, then Bd is celled to canjugate 
to the transverse diamcter, or the minor 
axis; take H, so that aH = AS, or so 
that CS=CIl, then II and S are called 
the foci (singular focus). Bigs Ol 

















1. To show that in the ellipse CS==e, AS. 


We have already: soen that AS =e. AD, also that Sa =e. aD ., aS ~—SAme 
(aD — DA), and oH = AS. -. SH=e. Aa, or SCme. AU. Q.E.D. 
N.B. eis callcd the cccentriaity of the cllipse. 








(2.) To show that 8B = AC. 


‘Manifestly SB = «. DO =e AD+eAC=AS+S8C= AC. QED. 
Cor.—Hence, BC? = SB? — SC? = AC? — SC? = AC? (1 — ¢”). 







(3.) Zo show that SP = AC —e. CN. 


Manifestly, SP =:6 DN=e (DE—CN) =e (DA+ AC) —e CN 
=eDA+e¢AC—eON=AS+S8C—eON 
== AC — e CN. 


(4.) Zo show that 






PN? , CN? 
a == 1, 
CB? - CA? 

For SP? = SN? + PN? (Eucl. I., 47). But SP = AC —e CN and SN = SC ~ CN 
-, (AC — ¢ ON)? = (SC — CN)? + PN? and SC = ¢ AC. 






















ro 
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, AC? — 26 AC, ON + & CN? = e& AC? — 2 ¢ AC ON + CN? + PN? 
“, AC? (1 — e) = CN? (1 — e*) + PN? 
. ,_. ON? (1—~e? PN? 271  -\— (Re 
l= contin t Ira =e) Nowa@ = CB 
_._ CN? , PN? 
a0? Bor 
. PN? , CN? , 
Ga + et © Q.E.D. 
Cor.—With contre C and radius CA, describe a circle Apa; produce NP to meet 
the circumference in p; join Cy, which is plainly cqual to AC. 
Now pN? + CN? = Cp? = CA?. 
_ PN 4 ON CN2 
"CA? © CA? 
_ PN? _ pN? 
"3. CB? CA? 
Or, PN : pN :: CB: CA. 
This result, and the previous one, wc have already had occasion to use in the article 
on Mensuration. (See p. 376, &c.) 





= 1, 


(5.) To show that TP = AC +e CN. 
For IP? = PN? + NH? = PN? + (CN + C8)? = PN? -+ (ON + ¢ CA)’. 
Now from art, 4, PN? = CB? — ere _ ONY = (1 — #) CA? — (1 — e°) CNY, 


“, HP? = CA? — e CA* — CN? 7 e? CN? +- CN? 4+ 2e CA, CN +e? CA? 
== CA? + 2e CA, ON + e? CA? = (CA + ¢ CN)?. 
“, HP=CA + e¢ CN. 

Cor.—Hence, 8S? + HP = CA —eCN+CA+e¢CN =2CA= Aa. 

Or, SP +- PH = the major axis of the Ellipse. 

On this property of the Ellipse the first and third practical methods of construction 
depends, 

(6.) JFEFGH (Fig. 62) ts arectangular 
parallelogram, and DC and ABare the lines 
joining the bisections of the oppostte sides, 
divide GB into n, equal paris, and also 
OB into n, equal parts. Let Gp, contain 
p of the parts into which GP ts divided, 
and let Op, contain p of the equal parts 
into which OB ts divided, join Dp, and 
Cp, and produce it to meet Dp, in P; 
then P ts a point in the Ellipee, whose 
major and minor axes are AB and 
OD. 

For, drawn PN parallel to DO and .*, perpendicular to AB. 


Now, Op, = ~ OB. and Gp, = z OD. 


Also, OD — PN _OD—p,B _ Gp, _p oD 
ON ~ OB OB n° OB. 





Fie, 62. 





Again, draw PM perpendicular DO, Then 
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Op __ MP .. ON _ p OB 
oc ~ MC’ OC+0M n OC 
OD+PN _ » OD 
ON ~ p OB! 
OD—PN_ y» OD 


Now OC = OD .-. 





But we have already seen that ON = 3° OB 
OD?— PN? _ OD? 
~ ON2 7 ~~ OB? 
. PN? , ON? 
* op: T Op = 


fence by article (4), P is a point in an ellipse, whose major and minor axes are OB 
and OD respectively. 
On this principle the second practical method is founded. 


(7). Jf AB, CD (Fig. 63) are two lines 
at right angles to each other, and bisecting 
each other in the point O, then of Pad is a 
straight line, so placed that Pd = OC 
and Pa = OA, then the point P ts in an 
ellipse, whose axes are AB and CD. 

For draw PN, PM at right angles 
to OC and OA. 

Now by similar triangles, 

05 _ PM __ ON 
ab” Pa OA ° 
and ve = an = ng 
ab - Pb OC 
_ LPN ON? — O# +00 _ abt 
- 0c: + pas = 1. 





Since 40a is a right angle. 


OA? ab abe 


fence (art. 4) P is a point in the specified ellipse. Q. E. D. 
This is the principle of the Trammel described in the fourth practical method. 


To describe an Ellipse, the transverse (AB) and conjugate (CD) diameters being given . 


Ist Mutuop.—Draw AB and CD, bisecting each other at right angles, in the centre 
O (Fig. 64); with the centro D or C and radius 
OA or OB, describe arcs cutting AB in F and E/ 
F , which points will bo the foci of the ellipse ; 
take any other point P in the transverse diame- 
ter AB, and with the centres F, F’ and radii 4 t+—)B 
equal to AP and PB, respectively, describe arcs 
intersecting in the point E, which will be a 
point in the curve, By taking several points 
in the transverse diameter, and proceeding c 
in a similar manner, as many points in the Fig. 64, 
curvo may be found as may be required, through which the ellipse may bo drawn. 
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2xp Meruon.—Through the cxtremities of the given diameters draw the rectanglc 
EFGH (Fig. 65) ; divide AE, AF and BH, 
BG into any number of equal parts (say 3) ; 
also divide AO and OB into the same 
number of equal parts; join D and the 
points of division in AF and BG, also 
C and those in AE, and BH. Again, from 
D draw lines through the points of divi- 
sion in AO and OB, intersecting the lines 
drawn from C to the points in AE and 
BH; and in the same manner from C draw 
lines through the points of division in AO 
and OL, intersecting the lines dzawn from Fig. 65. 
D to the points in AF and BG; the intersections thus derived arc points in the curve 
through which the required ellipse may be drawn. 

3xD Metnop.—An ellipse may easily be drawn by means of a thread, in the fol- 
lowing manner :— 

Find the foci F and F” (Fig. 66) as in the first method; take a piece of thread equal 
in length to the distance betwen the foci added to D 
the transverse diameter, and fasten the two ends ; 
haying fixed two pins in the foci, pass the thread 
round them and stretch it, place a pencil in the 
angle made by the thread when stretched, and , B 
commencing at one end (D) of the conjugate 
diameter, the thread being in the position FDF’ 
(as shown in dotted lines), move the pencil point 





round, kecping the thread always stretched until C 
the point again mects at I); the cllipse will be Fig. 66. 
drawn. 


4ru Mxrritop.—An instrument called a dammed is sometimes uscd for describing 
an ellipse, and is gencrally formed of two pieces of wood fixed at night angles to 
each other, and having a groove running through the centre of cach, the groove 
being made a little wider at the bottom than at the top, in order to keep the 
guides 4, ¢, (Fig. 67) attached to the bar, abc, in the groove; the bar, ade, should have 
a pencil fixed at the end a, the two guides, and, being moveable or sliding along 
the bar, but when sect ready for use, secured 
by small screws in the proper positions. The 
method of using the trammcl is as follows : 

Ist. Set the grooved picces of wood on 
the given diameters AB and CD of the ellipse 
(as in the figure); the centre, where the 
two pieces cross, being on the centre O of 
the ellipse. 

2nd. Make the distance from the pencil 
at a to the first sliding guide at 4 equal to 
half the conjugate diameter, (or ab equal Fig. 67. 
to OD or OC); and from the same point a to the seeand sliding guide at ¢ equal.to half 
the transverse diameter (or ac equal to OA or OB). 
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3rd, Move the end a round, commencing at the point D, allowing the guides to move 
freely in the grooves, and the pencil will be found to describe the ellipse required. 

The ovat although not an ellipse, so nearly resembles it, that very frequently, from 
the simplicity of drawing an oval, it is used in place of an ellipse, and is formed of 
parts of circles by the following methods :— 

ist MrtHop.—Divide any line AB (Fig. 68) representing the transverse diameter 
into three equal parts in the points CD. 
With the centres C and D and the equal 
radii CA and DB, describe two circles, 
at the points E and F, where thcy inter- 
sect, as centres, and tho equal radii AD 
‘or BC, describe parts of other two circles 
joining the circumferences of the two first 
circles (the exact potnts of function of the 
two circles may be got by joining the 
centres of both circles, as shown by the 
dotted lines), which will complete the oval 
required. 

2nv MetHop. — It is often required to draw a flat ov long-shaped oval, in which 
case divide the line AB (Fig. 69) into four equal parts in the points C, D, G, and with 
the centres C and G and radii equal to CA and GB, describe two circles; also with the 
same centres and radii equal to any two parts of the linc AB, such as AD, deseribe 
arcs intersecting at E and F, with which, as centres and radii equal to three parts, 
of AB, suoh as AG, describe portions of othcr two circles joining the circumfer- 
ences of the first circlos, which will complete the oval required. 

3rp Mrrxop.—ZTZo draw an egg-shaped oval. 

Biscot the diameter AB in the point D (Fig. 70), with which, as a centre, and DA or 
DB as a radius, describe a circle cutting the diameter EF in the point G: with the 

% 





Fig. 68. 





Fig. 70. 


centres A and B and radii equal to AB describe two arcs, AH and BH’ ; join AG and BG, 
and produce them until they cut the arcs AH and BH’ in the pointe H and H’, and 
with the centre G and radius GH, describo a part of a circle touching the two latter 
drawn arcs, which will complete tie oval. 
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THE PARABOLA, 
(1). Zo show that PN? = 4AS, AN, 


Let Dd (Fig. 71) bo the‘dircctrix, S the focus; draw P, 
DAN perpendicular to Dd through § ; this line is called 
the axis of the parabola. Draw PN perpendicular to 
DN, and Pd perpendicular to DN. Now SP = Pad. 
Hence if AS = AD, A is a point in the parabola, and 
is called its vertex. DI; Ny 

Now PS = Pd (by Def. 2) = DN= DA + AN 
= AS + AN. 

Also PS? = PN? + SN? = PN? + (AN — AS)? Pp 

-, (AS + AN)? = PN? + (AN — AS)’, 
“, PN? = 448, AN. Fig. 71. 
Cor. (1). Hence AS. is a third proportional to AN, and the half of PN. 
Cor. (2). Also if P, be any other point, and P,N, is parallel to PN, we have 
P,N,?: PN*::4AS8. AN, : 4A8.AN .: AN,: AN, 

(Compare p. 377). 

N.B.—If P,N, bounds the curve is sometimes called the basc, and AN, the height 
of the curve. Also it is plain that if PN be produced, so that yN = NP, then pN? = 
4.A8. AN, and therefore p is a point in the parabola; which is therefore symmetrical 
about AN, ; the line Pp is called a double ordinate. 

(2.) If ABCD (Fig. 72) be any rectangle, and if DC and CB are each divided into 
equal parts, and let Dy, = p of the equal 
parts into which CD is divided, and Bp, = p 
of the parts into which CB is divided; join 
Ap, meeting p,q (parallel to AB) in P; then 
P is a point in the parabola which has for 
its base CB and height BA. 

For, draw PN perpendicular to AB, and 
p\%, parallel to PN. 





Now, Bp, =4, - OB, An, =4 - AB and PN = Bp,. 
PN pm,  CBn, 
AN” An, ~ AB p 
And PN =“ - CB. 
PN: OBE 
oe AN’ AB 
., PN?: CBt:: AN: AB. 


Also, 


‘. P is a point in the specified parabola by corollary to last article. The second of 
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the following practical methods is founded on the abovo principles. The first and 
third depend entirely on the definition of the parabola. 


To describe a parabola, any absciss of the axts and the corresponding ordinate being 
given ; or, the half width of the base(AD or DB), and the height of the curve (CD) being given. 


Ist MetHon.—Bisect DB (Fig. 73) in the point E; join CE, and from E draw EF 
perpendicular to CE, and meeting CD produced 0 
in F; make CO in|DC produccd and CF each 
equal to DF, F will be the focus of the required 
parabola. Take any number of points, 1, 2, 3, 
4 (&c.), in CD; through them draw double 
ordinates, or lines perpendicular'to the axis CD; 
then with the centre F, and radii OF, Ol, 
02, 03, 04 (O &c.), describe arcs cutting the 
ordinates ; the curve drawn through the 
points of intersection will be the parabola re- 
quired. 

; 2np Mernop.—AB (Fig. 74) being the width 

at the base, and CD the height of the curve, as Bae: 
before, construct the parallelogram ABEF, divide DA, DB and AF, BE rospectively 
into the same number of equal parts in the points E 
1, 2, 3, 4; from the points of division in AF and wie BE 
BE draw lines to the point C, and from the points poe. 8 
of division in DA and DB draw lines perpen- 
dicular to AB, or parallel to CD, cutting the 
former lines; then the curve drawn through the 
points of intersection will be the parabola re- 
quired. 

38xpD MeErHop.—Placo a ruler GH (Fig. 75) 
at any convenient distance from C, parallel to the 
base AB, and take a piece of wood (called a square or set square), made in the form of 
a right-angled triangle IOK, placing the base IO against the ruler, and the other edgo 
OK to coincide with the line CD; Scie So ate 
having found the focus F (as in the 
1st method), fasten one end of a string 
at F, place a pencil at the point C, 
passing the string round it, and bring- 
ing the string back to K, fasten it to 
the end or point of the triangle ; move 
the triangle or square along the ruler, 
keeping the pencil always against the 
edge of the square (as at EF), and with tho 
string stretched the pencil will describe 
one-half of the curve. By reversing the square and proceeding in a similar manner, the 
other half may bo drawn, and the parabola required completed. 














Fig. 75. 








446 PRACTICAL GEOMETRY. 





THE HYPERBOLA. 


If the reasoning employed in the casc of the ellipse be carefully gone over, attending 
only ‘to the difference that will result from the circumstance that e 7 1, the student 
will readily deduce the following expressions will be found to hold good of the hyper- 
bola, which are entirely analogous to the corresponding expressions in the case of the 
ellipse. 


(1.) SC =e AC. B 
(2.) BC must be so taken that BC? =, 
= CS? — CA? = (4— 1) CA? 
(3.) SP =e. CN — AC. 
PN2 CN? 
(4.) CB — ¢A2a = am 
(5.) HP = ¢CN + AC. Fig. 76: 
(6.) HP — SP = 2AC. 
It is on this (6th) property that the following practical construction is founded. 
The terms major axis, transverse axis, &c., in the hyperbola, are cntircly analogous 
to the samc tcrms in the cllipse. 


Lo describe a hyperbola, the transverse (AB) and conjugate (CD) axes being given. 


Through B (Fig. 77), at onc end of the transverse ; 
axis AB, draw GH parallel to the conjugate axis . _ i 
CD, and make GH cqual to CD; with the centre E ra a ae 


and radius, equal to EH, describe a circle cutting 
AB, produced both ways, in the points F and f, 
which will be the foci of opposite hyperbolas; take 
any aumbcr of points, 1, 2, 3, 4 (&c.), in AB pro- 
duced, and with the centres F and f, and radii Bl, 
B2, B83, B4, (B &ec.), and Al, A2, A3, A4 (A &.), 
describe arcs cutting each other; the curve dawn | 
through the points of intersection will be the hypor- s 

bola. requared. 





on 
Fig. 77. 
The following consideration materially simplifies the construction of a hyperbola. 
Through A (Fig. 78) draw AD parallel and equal to BC, join CD and producc it 
indefinitely, take P any point in the curyo, draw pPN, 
mecting CD produced inp. Then 
DA _ pN 


CA CN’ 


Pee: “6B OR = 





en subtracting CB = Fig. 78. 
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’. (pN — PN) (pN +- EN) = OB? 
52) Wiese 
P= oN TEN 


Now it is plain that PN and pN increase as P is farther from A, or N from A, and 
therefore, the farther P is from the vertcx the nearer it approaches CD produced. CD 
is called an asymptote—after a short distance the curve sensibly coincides with the 
asymptote. Hence, if in the practical construction above given EH be produced, it 
will serve aa a geide to the curve, which can bo drawn very accurately aftor a very 
few points haye been determined by tho construction. 





TILE CYCLOID. 


Besides the conic sections, which we have briefly discussed above, there are several 
curves possessing curious or uscful propertics. Amongst the chief of these is the cycloid. 
The construction of this curve is sometimes uscful to the artist. The following will 
suffice to explain the naturo of the curve and the method of its construction. 

Tho cycloid is a curve formed by a point in the circumference of a circle (called the 
generating circle), revolving on a straight or level line; it may be best described as 
the curve traced out by a point in the whrel of a carriage when in motion along a 
level road. When the generating circle revolves round another circle, the curve 
described by a point in the circle is then called an cpicycloid, and is constructed in a 
similar manncr to the cycloid. 


To describe a cycloid, the diameter or width at the base (AB), and height (CD), of the 
curve being given. 


The most common method of describing the cycloid is by placing a ruler along the 
line AB, and taking a circle, such as a shilling, &c., according to the size or height of 
the curye required, and having fixcd a point in that circle, to move it slowly along the 
ruler, marking different points in the curve, or by kecping a pencil fixed at the point 
chosen, and thus describing the curve. This, however, is liable to error, as the circle 
used very often slips, and cannot then revolve accurately; by construction, however, 
the curve may be correctly formed thus -— 

Let ACB (Fig. 79) reprosent the curve in question, AB its basc, (D its height. 
Bisect CD in O, and through 
O draw EF parallel to AB; 
with centre O and radius OC 
describe a circle, and divide 
the circumference into any 
number of equal parts, as Cy,, 
Pi: Pu +. join Dp, Dp,... 
Again, divide AD into the 
same number of equal parts, 
DN, DN,.... and draw 
O,N, 0,N,.... parallel to CD; with centre 0, and radius CD describe a circle, and 








ee 


ee ae ee err i nee eet cee ot 
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with contre N, and radius Dp, describe an arc cutting the circle in the point P,, This is 
a point in the curve, similarly with the centre 0, andradius CD. Another circle may be 
described and intersected by the arc of a circle described with centre N, and radius 
Dp,, and thus another point be determined ; and so on for any number of points, which 
being joined carefully will give the curve in question. 





We thus conclude our Treatise upon Practical Geometry. It has been our endea- 
vour to confine it in extent to that which it is absolutely necessary the scientific 
draughtsman should be familiar with; and in the foregoing pages will be found all 
that is required for practical purposes,—no really essential propositions being omittcd. 


ALEXANDER JARDINE, 





INDE X; 


Glossarial, Geplanatorp, und Referential. 


—> —— 


A 


Abbreviation, arithmetical marks and signs used 
for, 48. 

Addition, Simple, on the use and application of, 7. 

of Compound quantities, 21; of Irac- 

tions, 29. 

of Algebra, sign of, 162; illustrations 
of, 166; exercises in, 167, 168. 

——~-—— of Fractions in Algebra, 198; exercises 
in, 199. 





ALGEBRA (Arabic al the, and gabran reduc. 
tion of fractions), generat principles of, 161 et 
seq., signs of, 161; the study of, requires a 
previous knowledge of arithmetic, 161; defini- 
tions and explanations of, 162; exercises in, 
164; operations in, 165. 

Addition of, with examples for exercise, 
166 et passim. 

— Subtraction of, 168. 

Simple Equations, 172 et seq. 
Transposition, 173 ; Clearing Fractions, 

ib.; questions for solution and exercise, 174, 

175, 177. 

Multiplication of, 179; Involution, 183. 

Division of 187; Exponents, Roots, and 

Surds, 191; Evolution, or Extraction of Roots, 

193; exercises in, 195. 

Fractions, 196; exercises in, 197; Ad- 
dition and Subtraction of Fractions, 198; ex- 
ercises in, 199; Multiplication of Fractions, 
199; Division of Fractions, 200; exercises in, 
201. 











Solutions of Simple Equations, 201, 204, 
206, 213; exercises in, 203, 206; Quadratic 
Equations, 209, 210, 213, 214; exercises in, 
212, 215. 

Homogeneous and Symmetrical Quad. 
ratics, 217. 

Ratio and Proportion, 218. 
Arithmetical Progression, 220. 
Geometrical Progression, 222; exercises 
in, 225. 

















Algebra, Proportion and Progression, 225. 

—— Extraction of Roots,—of the Square 
Root of a Polynomial, 228; exorcises in, 231, 
234; of the Square Root of a Binomial, 232; 
of the cube root of a compound quantity, 235; 
exercises, 235 et seq. 

——_——— arithmetical and symbolical, 261, 262. 

‘‘Ambiguities” arising from the use of formulas, 
311, 

Angle, circular measure of an, 293; definition 
of, 298. 

Angles, ratios of, 295 et seq. ; functions of, 301; 
of a corresponding character, 303; sines and 
cosines of, 315; the trigonometrical ratios of, 
316; to obtain the cosines of, 351; methods of 
correcting, 417, 419. 

formulas for determining the relations, 

304 et seq. 

sines and cosines of, 310, 311; loga- 
rithmic sines of, 357, 358; Delambre’s method 
for solving, 360, 

—— spherical triangle, sines of the, 402. 

Apothecarics’ weight (Gr. apotheca a repository), 
18, 

Areas, on the mensuration of, 371. 

——— to find the area of a rectangle, 371; of 
a triangle, 372; of a parallelogram, 372; of a 
trapezoid, 372 ; of a trapezium, 373; ofa poly- 
gon, 373; of an ellipse, 376; of a parabola, 
377; of a plane figure bounded by a curve, 
378; of a right prism, 380; ofa right cylinder, 
380; of the curved surface ofaright cone, 381 ; 
of the frustum of a cone, 381; of a portion of 
the surface of a sphere, 382. 








ARITHMETIC (Gr. arithmos number), intro- 
ductory to geometry, 2; uses and objects of, 
3, 4; the ten figures, 4; numeration table, 
and the reading of numbers, 5; decimal system 
of, 6; local value of figures, 6, 

Simple Addition, 7; Subtraction, $; 
Multiplication, 10; and Division, 13. 

————- Tables of Money, Time, Weight, and 

Measures, 18. 
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Arithmetic, the Rule of Reduction, 19. 

——-—— Compound Quantities,—Addition, 21; 
Subtraction, 22; Multiplication, 23; and Di- 
vision, 25. 

Fractions, 26; Addition and Bubtrac- 
tion of, 29; Multiplication and Division of, 
30; Proportion, 31; Rule of Three, 33. 

——-——— Drormats, 36; Addition and Subtrac- 
tion of, 37; Multiplication and Division of, 
38 ; Extraction of the Square Root, 38, 

——-———. general principles of, 40; table of fac- 
tors, 41; symbols and signs of, introductory 
to Algebra, 161, 261. See Atarpra. 

Avithmetical Algebra, 261, 262. 

Arithmetical values of quantities, 275. 

Arithmetical progression in Algebra, 220, 

Avoirdupois weight (Fr..aveir:to have, du pois 
some weight), 16. 

Axioms (Gr. azioma authority) of Ruolid, 47. 


B 


Base line, its measurement in surveying, 415, 
416. 

Binomial (Lat. bis twice, and nomen o name), 
powers of a, 184; how to extraot the square 
root-of a, 232; multiplies which render bino- 
mial surds rational, 234. 

Binomial theorem, how to state the, 266; how 
to prove it, 266, 269. 


C 


Calculable logarithm, every number has a, 279, 
Calculations facilitated by logarithms, 276. 
Cask, to find the volume ofa, 398. 

Circle, to find the radius of a, 327; to find the 
area of a quadiilateral inscribed in a, 328. 

——— Quadrature of the, difficulty of solving 
the problem, 126. 

Circular measure of-an angle, 293. 

Cloth, measures of, 18. 

Coefiieient (Lat. co with, and éficio to work out), 
the muitiplier in algebra so-called, 163; iHus- 
trated, 164. 

Coins, gold and-silver, 18. 

Compasses used in geometry, 421. 

Composite numbers ( Lat. composi6us compounded 
sited), factors of the, 41. 

Compound Quantities,—Addition of, 21; Bub- 
traction of, 22; Multiplication of, 23; Division 
of, 25. 

Compound quantity, sube rdot of-a, 285. 

Cone (Gr. konos, a top or pine-spple), to find the 
volume of the frustam of a, 395. 

Conic Sections, on the construction of, 438; the 
ellipse, 489 ; the parabola, 444; the hyperbela, 
446, 


INDEX. 





Convergent series, meaning of a, 264. 

Cosines of angles (Lat. sinuo to diverge), nume- 
rica] value of, 315; to obtain the, 351. 

Cotangents (Lat. co with, tangens touching), 
calculation of, 352. 

Cube root (Gr. kubos a six-sided die), of a com- 
pound quantity, 235. 

of decimals, exercises for finding the, 





2365. 
Cycloid (Gr. kyklos a circle), construction of 
the, 447. 


D, 


Decmmits (Lat. decim ten), beautiful contriv- 
ance of, 6; principles and practice of, 36; re- 
ductions of fractions to, 37. 

———--— Addition and Subtraction of, 37; Mul- 
tiplication of, $8; Division of, 38. 

———— exercises for finding the cube root of, 
238. 

Definitions of Eulid, 48, 85, 96, 116; ofthe prin- 
ciples of Algebra, 162, 103; of plane trigono- 
metry, 292, 291, 298, 299; of geometrical 
planes, 242; of spherical geometry, 252. 

Delambre’s method of solving logarithmic aines 
of small angles, 360. 

Denominaton of fractions, 197. 

Distances, the measurement of, 867. 


Divergent Serics, meaning of a, 264. 


Dividend, the quantity so called, 187; when a 
compound quantity, 189; exercises in th 
working, 191. 

Division, Simple, on the use and application of, 
13; various problemsin, 14-17. 

of compound quantities, 25; of Frac. 
tions, 80; of Decimals, 38. 

——-—— of Algebra, the sign of, 163; the Divi- 
dend, the Divisor, and the Quotient, 187; 
operations in, 189. 

——-——— of Fractions in Algebra, 200; exercises 
in, 201. 

Divisor, the quantity so called, 187; when a 
compound quantity, 189. 

Double Rule of Three, principles and practice of, 
34, 

Drawing-pens used in geometry, 421. 

Dry Goods, meaxsures for, 10. 


E 


Ellipse (Gr. elleipsis deficiency), definitio and 
illustration of the, 439. 

Equality, algebraic sign of, 168, 

Equation (Lat. wguo to equal), to find the roots 
of the, 840. 





INDEX. 


Eavarions, arithmetical and algebraioal, 172 et 
seq.; onthe solution of, 172; daffferent modes 
of operating, 173; transposition, and clearing 
fractions, ib.; how to solve a simple equation 
containing only one unknown quantity, 174; 
questions for solution and exeroises, 175—179 ; 
rules and operations for their solution with 
unknown quantities, 201, 202, 204, 206, 208; 
exercises in, 209, 210. 

Quadratic, solutions of, with unknown 
quantities, 209, 210, 213, 214; exercises in, 
212, 

Equivalent Forme, the permance of, 261. 

Evuc tip, elements of, and definitions, 43; his pos- 
tulates, 47; his marks of abreviation, 48. 

Propositions of Book I., 48—67; com- 

ments on, 68—85; exercises on, 85. 

Definitions and Propositions of Book 

II., 86—92; remarks on, 93; exercises on 

Books I. and II., 95. 

——_——— of Book ITI., 96-112 ; remarks 

on, 112; exercises on Books I., II , IfI., 115. 

- of Book IV., 116—124; re. 
marks on, 124; exercises on the Four Books 
of, 128. 

——— his Plane Geometry, 241; his proposi- 
tions on planes, Book XI., 243—250. 

his Spherical Geometry, 251; defini- 
tions and propositions, 252—260. 

Problems in practical geometry, 423— 




















447, 

Evolutions (Lat. evolutio the process of evolv- 
ing), in algebra, 193; exercises, 195. 

Exencisss in the probleme and theorems of Eu- 
clid, Book I., 85; Books I. and II., 95; Books 
I., IL, and III, 115; on the four firet Books, 
128, 

—— in the rules of ALarBra, 164 et seq. ; 
in addition of algebra, 168; in subtraction, 
170; in equations, 175, 177, 203,206 ; in multipli- 
cation of algebra, 180; in involution, 187; in 
division, 189; in extraction of roots, 193; in 
fractions, 196; in addition and subtraction of 
fractions, 198, 199; in multiplication of frac- 
tions, 199, 200; in division of fractions, 200, 
201; in the solution of simple equations, 261, 
203, 206; in quadratic equations, 212; inarith- 
mnetical and geometrical progressions, 222, 
225; in extracting the square root of a:poly- 
nomial, 281; of a binomial, 234, 235; im the 
cube root of decimals, 238. 

Exponentials, to obtain sines, &o., in terms of, 
335. 

Exponents in algebra (Lat. expono to set’ forth), 
illustrations of, 191. 

Expression, meaning of the term in algebra, 163. 

Extraction of roots, 103; rules for, 164; exer- 
cises in, 195. 
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Factor (Lat. factor a working agent), meaning 
of the term, 185. 

Factors, operations: of, when they are simple 
quantities, 179; to express sin. 7, in a series 
of, 344, 

of the Composite numbers, table of the, 





41. 

Figures of arithmetic, 4; local value of, 5, 6; 
use of in arithmetic and algebra, 161. 

Formulas (Lat. formela a rale or maxim), for 
determining the relations of different angles, 
304 et seq.; relations: between the four funda. 
mental ones, 308; various formulas and ex- 
pressions, 309; ‘ambiguities’ arising from 
the use of, 311; for demonstrating trigonome- 
trical problems, 328; adapted for logarithmic 
calculation, 325. 

Fundamental, of eperical trigonometry, 
403 et seq. 

Fractions (Lat. fractio a breaking into parts), 
principles and practice of, 26; addition and 
subtruction of, 29; multiplication and division 
of, 30; reduction of to Decimals, 37. 

in Algebra, operations of, 196; exer- 

cises in, 196; how to reduce them toa common 

denominator, 179. 

———---~- Addition and Subtraction of, 














198. 
_——— Multiplication of, 199; exer- 
cises in, 200. 
— ———--~ Division of, 200; exercises in, 
201. 


Frustum (Lat. frustum a fragment) of o right 
prism, to determine the volume of, 359, 


G 


Geodotical operations (Gr. ge land, and daio to 
divide), on tne formulas peculiar to, 414 et seq. 
Geometrical progression in algebra, 222. 


GEOMETRY (Gr. ge and moetron land-measur- 
ing), arithmetic intreductory to, 2; illustra- 
tious of, in the four first Books of Euclid, 
43—128 (see Evotip); general disquisition on, 
68 et seq.; to be combined with algebra, 161. 

———_—-— Plane, introduction to, 241; definitions 
of, 242; propositions in, 243-~ 250. 

— Spherical, introduction to, 251; defini. 

tions of, 252; propositions for solution, 253~~ 

260. 








Practical, general treatise on, 421 et 
seq.; the instruments in general use, 421; 
solutions of various problems, 423-447 ; oen- 
struetion of conic sections, 438; the ellipse, 
488; the parabela, 444; the hyperbvoia, 446; 
the oycloid, 447. 
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Heights, the measurement of, 367. 

Homogeneous Quadratics (Gr. homos the snme, 
and genea birth; Lat. guadra a square), defi- 
nition and illustration of, 216. 

Hyperbola (Gr. hyper over, and ballo to throw), 
definition of the, 439; illustrations of the, 446. 


Impossible Expressions, 262. 

Indices (Lat. indico to indicate), theory of, 262. 

Infinite series, arithmetical values of, 275. 

Instruments used in geometry — compasses, 
ruler, pencil, 421; drawing pen, 422. 

Involution (Lat. involutio the process of in- 
volving), of simple quantities, 183; exercises 
in, 184, 187; the powers of a binomial, 184. 


L 


4 


Letters, use of in algebra, 161. 

Lines and ratios, trigonometrical, 294, 297. 

Liquids, measures for, 19. 

LooaxiTHms (Gr. logos and arithmos a discourse 
on numbers), treatise on, 261 et seq.; on the 
calculations of, 275; principle on which they 
may be used to facilitate calculations, 276; 
every number has a calculable logarithm, 279; 
numerical values of may be calculated, 279, 
281; methods of finding any power of a num- 
ber, 289. 


M 


Maruyematics (Gr. mathema \carning), intro- 
ductory remarks on, 1 et seq.; different sub- 
jects connected with, 3; on the study of, asa 
science, 3; the general elements, problems, 
and axioms of, 43 et seq. passim. (See Eucuip, 
Gromertry, ALGEBRA, &c.) 

Measures, tables of, 18, 19. 

MENSURATION (Lat. mensuro to measure), trea- 
tise on, 367 et seq.; heights and distances, 
367—-370; the measure of areas, 371—362; the 
measure of solids, 383-—400 

Military Earthwork, to find the solid content of 
a, 394. 

Moivre’s trigonometrical theorem, 332. 

Money, tables of, 18. 

Monomial quantity (Gr. monos one, and Lat. 
nomen a name), how to extract a proposed 
root of a, 194; exercises, 195. 

Multiplication, Simple, use and application of, 
10; table of, ib.; various workings in, 11, 12. 

———-—- of Compound Quantities, 23; of Frac- 
tions, 30; of Decimals, 38. 
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Multiplication of Algebra, the sign of, 162, 163; 
the rule of, 179; when the factors are simple 
quantities, ib; exercises in, 180, 183. 

of Fractions in Algebra, 199; exercises 
in, 200. 

Multiplier, algebraically called the co-efficient, 
163 ; in algebra a factor, 165. 

Multipliers, which render binomial surds ra- 
tional, 234, 


N 


Napier’s analogies, 407. 

Negative and positive values in algebra, 215. 

Negative Angles, 299. 

Negative sign, use of, to denote position, 298. 

Number, methods of finding any power of a, 286 
et seq.; use of a table of, 283, 284; method of 
finding the characteristic, 285. 

Numbers, reading of, 5. 

Numeration tuble (Lat. 2«mcro to number), 5. 

Numerator of fractions, 197. 

Numerical solution of right-angled triangles, 
361 et seq. 

Numerical value of logarithms, 281; of sines 
and cosines of angles, 315, 


Pr 


Parabola, definition of the, 432; illustrations of 
the, 444. 

Parallelipeds, equality of, 385, 386. 

Pence table, 18. 

Pencils used in geometry, 421. 

Pens used in geometry,922. 

Plane geometry and trigonometry, introduction 
to, 241 et seq. 

Plane trigonometry, treatise on, 292 ct seq. (Sec 
TRIGONOMETRY). 

Planes, definitions of, 242; propositions in, 243 
—250. 

Polygon, to find the area of a, 329. 

Polynomial (Gr. polusmany; Lat. nomin names), 
how to extract the square root of a, 228, 

Positive values in algebra, 215. 

Postulates of Euclid, 47; problems illustrative 
of, 422. 

Prismoid, to find the value ofa, 391. 

Prisms, various measurements of, 369-—-39]. 

Problems (Gr. problema v proposition requiring 
solution) of Euclid, 48 et seq. ; 423—4%75; (see 
PROPOSITIONS). 

Progression, Arithmetical, 220; exercises in, 
222; Geometrical, 222. 

Proportion in algebra, 218. 

Proportion and Progression, questions in which 
they are concerned, 225. 

Proportional Parts, use of a table of, 283. 
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Proportion, rule of, 30. 

Propositions of Euclid, 48~—67; 87—92; 97— 
112; 117—124; 428—447. 

in Plane Geometry, 2485—250. 

———-— in Spherical Goometry, 253—260. 

— in Plane Trigonometry, 299, 305—20/. 

Pyramids, monsuration of, 389. 








Q 


Quadratic Equations (Lat. guadratus fourfold), 
solutions of with unknown quantities, 209, 
210, 213, 214; exercises in, 212. 

Quadratics, homogenccus and symmetrical, 216, 
11? 

Quadrature of the Circle (Lat. quadratura the 
squaring of anything), problem of the, 126, 
127. 

Quadrilateral (Lat. guadratus fourfold, anda 
latera sides), to find its area inscribed in a 
circle, 328, 

Quantities, Simple, operation of the factors in, 
179; in calculating the arithmetical values of, 
275. 

in Algebra, simple and compound, 163; 
illustrations of, 164. 

Unknown, solution of simple equations 
with, 201, 204, 206, 208, 213; with quadratic 
equations, 209, 213, 214. 

Quantity, marks and symbole of, 161, 162. 

Mixed, reduction of to an improper 
fraction, 196. 

Quotient (Lat. qroties so many times), the quan- 
tity so called, 187. 


Kh 


Radius of un inscribed circle, to find the, 327, 
Railway Cutting, to find the solid content of a, 


Ratio a roportion, in algebra, 218. 
Ratios of Haegles, 295, 297, 299, 300. 


——-—— Inverse Trigonometrical, explained, 318. 

Reduction, rule of, 19; its rise and application, 
1921. 

Roots in algebra, 191; extraction of, 193; rules 
for, 194; exercises in, 195. 

Rule of Three, principles and practice of, 33, 

— Double, illustrations of, 34. 

Rulers used in geometry, 421. 





Ss 


Science (Lat. scientia the knowledge of things), 
on the study of, 3. 
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Series, treatise on, 261 et seq. ; what is meant 
by a Convergent and Divergent Series, 264. 
(See LocariIruMs), 

Series and Tables of Trigonometry, 330 et seq. 

Signs of operation in Algebra, 161, 162, 163; 
practical illustrations of, 164. 

Sines of Angles, numerical value of, 315; how to 
calculate the value of, 349, 350. 

——_——~ Logarithmic, tables of, 355. 

———— Natural, tables of, 353. 

Solids, mensuration of, 19, 383, 893 et seq. 

Sphere, to find the volume of the portion of a, 
896. 

Spherical Geometry, 251 ct seq. (See GkomETRY). 

Spherical triangles, sines of the angles propor- 
tional, 402; solution of the, 408; Napier’s 
rule for solving, 409. 

Spherical Trigonometry. (See Tr1conomETry). 

Spheroid, to find the volume of a portion of a, 
398, 

Square Root, extraction of the, 38, 09. 

— of a polynomial, 228. 

—~—— various ulgebraic exercises for extract. 
ing the, 231, 

of a binomial, 232. 
Squaring the Circle, problem of the, 126. 
Subtraction, Simple, use and application of, 8; 
various workings in, 9. 
of Compound Quantities, 22; of Frac. 
tions, 29; of Decimals, 37. 

—~——— of Algebra, sign of, 162; illustrations 
of, 169; exercises in, 170. 

———~- of Fractions in Algebra, 198; exercises 
in, 199. 

Surds in Algebra (Lat. surdus urtdistinguishable), 

illustrations of, 191. 

Surface, measurement of, 19. 

Surveying a Country, operations of, 414, 116 

et seq. 

Symbolical Algebra, 261. ‘ 

Symbols of Quantity in algebra, 162, 

Symmetrical Quadratics, 217. 





T 


Tangents, the calculation of, 352. 

‘rubles of money, time, weights, and measures, 
18. 

Term, meaning of the word in algebra, 165. 

Theorems of Euclid (Gr. theorema a proposition 
requiring demonstration), 49 et seq. (See Pro- 
POSITIONS. ) 

Time, tables of, 18. 

‘ower, how to determine the height of a, 567 
368. 

Triangles, relations between the sides and the 
angles, 322; methods of treating, 418, 419. 
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Triangles, Right-angled, numerical solution of, 
381 et seq.; spherical salution of, 408, 409. 
Oblique-angied, solution of, 411. 





TRIGONOMETRY, Pian, treatise on, 292 ef 
seq. 

———— Beience of defined, 292, 

Lines and Ratios of, 295 et seq. ; ratios 

of angles, 297302, 316. 

— method of proving different formulas, 

305; principles of proaf, 807 ; the fundamental 

formulas of, 308; various fermulas and ex. 

pressions, 309; ‘ambiguities ’’ arising from 

their usa, 311. 

value of the sines, &c., of angles, 315. 

formulas connecting inverse ratios, 319. 

— subsidiary angles, 320. 

~——~——~ees Sides and angles of triangles, 322. 

—~——~~- deduced und derived formulas, 323, 

tables of sines, &c., 353-360. 




















Trigonometry, various propositions, 927-329; 
series and tables of, 380-350; methods of 
checking the calculations, 351, 

numerical solution of right-angled tri- 

angles, 361-366, 

SpmenzeaL, treatise on, 40] et seq. ; 

fundamental formulas, 4038; Napier’s analo- 

gies, 407, 

— Right-angled spherical triangles, 408 ; 

oblique-angled triangles, 411. 

geodetical operations, 414—420. 














y 
Verification, formulas of, 352. 
WwW 


Weights, tables of, 18. 


SOLUTIONS 


To THE 


EXERCISES IN THE TREATISE ON ALGEBRA. 


—_——4——-—. 


AT page 164 of the AxGERRA, a promise was given to furnish the ANSWERs to all the 
Examples proposed for exercise in that subject. The promise will be redeomed—and 
more than redeemed—in the present Parr. 

Considering for whom that clementary treatise was expressly written—for persoms 
not merely unacquainted with the very alphabet of Algebraical Science, but also 
precluded from the advantages of academical instruction,—I have thought that I should 
render them more acceptable service by supplying sketchcs of the solutions themselves, 
rather than a mere register of the resudts. You will thercfore regard what follows as 
furnishing a Kxy to the unworked examples; showing briefly—but, I hope, clearly— 
the processes by which the answers arc to be obtained. 

In Addition and Subtraction, however, all that can here be done is to put down the 
results; for the result of an addition or subtraction example exhibits, 1n itself, tho 
whole work. 





Exercises. Pace 164. 











l. 8a4+4e= 34-43 = 12412 = 24. 
2. be — 2a = 6.38 —2.4—=15—8=7. 
3. lan + b= 13814-2—-1342=16. 
4. 21m — 9d == 21.8 — 9.5 = 168 — 45 = 123. 
5. Td + 4n—2a = 7.5 +4 —24 = 35 +4—8 = 31. 
6. 8a-+ 46 — Se = 844-4.2—-53=124+8—15=5, 
7. 6m — 6n — 3b = 6.8 — 6 ~— 3.2 = 48 — 5 —6 = 37. 
8. 14—3e + m= 14—3.34-8 = 14-94 8= 18, 
9,116 +n—1=112+1—13=10. 
pa einai Wea tae 
un. 4 6 — = cle 6+6—4=8. 
5a 4a 
yf = as 24 22 25 = 10+ 4—6=:8, 
13, BT nn = ATS p12 8—1 =o. 
14, 34 4b 4 60 —2 24 —42-+09—2_ 20a 
: 10 i 10 ™ 10 °— 
15. 3a5 + dm — 55 + Gen — 18 = 3.4.2 4+ 5.8 — 6.2 + 6.3 — 18 = 54. 
3.5.8 
18, 2abm — Bedin 92" 4. ad = 2.4.2.8 — 3.3.5.8 +g + 4.5 = — 197. 
bam —%e-+n—49 _6.48—2.2.3-+1—-49 4] 
=— 4, 


17, 140 me masala) 
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24 5abe 60 m+n 2 , 54.2.3 60 
8. or ta Op a ee 24 2.38.6 Ir Es =o 





Page 166. Ex. 1. 22y — 4ay + 13zy + 3ey = ldcy. 
2. — axz — Taxt + llarz + axz = 4azz, 
3. 9mnx -+- bmn — 138mx = mnz. 


a a a a a & 
4654-25 — 85-2545 = 25 





Appition. Case], Paaz 166. 





1, 264, 2. 24en. 8. Toy. 4. — 5azy. 5. 16a — 62. 
6. Sax — Bde. 7. Spey — 2mx — 32. 8. 2rye + fab — 3, 

9, 9abz ~— 227 +- 82 — 1. 10. L5ace — 17 bey +- 4g. 

11, 15% ++ 18abe — 8p. 12. 19ky — 4ins — 8abe. 

13. 10abz + cey +- 5mz. 14. 6gx +- 13p¢y 4- 18. 

15. 5axy + 4a6 + 2e. 16. Lizyz -+-+- 9am — 105m. 17. 8bcen — my +- 2mz, 
18, 19¢xz + l5dcy — 11. 19, ax. 20. 6egx — 8. 

Page 168. Case II. 1. 6by + 3ez 4+ l4e + 12. 2. Sry + 2az +o — 15, 
8. 6ys + Yar — The + xyz ++ en. 4. ab — cd 4- 8cef — 10e + 14, 

5. Try — 1562 4 10w — 3ed — 16. 6. 4amz — 13n2 — 84v + Bew — 8. 
7. — ary + 10bz — 8e + 5. 8. — l0abe + 2de + f + 8. 

9, —ais+ 1ldy — 4x + 9. 10, © — Baz + 2 — 6b + 4. 


ll, — Says — 6 = + 10be—4mn +p. 12. 44an — hy — 8. 





Suptraction. Paar 170. 


1. 37 — 10y + 8s. 2. — ax + bby — 1lez. 8 t4Y — lbar + 11. 

4, — day— bbe + 6. 5. 20ade 4+ 10de — 6fy — 5. 6. Ghz — bax — m — en. 
7 6—l11+11—6— 3 = —4. 8. dy — 24fz — 3m — 8n + 4, 

9. — llayz — 17bx + 40 + 4d — 2¢. 10. 12cex — 8aby + 4dxv + 82 + 11. 
11. 8az — 5by + Sez. 12. 442 — bey — 4az. 13. 3ay + 8bz — 3ces — 16. 
14. bx — 8y + 8% — 4. 15. — 4dary + 3b2 + 4m — Qn. 


16. 2ty2 — Zax — 3. 





SimeLz Equations. Exampies ror Exerciss. Pace 175. 


1. Qea—TomaetaA, Transposing, 22 — x = 4 + 7, that is, g = a: 

2. 6a — 3 = 3x 4+ 6. Eee Oe ae a as 
3. 62 +2= 47+ 8. Transposing, 62 — 47 = 8 — ae fey hoe — wh 2 3. 
4, 8¢—l=27+7. Transposing, 3¢-— 2 = 7 +1, , te = 8, Rees 

§. 8 — 18 = 4% — 1. Transposing, 82 — 4x = 13 — 1, el 12, Cea 


2 





ALGEBRAIC SOLUTIONS. 





6. 2 (x + 8) = 20, that is, 2e-+- 6 = 20. Transposing, 22 = 20 — 6= 14, 
c= 7. 
7. 3 (2 — 4) = 6, that is, 32-—12 = 6. Transposing, 37 = 18, .°, 2 = 6. 
8. 4 («4 — 1) = «+ 4, that is, dx — 4 = » 4 5, Transposing, 32 = 9, 
eee — 
9. 5 (e+ 2) = 2 (x + 8), that is, de +10 = 22+16. Transposing, 32 = 6, 
“_e= 2, 
10. 8 (2a— 8) = 4 (x — 2), that is, 62 —9 = 42—8. Transposing, 2¢ = 1, 
°'_e=t. 
Lis 5 + 7 = 7. Multiplying by 3, to clear the first fraction, 
8x 
z+ 7 as 21. 
Multiplying by 4, 42 +- 32 = 84, .°. 7 == 84, «. ao : = 12, 
9 © % dott __ or — 3 
12, ag 1, Multiplying by 3, x ; 3 


Multiplying by 4, 4¢ — 38» = 12, *°, a= 12, 
13. - —= = 5. Multiplying by 3, 20 — 2 = 16. 
Multiplying by 4, 8z ~ 3x = 60, .. 


14, + +. se Gives Multiplying by 2, 


20 eg 


Multiplying by 3, 3¢ -f 2c = 186 — = 


Z 5, 152 + 102 = 930 — 62, .°. 15a + 102 + 62 = 930. 


That is, 312 = 930, -. 2= ra — 30, 


aS 2 i Gt +e 
16. gtagtE= 1. Multiplying by 3, 
Of 5. 6222 4 
i ea 


12 
Multiplying by 4, 4¢ -+ 32+ 22=— 12, °, 94 = 12, -.@ = rs == 1}. 
16. 2x — (48 —2z) = + 12, that is, 2x — 48 4+ 2 —= 2 + 12, or transposing, 
24-12 +48 = 60, -. c= 90. 


17. Jiedase! == 35. Multiplying by 2, and removing vinculum, 
lbg 4.10 = 70, », 1dc2 = 60, Lem 4. 


eo =2-%, or” _ : = 35. Multiplying by 5, 


+ 


i. 








5 


7 7 
Multiplying by 7, 72 = 84 — 52, °. 122 = 84, . c= 7 


nce ran RE SAE ee 


5 
pa FSO”, or == 12 —- > 





ALGEBRAIC SOLUTIONS. 
19. + . = F —1=0. Multiplying by 2, 
22 Qn 
——-—2= 0. 
ae ae 


Multiplying by 3, 3x + eee 6 = 0, or bc —F = 6. 


6 
ye en ae 
” by 4, 252 tm OV*~ .”, 19% = AY, “== 7 = 1H. 














0. 271% # Jig, iplying b 
ats cm 0. Multiplying by 2, 
x 2z_% _ 19, 
if 3 2 
Multiplying by 3, 32 + 2 — =" —3=0, or 2 —Z_— 3 = 0, 
$s by 2, 10x — 82 -6= 0, -. Tz = 6, -. ra? 
é 
Y 624 @ Qe Pee 
21. Sy Multiplying by 8, 
88 — be = de — OP, 

Multiplying by 3, 264 — l5z = 12% — 162, .-. 264 = 1luw, Hwee OE oe ob, 
22, 42 — 2 (9 — 2) = TE, that is, 476 +22 = 2%, or r—om2t3 
Muluplying by 2, 127-—~-12224-3, , eee ts + 2 7 = 14, 

23. 62 — *—S? 2. Multiplying by 5, 
302 — 4 + 37 = 29, .. 38x = 33, a=. 
a—-6 , e__ xr—2 - & xX _ x ‘ 
24 : +5 = 20 — —,—> that is, 5-38 +5 = 20--F +1, or by trans- 


posing, z +. = 24, °, mult. by 3, 3¢ -+ 2 = 72, . dz = 72, , «== 18. 


=0. Multiplying by 7, 


82 — 13 + a = 0. 

Multiplying by 3, 9x — 39 +- 77 — 282 = 0. 
Transposing, 38 == 192, .°. x = 2. 

@~—-1l “42-2 3-2 





95 3x — 13 ll — 4z 
a ; 


& 





6. 6224-2 Si Multiplying by 4, in order that both the first 
and last fractions may be cleared at the same time, we havo 
is Op Aon oe py 





3 
Multiplying by 3, 72 — 62 + 6 — 4z-+ 8 = 9 — 3z. 
Transposing, 72 +- 6 + 8 — 9 = 6z + 427 —- 32, 
Collecting, 77 = 72, .. a= 11. 





ALGEBRAIC SOLUTIONS. 





Questions To BE SoLvep By SiMPLe Equations, Pace 177, 


1. There arc two numbers of which the difference is 9, and the sum 43, What are 
the numbers ? 


Let « represent the smaller of the two numbers, then by the question, the other 
must be x -+ 9, and their sum 


oa +9 = 48, that is, 227—- 43-9, s, 2m 


rol 2 


= 17, 


the smaller number, and .°, 17 -+ 9 = 26, tho larger number. 

2. From two places, 108 miles apart, two persons, A and B, set out at tho same 
time, to meet each other. <A travels 17 miles a day, and B travels 18; in how many 
days will they meet ? 

Suppose they meet in z days: thon by the question, the first, A, will have travelled 
17% miles, and the second, B, 18z miles; and since the sum of these distances is the 
distance between the two places, we have the cquation 

172 + 182 = 108, .°, 352 = 108, .*. x = 35% days. 

3. Find two numbers of which the difference is 13, and which are such that if 17 
be added to their sum, the whole will amount to 62. 

Let z be the greater number; then, by the question, « — 13 is the less; also 

ate—1384+17 62, ». 2262413 —17 = 58, », x= 29, the greater 
number, and .°, 29 — 13 = 16, the less number. 

4. There are two numbers of which the difference is 15, and which are such that if 
7 times the less be subtracted from 5 times the greater, the difference will be 19: 
what are the numbers ? 

Let x be the greater number; then, by the question, z— 165 is the less; also 


5x —(7a ~ 105) == 19, that is, — 22 + 105 = 19, -, — 2 = — 86, 
‘go a == 43, the greator numbcr, and .., 43 — 16 = 28, the less number. 


5. A person starts from a certain place, and travels at the rate of 4 miles an hour. 
After he has gone 10 hours, a horscman, riding 9 miles an hour, is despatched after 
him: how many hours must the horseman ride to overtake him ? 

Suppose the horseman overtakes him after'riding z hours; then, by the question, 
the pedestrian will have walked 40 + 4x miles, and the horseman will have ridden 9x 
miles; and since the distance travelled by each is tho same, we have the equation 

97 == 40 + 42, +, 52-40, se 8; 
hence the horseman has ridden 8 hours, so that each person must have travelled 9 x 8 
== 72 miles. 

6. A person has 264 coins,—sovereigns and florins; he has 44 times as many florins 
as sovereigns : how many of each coin has he? 

Suppose he had z sovereigns ; then, by the question, he must have had 442 florins ; 
so that 

x + 434 = 264, that is 542 = 264, or 11x = 028, .*, x = 48. 
Consequently he had 48 sovereigns, and .°, 48 X 44 == 216 florins. 

7. A person spends th of his yearly income in board and lodging, }th in clothes 

and other expenses, and he lays by £86 a-year: what is his income? 


ren aaa eer tnnene adanthar neem 
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To avoid fractions, suppose 28z to be the number of pounds he receives yearly, 28 
being chosen because it is divisible by both 4 and 7: then, by tho question, he spends 
in board and lodging 7# pounds, and in clothes, &c., 4x pounds. Consequently, since 
he lays by £85, we have the equation 

10 + 47 + 85 = 282, that is, lla + 85 = 282, 
Transposing, 85 == 17z, .°. = 5, .*, 28% == 140. 
Hence his yearly income was £140. 
8. What number is that whose third part excceds its fifth part by 72? 
To avoid fractions, let 15z represent the number ; then, by the question, 
ba —- 80 == 72, *, 2 == 72, ». w= 36, .*, the number required is 36 x 16 == 640. 

9. I have a certain number in my thoughts. I multiply it by 7, add 3 to the pro- 
duct, and divide the sum by 2. I then find that if I subtract 4 from the quotient I get 
16: what number am I thinking of? 

Let # represent the number; then, by the question, 


a —4= 16, or oo 19. 


Multiplying by 2, 7x +- 3 = 38, .-. 77 = 365, .. 2 == 5, the number thought of. 


10. A man 40 years old has a son 9 years old: the father is therefore more than 
four times as old as his son. In how many years will the father be only twice as old as 
his son > 

Suppose in x years: the father will then be 40 + 2 ycars old, and the son 
9 -+- # years: by the question, the former number is to be double of the latter: henco 
the equation 

40 -+- 418 + 2x, -, 40 —18 = a = 22. 

Therefore the father will be twice as old as his son in 22 years; in which time the 
father will be 62 and the son 31. 

11. Two persons, A and B, 120 miles apart, set out at the same time to mect each 
other. A goes 3 miles an hour, and B 5 miles: what distance will each have travelled 
when they meet? 

Suppose that A hes travelled x hours, then B also must have travelled w hours. A 
must therefore have gone 8x miles, and B 6z miles; and since together they must have 
travelled 120 miles, we have the equation 

3 x -+- 5x = 120, that is, 8 == 120, °, w= 16. 

The time occupied by each is therefore 15 hours; so that A must have travolled 
15 X 3 = 45 milos, and B15 & 5 = 75 miles, 

Otherwise.—Suppose A goes x miles, then B goes 120 — # miles: the timo occupied 


by A, at 3 miles an hour, is therefore 5 hours; and the time occupicd by B, at 5 


120 


miles an hour, is —— hours; but the times are egua?. Hence the equation 


py chassis) eee 
ae a 
ee 3a 
Multiplying by 8, z =: 72 — eee 
‘ by 5, 5a == 360 — 32, .°, 82, = 360, .°, 2 = 46, A’s distanco. 


., 120 — 46 = 75, B’s distance. 
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12. Divide £250 among A, B, and C, so that B may have £23 more than A, and © 
£105 more than B. 

Let A’s share be x pounds, then B’s is ¢ + 23; and C’s z -++ 234+ 105; and the 
sum of the shares is 250: hence the equation 

et+e2t+ 23+ 27+ 23 + 105 = 250. 
Collecting, and transposing, 32 = 99, .°. x = 33: hence the shares are as follow :-— 
A’s share £33; B’s £56; C’s £161; and their sum is £250. 

13. A can execute a piece of work in 3 days, which takes B 7 days to perform: in 
how many days can it be done if A and B work together ? 

Suppose they can do it in « days; then since A can do one-third of it in 1 day, he 


can do = in # days: in like manner B can do 7 


working together, they do 5 + - in x days; but these parts make up the whole work 


of the whole in x days: hence, when 


since they do it ad? in x days ; 
a, 2 


Multiply by 3, 2 + = 3 


» by 7, Tx + 82 = 21, «. 10% = 21,0, e = ly 
ILence they complete the work in one day and onc-tenth. 
14, A cistern can be filled by three pipes; by the first in 2 hours, by the second in 
3, and by the third in 4; in what time can it be filled by all the pipos running together ? 
Suppose it can be filled in ¢ hours; then since the first can supply one-half in 1 


hour, it can supply > in x hours; in like manner the second can supply 3 in 2 hours, 
and the third ; ; and by the question the sum of these parts is the whole. 


~My ey oH 
“grata? 
Multiplying by 4, in order that the first and third fractions may be removed at the 
same time, we have 
22 +2 -+- 2 = 4, that is, 3z +2 ==.4, 
Multiplying by 3, 92 4+ 4% = 12, -, 18a = 12, -. 2 = a ; hence, when they 


all run together, the pipes will fill the cistern in uv h. == 65 min. 23), sec. 


15. Solve the preceding question, when the first pipe fills the cistern in 1 hour 
20 minutes; the second in 3 hours 20 minutes, and the third in 5 hours. 

Imitating the foregoing solution, x being the requircd number of hours as before, 
the part of thé whole supplied by the first pipe is 7 , the part supplied by tite second 
is +? and the part supplied by the third is = in « hours; henee, since these parts 
make up the whole, we have 


oY 


©. , & 
ytsyt o> * 
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Or, multiplying the terms of the first pair of fractions by 3, e+ a +5 =A, 


Multiplying by 4, 3z +2 +4 == 4, or 82 + 22 = 4, 
that is, 52 == 4, 0.7 = sy 
hence, the time is . h. = 48 minutes. 


16. After A has been working 4 days at a job, which he can finish in 10 days, B is 
sent to help him ; they finish it together in 2 days: in what time could B alone have 
done the whole > 


Suppose B can finish it in x days; then he can do 2 ofitin 1 day, sothatin the 2 days 
Zing 
he does a of it. Now, as A does = of it in a day, in the 4 days, working alone, he 


4 ) aon : ‘ 
has done -~ or 7 of it; hence, when B commences there is only = of it to be done, so 


10 
2 2 3 2 1 3 2 2 1 l 
that — et 4) OS er 
PV eros BT et a bees 


Multiplying by z, and then by 5, we have 5== 2; hence, B can finish the work 


alone jn 6 days. 
17. Divide £143 among A, B, and C, so that A may receive twice as much as 3, 
and B three times as much as C. 
Suppose C’s share to be x pounds 
then B’s 5 382 gy 


and A’s Pr Grey, 
ea £ 
. 143 
, the sum of the shares is 10z = 148, », 2 = io = £14 6s. 


, C’s share — £14 6s.; B’s, £42 188.; A’s, £85 168.; and the sum of these is the 
whole, £143. 

18. A person has 40 quarts of superior wine worth 7s. a quart; he wishes, however, 
so to reduce its quality as that he may sell it at 4s. 6d. a quart; how much water must 
he add? 

Suppose the water to be x quarts, then the entire number of quarts in the mixture 
will be 40 + «, and by the question the worth of the pure wine is 280s., and that of 
the reduced wine is 44(40 + ~) shillings. As the worth is to remain the same, we 
have the equation 

43(40 + x) = 280, or 180 + 442 = 280 

; _ . . . 100 200 nos. 

, 440 = 100; and ., oa = 7 2453 
hence, the quantity of water to be added is 222 quarts ; so that the mixture 
will make 62% q . The value of this at 44s. a quart is found, asin —— 
the margin, to be 280s., which is the value of the unreduced 40 quarts. 248 

19. Divide 90 into four parts, such, that if the first be increased by Fe 
2, the second diminished by 2, the third multiplied by 2, and the fourth 280s. 


divided by 2, the results may all be equal. seas 


2)622 
44 
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Let the first part be s — 2: this, increased by 2, is x. 
Then the second will be x + 2: ,, diminished by 2, is z, 


‘3 third ,, 5 : » multiplied by 2, is a. 
» fourth ,, Qe: divided by 2, is x. 





The sum of these is 4x -+- - = 90. 


Multiplying by 2, 8¢ +- = 180, ,°. 9v = 180, .. = 20; 
hence, the required parts are 18, 22, 10, and 40, which together make 90, 

20. Divide 39 into four parts, such, that if the first be increased by 1, the second 
diminished by 2, the third multiplicd by 3, and the fourth divided by 4, the results may 
all be cqual. 

Let the first part be x — 1: this increased by 1 is a. 


Then the second will be « + 2: this diminished by 2 is x. 


third _,, 5 : this multiplied by 3 is z. 


fourth ,, 4a: this divided by 4 is 2. 


ee 


The sum of these is 67 + 5 +-- 1 = 39, .. 6a + = 38, 


Multiplying by 3, 18% -+ = 114, .. 19¢m 114, », x= 6; 
hence, the requircd parts are 5, 8, 2, and 24, the sum of which is 39. 

From the last two examples you will perceive that although in general the unknown 
quantity sought is best represented by a single symbol 2, yet the conditions of the 
question may be such as to suggest a more convenient form for the unknown: a judi- 
cious form of representation at the outset will often save several steps of work in the 
solution. When fractions are foreseen to enter the equation, when the symbol for the 
unknown is 2, it will always be better to use instead of x, such a multiple of « as will 
preclude their entrance, as in examples 7 and 8 above. 





Mvuuriprtication. Case I. Pace 180. 
EXAMPLES ror EXERCISE. 














1. 9ary? 2. — Thr 8. — 4a°rizt 4, — 5 cy 
4a°y 8b4y5 — 6 — 3ety*s 
36a5y5 —~ 56b5z*¥8 4a2asct 1653 by4z 

5. Matzy?s 6. — 13a*a%y* 7. 4btady? 8. faxte? 

— 9adz’y5z? l4atz*y" — 4b°xys 4x yt 
— 99arxhy7zs — 182a%ztys — 258zty? dax'ys 
9. Jax*y 10. — 3h%yz ll. fary® 12, $a? 
= ee — 2y*2 Baty — yo’y? 
— barz’*y* 657 y323 fax'y* — tax" y538 
— 4a°x4 — 4ab5y — 3a*y? — pa y*z 


24a x6y* — 2abdy+28 — waxy’ pyaa*yict 
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13. — £04 14. Jara 
—— 3522? — try 
Ja2b2y22? — Yya'aty 
— fabri yz — 2y%z 
— $a xty?s Largiysz 
——____-_— — 10a*x22 


— ldatety st 


Mvcrtiprication. Casz II. Pace 181. 








1. 8ax* — 2dxy 2. ba*y? — 4a7y3 
4a°x — 3axy 
124323 — 8a°bz°y — Ldairy? 4+- 12ar5y4 
— 2ayz 4azr'y 
12ab-y*s* — 8a°by3z 28ath4a°y — 12axy> 4+- 2axy 


5. 9m®nzt — Tary — Way 
— Tan*x? 


LO A LE CL LES LC LAD 
— 68amn8x-2* +- 49asn ay? + 14ab neaty, 





6. (2a%x* — Sry") X Bax y = Ca%baty — loaxy’, 
7. (2ary* — 3x2 + 22) xX — dary = 8a°x?y3 4- 12ax5yz — Saxy. 
8. (may? +- 3ny* — Qe) X — Bm®xty = — 6mixdyt — 18m?nxy® 4- 12m2rry4z, 
9. (4y%2* — 3az' — 5b) X — Sab °y = — 2ab ys? + 15a2by2d 4 ab yt. 
10. (dcx%s? — otc? — 3x4) 12c%w3yet = GOc% x y25 — 1Qe24 ydzt — 36c2xy28. 
Ll. (Raa? — by? — 2cz7) x — 12a%e3? = -~ Badseig? + Bad cy? + 24a7bels'’. 


12. { day? — (26%? — ys — 2)} Sa2yc? == { day? — 26%? + yz 4 2} Ba%ys3 = 
12a%y°23 — 6a*b-ye + 8a2y?st + Gayz3, 
13. {2b2°y3 — (Bey*s + 4ys* — 32°)} & — 3x%y = 
{ 2ba?y> — Beyz —4yc? + 323! x — 3x°y = — Ghartys 4+ ber y's 4+ 12a? ye? 
— 927y2". 
14, {5a%e? — (30%y? + 2a%2? — 4ay)} K — 2a°ey = 
{ 5atx® — 3b%y? — 2a%x? + 4ay?} x — 2a?b?ey = — 10atdsy 4+ Ba*btzy> + 


3. — 6b°y25 +- 4ab y? 4, Jard+x6 — 3r°y* + 5 
| 

{ 

| 

4ah2ay — 8a>b2zy, 
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Mouurrerication. Cast III. Pace 183, 


Qax* — 3bx — 2 
32° — 2x 


6ar* — 9x3 — 62? 
— 4ax3 4- 6bx? +- 4x 


6axt — (4a + 9b)z3 + 6(b — 1)x? + 4a. 


4ay +- 364 — 4c 
3by + 2c 


L2aby? +- 9Bay — 12dcy 
Sacy -+- bhex — 82" 


12aby? + (9b24 + 8ac)y + Bbe(x — 2y) — Be, 























5235 — 42? + 32 — 2 
207 —x+ 1 


1025 — 82xt + 623 — 4 a 
— bat + 4x3 — 327? + 2x 
5238 — 42° +- 3x — 2 








1025 — 1324 4 1523 — 112? + dx — 2, 











(x + 2)\(¢ ~ 2) = a — 4; (x4 3c —- 3) =e —9 





z*—9 
A — 42x? 
— 9x7 + 36 (See ALGEBRA, pago 182). 





x! — 1327 + 36 





(@ +- a)(e# — a) = at — a?; (2 — 0") (2? — @*) = oh — Qa?g? + a2! 


24 -- 3a 


4x7 ~— da 


82? + 12ax 
— 10axz — 158 





82? + 2ar — 15a} 
ata 
8x5 + Zaz? — lbaie 
Sax? -+- 2a°x ~— ldat 


823 +- 10az? +- (2 — 15a)a*x — 16a* 





ll 
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7. 8ax—b 
4axr +e 


12a*z? — 4abx 
sacz — be 
12a*z? +- (3¢ — 4b)axz — be 
dar — 3 . 
60a%x + 5(3e — 4b)a%x? — Sabex 
— 36a°2? — 3(3¢ — 4b)ax 4- 3be 


60a%x3 + {5(3e ~ 4b) — 36 | a?a? — {8(8¢ — 4b) + Sbe} ax +- 3be 


y 8. 4axr +- 3hy — 1 
2ax — by +2 
8a*x* -+- Gabsy — ax 
— dabry — 3b7y? 4+- by 
8ax -+ 6by — 2 


@— ety) =@—Ye—NEt+ YN) = @—N*e*— 9") 


a? — 2ry + y?® 
xz? — y? 


ro] 





zt — QWr?y + xy? 
eae wry? + 2ry5 ecae y+ 


xt — Ie3y + Ary? — y4 








10. 22? — (a+ d)x +c 


t—e 


x9 — (a + b)z? + cx 
— cx? + (a+ db)cx — 0? 


w8—(a+tb+ cir? + (a + 5+ 1)cx —c? 


11. 39(¢3 — a2)? = 27(24 — Qa2z? + a4), 
12. (27 + 3)(2z — 8)(4x* + 9) = (42° — 9)(4xz? + 9) = 16z* — 81. 
13. {(@ + 2)(@ — 2)}* = (a? — 4)? = 24 — 822 + 16. (Pago 182). 
ld, 2?9—fr+l 

xe? + 27 — 1 


et — 475 + 2? 
2x? — x? +- 2z 
—xr+t+iec—l 


a* + Idet — 2? + 242—1 


ED Rene Ne PAN eR IE ea RN ERC ee OR TEE et eT RCE ee | 
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Invo.tvution. Pace 184, 


1, (3a7x2)? = 9ate. 2. (Thy8)* = 2401b4y1*. 

3. (— 4a7b374)3 == — 640959713, 4. (Qr4y%z)5 = 32z20y10z8, 

5. ( — 8a3y3z2)6 == — 243q1 515310, 6. (— 8b? x%y3)§ = — 61258r1 Sy? 
7. (5a7b8c+)* = 625a8512%c18, 8. ( — 224977)? = — 64a%r%y8, 





Invoturion. Exampies For Exercisz. Page 184. 


le (a -+ Qz)3 = (a + 2x)? (a + 2x) = {2° ans +422, (Sec 2, p. 182). 
a+ We 


a3 + dax + 4ax? 
2a74 + 8x? + 8x3 


a3 + Qa(a + 2)x + 4(a 4+ 2)x? + 8x? 


2. (Sar— 4y)3 = (8ar—4y)?(8ax—4y) = el a 24axy + 16y?. ' (See 
ax — 4y p. 182). 


27a%x? — 72a%x*y + 48ary?2 
* — 36a7x?y + 96ary? — 64y3 


274373 —108a22?y-+ 144ary? — 64y3 





3. atb+e (See Nore, p. 187). 4, 84° + Ie + 6 
atote 3a? + Qe + 5 
a? + ab + ac 924 + 6x3 + 15x? 
ab + b2 + be 6x9 + 4x? + 10x 
«act bc +c? 154? + 102 + 25 
at + 2ab + 2ac + 5? + 2be + o* 9x* + 12¢5 + 34x72 4 207 + 25 





5. a—243e 6. {(a+2)(a—2)}53 = (a? — 2°) 





a— 2b + 3¢ == (a* — x2)3(a? — x?) = (at — 2a7%x? + 24 
Sa ee i — x7 
a? — 2ab +- 3ac ene 
— 2ab + 4b? — 6be a? — 2atz® + art 
dae — 6be + 9e° — a4z* + 2atz4 — x6 
a? — 4ab +- 6ac 4-452 — 1250 + 9c? a® — 3a%z? -+- datxt+ — 76 


id 
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T. {G@+2)(e—2)}? = (ot 4)? =o? — 4)*(94 4) = [at — Bot 416 
g8 — 8x4 + 1627 
— 444 + 3272— 64 
w® —12a* + 4827— 64 
8. { (22 4 8)(2x + 3)} 4 = (42? —9)4 = 


(47? — 9)2(427? — 9)? — { 1674 — 72x? + 81 
1644 — 72x? + 81 


25628 — 11526 +- 129624 
— 1152¢% + 518474 — 583227 
12962* — 5832272 + 6561 


25628 — 230478 +- 777624 — 11664z? + 6561 





9 (2 — a)? 4 Jag = 2? — Qar + @ 4+ Wace m+ we 
And (2? +- a?)4= ie + 2a?x? + a4 
bat + Qa%e? + at 
a + 2a%2t + atzt 
Qa*xs + datxt 4. 2a6z? 
at+p4 + 2a%r? + a8 


x8 + 40°28 + 6atat + datz- + 28 : 





10. (@-1)\(@—1) (2? + 1) = (2 — 1) +1) = 24+ — 1, and (24 — 1)? = 8 — 22441 
ll @—1fPo2—Aa4l «ew aw+l 





a — Wet 
z4— 2+ x 
— 223 + 42? — Qe 
v—2e+ 1 
gt+— 425 + 627 —4r +1 
ev —w+1 





go — dao 6rt— 403 + 2? 
— 2x5 -+- 82+ — 1223 4 82? — Qe 
g4+— 405 -+- 67? ~ 47 41 


a8 — 625 + ict — 202 + 15a? — 62 4+ 1 


Norr.—In working the foregoing examples, it will be seen that frequent application 
has been made of the principles marked 1, 2, 3, at page 182. They should always be 
used in like manner whenever opportunity occurs. The Binomial Theorem, in the next 
article, is, however, of still wider application, and you should make yoursclf well 
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| 


acquainted with its form: the eleventh example, here worked out in full, is solved in 
a moment by aid of the Binomial Theorem, as you will see by a reference to the table 
of developments at the bottem of page 184. The example in question is to find the 
sixth power of x —1; for {(# — 1)?}3 is the same as (x —1)*% If you suppose @ in 
the table to be — 1, you will see that the development of (# — 1)* is the same as that 
found above by actual multiplication: the directions at page 185 show how this 
development might have been written down at once. 








BrnomiaL Turor"emM. FExamprurs ror Exercise. Pacer 187. 


1. To develop (a + y)*+. The terms without the coefficients are 
at, aby, ay’, ay, y*. 
The coefficients, as far as the third, are 


1,4, Xf a6 


7. (@-- y)* = at + avy + 6a%y? + day? + yt. 

Instead of finding the terms without the cocfficients, and then the coefficients in a 
separate stcp, it is just as casy to write down each term in succession in its complete 
form, attending to the directions at page 185. 

2. (a— x)§ = a5 — 5atx + 10032? — 10a°2? + bart — ae, 

3. (@ + 2x)3 = a3 + 8a2(2z) + 8a(2z)? 4- (2x)5 

= a + 6a2e + 12a? + 873. 

4, (1 — #8 = 1 — 6r 4 152% — 2023 4 dat — 625 + 28, 

In this example the powers of 1, the first term of the binomial 1 — a, are, of 
course, suppressed ; but the exponents of those powcrs are mentally employed, as in 
other cases, to form the coefficients. 

5. (1 + 38x)4 = 1 + 4(8r) 4+ 6(8x)? 4+ 4(3x)3 4 (82)4 

== 1 + lla + 542°-+ 1082? +- 8laé4. 
G. (ae  Qy") = #8 $ 524(2y2) + 100°(2y )* + 102%(2y°)8 +} 6x(2y)* 4 (2y*)8 
= v8 + 10r4y? + 40z*y4 + 802775 +- 80ry8 + 321/10, 
7. (at + 8y?)'= (22)5 + "(09 $10 (22)9(2y2)? + 10(2"):(By2)3 4 5 (2%) (3y)* 
3y°)s 
= x0 ij L5a8y? + 90a8y4 + 270r4y% + 405e2y% 4 243", 
8, (2a — «)® == (2a)6 — G6(2a)se 4 15(2a)*z* — 20(2a)%a? + 15(2a)221 
— 6(2a)25 + x* 
= 64a8 — 192a5x + 240a4z? — 160023 + 60a%xt — 12ar5 + x6. 
9. (@ — 2°)? = a? — Tx8(2Qy?) + 21x5(2y*)? — B5zrh(2y*)3 + 3523(2y*)s 
— 212%(2y2)s + Ta(2y2)® — (292)! 
= aw? — Lda Sy? 4+ 8425y! — 2802478 +4 560248 — 67227y'9 +4 448 ay! — 1282/14, 





Drviston. Casn I. Examprues ror Exercise, Pace 189. 


8ax?y? 9. 2 Shays a Bye 

taay ~ ~ Bhey - 

3; St lt = 4zy2', 4, TGar ye —_—— ary 
52 82*y%2? —_— 4axy? a 








ALGEBRAIC SOLUTIONS. 





5 Cartye? 6 Bye _ AP 
me baa? ys3 6a: "6 iyéz? y's 
7 24oy? By Bee ie 36atztys 18? 
© eye Tes " 2 Tasty 737 
5abz?/y _ x —d3ar%ezt ae 
9, Pe 10; ee Je, 
l0ab*zYy 26 —ldactx Ys 4275 
fat, ee 12, 2 18alyret vty, 
8m*xty® 4my? — 26y*/z 2 





Division. Case II, Pags 189. 
9a%z? — 3a3z3 +- Gatx 


= pees 2 , D2 
1. ae 32 — az? + 24", 
12a*yc* +- 6x7y52? — 3x2 y 
OU ee = Me ee — 2 2 
3 sazr(4cy — Say?) +- l2axy __ arty — 24ary? + lary 
‘ Gary 6axy 


= 2a — 4ay + 2, 
4, dl 2y)a = Barly! — 16a2* + 87; = 16az" + 8zy = 2a — 4a + 2 
4z°y 4aty y x 
The last two examples might have been treated somewhat more simply ; thus, 
cancelling 3ax from dividend and divisor in example 3, we have 
i oe a “e fy == 2x — 4ay + 2. 
It is easy to sce that instead of 3ax, 6ax might have been cancelled. In like manncr, 
in example 4, by cancelling 4z, we have 
aaly* — Aart 2y anys 48 2 
ay y x 
5. Cancelling 2, from dividend and divisor, we haye 











4a77°y? — 3azr°yiz? +1 9 8 ae 1 
2azry -_ ary 2 ys ai Qary 
16046723 — 8 + 3a%x4+ gn 3x" 2 
mF ck My eT 
Division. Casr III. Pace 191. 
1 a — 7)x* — 2x — 35(a + 5. 2. a-+ 3)a* —a2— 12(2 — 4. 
2 Te x? + 32 | 
562 — 30 — 47—12 
624 — 35 — 47 — 12 
3. 3x + 2)6x7 + 13% + 6(2r + 3. 4, 32 + 2)122? + 202 + 14(42 4 7. 
62? + 4x 1227 4 8% 
Ox + 6 2Qle + 14 
97 + 6 2iz + 14 
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ALGEBRAIC SOLUTIONS. 





5. Bu? — 2x + 5)1823 — 3327 + 4427 — 35(62 — 7. 
18z3 — 1227 +- 30x 


— 21x? + 14x — 35 
— Qe? + 140 — 35 


—_— 








ns 


G6. wo yaa — yt (a? + arty + ay? + y’. 











ct — gy 
5 
HY —~Y, 
vty — xy? 
vy —Y4 
ay? A ry? 
ay>— V4 


Example 6 may be worked differently, thus : 


aA—y  @ +7)? —9) _ oa yp _# +9 yy multiply 
py eg tree Ve ee yee 


Dp ay? + aly + 9. 


eee meine te 





(e a att — ax — Tax? + 8ax — a(2° — Tar + a’, 
zg! — ax? 
— Tax? + Bax 
— Tax? + Tax 
an — a3 


Cx — @& 


8. ut ax? + (a + d)z + able + 8. 
a? + ax 
bz + ab 
bx +- ab 





9, 4a°y + Bry — 1)82ty 4 2a°’y — 22? — 3a°y + 2(22* — 2. 
Baty 2+ 6x5y ~ 2x? 


— 4x°y — 3a*y + 2 
— 42°y — 32°y + @ 
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See Se gs at Ae nt be et a el re ee es 


ALGEBRAIC SOLUTIONS. 
Boece sa ae eee a a ae a ee 
4 2x 
10. Pe —1)x9— Ap Se wr —Uet — oO +P -ebl—ByT Ty 
8 +- oS — x4 











—2— 74+ 7 


a+— 2’ —1 
x4 + a> — x? 


— 7 — | 


—e—x+en 


g—er—) 
ete—l 


— 22 Remainder. 





"11. Cancelling z, from dividend and divisor, and removing tho vincula, the opera- 
tion is as follows: 


Be — 3)80" + 9a? — 20(22? + bx + 5— 5" 


623 — Gx? ad 
152* — 20 
152? —- 1Ldx 
l5z — 20 


lbxe — 15 


—4 Rem. 


eee 


12, aa)? pe tolepatp 


gt AL 





(a+ pla+g 
(a+ p)x — a& — pa 


a@+patq Rom. 
13, 2—a)e? + pot or trl + (atpe tat pate 
8 — ax? 
(4 + p)z* + ge 
(a + p)x* — (a* +- pa)e 
(@ + pat ge +r 
(a? + pa + ge — @ — pa? ~ ga 
@ + pa +qatr Rem. 


The final remainder in example 12 is a* +- pa +- 9, and that in example 18 is a3 + 
pa’ -+- ga-+-r; in each case the remainder is the very same expression as we should get 
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ALGEBRAIC SOLUTIONS. 





by rubbing out the «in the dividend and putting a instead, as observed at page 191. 
Tho property is perfectly general: if any pofyhomial proceeding according to the 
powers of x be divided by # — a, the remainder will always be the samc as the polyno- 
mial itself when the # is replaced by a. Hence, when a is any given number, you will 
be able to ascertain, without actual division, whether a proposed polynomial is divisible 
by — aor not: thus, suppose it were asked—Is 2? — 2x — 35 divisible by z — 7? 
Putting 7 for x in «? — 2x — 35, we get 49 — 14— 35 = 0. Hence, tho remainder is 
nothing, so that the expression ts divisible by « — 7 (see ex. 1). 

In like manner referring to ex. 2, and substituting — 3 for z in 2? — «— 12 it 
becomes 9 + 8—12 = 0, Hence, 2* — 2 — 12 is divisible by x + 3, And a glance 
will serve to show that the division may be performed without remainder in ex. 7. 





Squage Roor or A SimpLte Quantity. EXAMPLES FOR Exercisz, Pace 198. 


1. Yataty = aril y. 2, 0/24a408 = + 2ad?. 3. V Batate = Qax?yz, 
4. yo 8a4z'y* = — 2an/ ay” 5. Vf = 2aty%z8 = aty’sty — 2. 
6. V8a5y4a = re dar, 7. (thet) = = abxb>. 8. Vaby%s? = yey/ 
a me b 
a V a — = ry b 


— — i) 
10. Var —4 == a2 a. 11. ps eee tty 2. 
8a3 4,203 2a 2a 2a 8 Ybax 
2 —~ wears § ar =ona “em: 
is 5 Ao, 27x 'y* = 9,3a'y4 ~ Bay? * Br Bay?’ Bz 


15. (— 8euys i =— Qay/ 2x. 





1 l ly 

Aya? = ene eh aan 

14. (9b4a"y°) — = Viray: = Shang obey? 
9 9 a) a fe] 
15. sles) $= = —_*__ = __t__ (Sys)! Vv Oy°e 
y dla* v6 Ba2y ety lyz ~ By"a4y/ By? Sy'z4 Gy? , 
16. Vy — l6abzshy — ® = — Zax’y — By 2a’. 
an a aes 1 V2 Va 

17. (82a “a’y*) * == 382 ly 2 oe 





ary? 2. va Bary? 


3 
1s. (32a — %x —5y3\ = = 32 —haety —~1— at —— @ nary 1G 16 ee _ ye 
oyV4 by 4y 


Repuction oF Fracrions. ExamMpLes ror Exercisr. Pacer 197. 
x Py eee a? — 2? 2 a 
Me atepor = GQ—-x ~a@—“# 
Be are oe 
2. 3~—y7-— —* = ee ‘ 
I~ Soy ay Shy 










































ALGEBRAIC SOLUTIONS. 








3 pin i re ns ml ein wa 4bc 
- Go = o— cp ee 
4, 2 2 il by actual division, a? +- ax + 2° + eal : 
a-—Z a~ zx 
Ba — 23 


5. By actual division, 2 par + 2° =a-—wZ, 
at+teat g4—at—-+-art+atr Qn4 








Bsr Hs Ue a ea eS ae 
6 Pe a egal are 
o @tytoe+y—)_ , (ett ty— — dy 
° Qary 2ry _ 
(e¢+y?—2—2y ¢+y—# 
Qry = 2ry  * 
g, Cety+e+ty—2]_ 4 @ +a F—4ay_ 2 — ryt 2 
‘ Qry i Qry aa Qry 
_(¢#—y" —# 
= Day ; 
9 CAV AHF Pott HP ey? (ey — 2) (e — +»). 
Qry 2ay = Qry _ 2ry 
10 po — 39 — 228-2) _ 2 (2 — 3)(@— 2) — 38 —2)} 
; g—2 2— 2 ~s 


| (—8)(e—2) + 3(x—3)} 2x —38)(2—-24+3) — x(x—3)\(@+1) 


RE 
pees rt rt rene 


x—2 x—2 xz— 2 


a(x? —2e— 3) 2(2?—2e+1—4)  x{(e—1)2?—4} 
zr—2 ~ z—2 pr a-— 2 


— 


ApDITION AND SUBTRACTION oF Fractions. Exampies ror Exercise. Pace 199. 








1 8 4p Pad Ah Me ed het Ten 
: 3 2x 7. 6z Bo 6e 
9 2 4 Pte pt ade tet 

ae eae es a — 9 ae a 


107 — 9 dt—5 _ T0r—63—~24x+40 467 — 23 








? i 56 56 

4 24 — 3 a—9 _ 16¢?— 247 —Tx?4- 367 Ow? + llr Ox + 11 
ee 2 8 562? 56x° 56x 

5 t—a 4 1 @—@ +x? —ar+a 2x? — ax 
* gt—ar+a za x + a? ~~ B+ a, 

6. 1 @—a@  £+a—-4+Ga 2a ars bz atst— b? 2° 
7 eta za ~ eta gy yz xyz 


In this seventh example, the terms of the first fraction are multiplied by s, and those 
of the second by x; the denominators thus become each equal to zyz. 





pil) 





ALGEBRAIC SOLUTIONS. 























8. : + Pa — =. Multiplying the terms of the first fraction by 2*~—}, and 
those of the second by z*~?, we havo ate. 9. sot 
i ein) __ 407 = 2a + a + 2a — a— 40% — Se 10 its 
toptai 42%? —a* — 47% — q? —~ 42? — g?* "Ll+e+n? 
inet _ (lt+a)l—2+e2*)—(+242’)(1l—2) _ (1 aja?) 

l—apo? fi 42%) 42) (a +27)—2} (1 + @*)? — 28 
eee 2x a 
~ 1+ a* + xt 

ar +. p2 a+b a—b a? 4.5% 4.4% — 52 (a?— hb?) + 2(a% — 52) 

ay age ep ge Ph gage 
__ 3a? — 5? for i SS y _¥t+3 
~~ F " y—3 y y+3 y 


The sccond and fourth fractions united give —=! == — 2, the first and third make 


























4 3 2.03 2 . 3 
i A = i: ae Hence the sum of all is a 2x 
y" —9 y* — 9 y7—9 
Qy? — 2y? + 18 18 
a a re 
Gh ot eae a ee | 
“eb y ey @+tye-y ~#-—y¥ 
id i a ee 
zy #+y~ @—-nety ~ Foy 
4 2 Yo _ ty bey — ye YE 
@ fs ys (2 + y)(& + *) @+5y +5 
ond —= s ett ye — 3 _ ey 
y+s ae Y+ae+s ~@+5N 44) 
MULTIPLICATION oF Fractions. Exampirs ror ExercisE. Pace 200. 
| 4x 4 5 20 4x +2 ba 2 __ 102, 
Pe 7X a= X 3S a Per pe ag eg 
| 
ert _ 8x? + 2x 22 —~ 1 ar 1 
w. x Fs (te $1) 7 = SE 4, fel Gea 
Renee a+ 6 i an bx bx 
x—“4—-6° b aoe x a—b”~ a—bé 
re a ind eee ee 
a OS a¢— a — ae — a8 ge gee ye ee 
an” ye ee 3 x 2y* __ Gy 
8. y™ x” ™ yma 9. y x bya 5° 
x — 4a? ae — a 2 2 2 3 
10. ————— KX ——— = (x — 2a) (2? + ae +o”) = — ax? — ae — 20°, 


r—a % + 2a 
In this tenth example it is seen at once that the numerator of the second fraction is 
divisible by the denominator of the first, because ifa be put for x in 2* — a’, the result 
is 0. (See p. 19, Key). 
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ALGEBRAIC SOLUTIONS. 





Qe _, 42 7 oz x 2a 
DN gS ge OG eG gs 

42+ 2 bz 97 — 3 ei 

a ee tees ieee, eee — 1) = 302 — 10. 
2. 3 X gi * : =2x 5x (32 ) == 30z 


— y)\2 = 
13, yy EY 
zy C—y wy 
14 (z — y)’ Y/) x tty u—Y 7) x ee eet ine aap eee 
Spicer yt ee a ~~ (a? y*)(a* + 9") +9) @-ye+y)” ety 


ee ae oe et ee ee 
15, (o—= Ne 4° = b oe = ; Otherwise, 











a 6 db a a b a? b Gia ah Ut 
Oot Dat ~ 3G + Da0E— 0 = ae oe —™ ad 





Drvrston or Fracrions. Exampies For Exercisk. Pace 201, 
1 x aw4H2 + de 9 a+l a 1 


— 
a 


gee perl gee oe Reg Ge Ge 
e-9  -¢+3 "4-3 1 4#&—8 4¢— 12 

ee ia ia —_— ee = -!- 4= So eg 

5 ' 4 “~~ § * 4 D x 5) 
4 Or? — 2r si ee Oto 2 62 — 2 
er We hes = ez - C=. 

t—g “2+ Oger 20-2 

92? — dy? , br 2y 8a +23 
é. me FE Te oe ~a~e —- (3 24 L— 4 = 3x? — x —? 
6. zm y? aig ee. et ne een, oe 





wm Qry by Gy amy ey a 
Smmpte Eavations In Generat. Exampirs In EQUATIONS WITH ONLY ONT 
Unknown Quantiti. Pacn 203. 


. - : = 22+ i Multiplying the terms of the secund fraction by 3, 


—_ 


2x, 82 wr 
5 +-¢ — 22 + rt 
Transposing, a + ‘ = 


Clearing, 62 + 5a = 330, thatis lla = 330 «. 7 = 30. 

This might also have been readily solved by multiplymg each side of the propo« d 
equation by 30, the least number divisible by all the denominators; the equation thus 
cleared of fractions would have been 

122 + lis = 660 + dz 
“, 272 — ba = 660, ., 222 = 660, .., ~= 80. 


5 + «t+ a 64. Multiplying by 12, the least common multiple of the 


denominators, we haye— 


62 + 4x 4- 32 = 78 
that is, lox == 78, .. r= 6. 





ALGEBRAIC SOLUTIONS, 


22 2x 


x x x x 22 4 ‘ 
3. 9 aa ae meet Via ee a eee ag our a 1; that is, 
x oD 
Z= aT 1. 
Multiplying by 12, 3¢ = 22 +12, °. z= 12. 


18 
a, Es HS 4s nati, Bp rel $5, Pass ete od, 





5. ap ET = 3) 4 OT Te Multiplying by 16, 


gree een eer ame 10 4 776 ~ 562. 
Transposing, 662 4- 32 — 107 = 776 + 11 — 10 — 336 
*, 490 == 441, 7, o = 9. 
6 Y@t tates. Ve? 47) 7-2. 
Squaring, «* + 7 = 49 — l4r +. 2?, », de = 42, 1 eo 8. 
7 Y(@—a) —-b6=0, .V(@— a =b, oe a), p. ez mat’,. 





8. ve _ 2 =< Applying the principle explained at page 2038, we have ee = 
p- x10, ., # = 100. 
Yr4+28  Yu-+ 38 : at : 
ey aay Applying the principle referred to in the last cxample, 
wo have 


vets = yet Multiplying by 3.4.4, 


4x t+- 64 = 372 + 66, Ye 2, em. 
Yr+2a _ yr+4e ee 
10. Gene ya er By the principle at page 203, 
OYe+2a+5_ 22+ 4a+ 3d, 
Seg fae ag 
2¥e2 , +h 2%7e , 4¢-+ 3b 
abt ee as 
24/2 2x _ 4a + 36 2a +5 
Ja—b  4a—36 4a—3b 2a—d 
Multiplying by (2a — 0) (4a — 36), 
Say va cua te 2b 7 = (2a — b) (4a + 3d) — (2a + 8) (40 — 38) 
. (4a — aa = — 8ad ue ag == 4ab, 

















Transposing, 


ab 
Ve Shy 2m 
—a az 67/ax + 3a 
as aie a <a Applying the foregoing principle, Vo? — = a ve ’ 
Clearing, 7 az == 64’ ax + 3a, ., Yara — 3a 
. AL = 9a", ., w == Ga. 
12, 4 (2 — 24) = Yx—2. Squaring each side, 
e— WM me—4Y¥re+4. 
Transposing, 4a == 28, -. ye seT, 6. = 49. 
18. Y (42 + 21)=22V¥2+ 1. Squaring cach side, 
4¢ + 2 —4de+t4yfr4+i. 
Transposing, 20 == 4/2, -, Wx == 5, «, @ = 2b. 


Il, 


23 


ALGEBRAIC SOLUTIONS. 


3 
14, y(2x-+-3)=3, Cubing each side, 
24 + 3 = 27, °, Qe = 24, , e129. 
bx — 9 6x — 1 
Y ie og = vé ‘g-—-- The numerator of the first fraction is the difference 
of the squares of the two quantities in the denominator; thereforc, the numerator is 
actually divisible by the denominator, so that the equation is the same as 
bz — 1 
View eaY 5 1. 2Yd2 —-6 == 5x ~1, 
OE ys FOR 20, ee 


15 





ee ee By the principle at page 203, 
V@+t)_3 . tly 
V(e—)7~ Vel” 


w £bla oe —9, ».10=— 82, Lee 1. 











SrumpLe Equations with Two Unknown QUANTITIES. 


EXxAMPLes FoR Exercise. Pace 206. 








1. . 2 . i are Ist. Proceeding by Rule J., we have from the first equation 
os = 5 8Y, and from the second + = pe = 2y ; henco cquating thesc two ex- 


pressions for x, 
23 —3y 10 + 2% 


ee 





~ 


2 — 98 
Clearing fractions, 115 — 1by = 20 + 4y, 
Transposing, 95 = 19y, .. y= 4, 


ew ty _ 10+10_ 20_, 
ie yp ee ae ee 


ane 





2nd. Proceeding by Rule II., we have fromthe second equation x= be —2-+4 2y 


re 
Substituting this in the first we get 
4 + 'Y 4 by = 23, o © 4 By = 19 
Clearing, 4y +- ldy =: 95, .°, 19y== 95, «y= 
And since x = a Sm aon = = 4. 
3rd. Proceeding by the third method, multiplying the first equation by 2, the second 
by 3, and then adding the results, we have 
197 = 76, °, 7 4. 
Again, multiplying the first equation by 6, the second by 2, and subtracting tho 
results, we get 
19y = 95, 2. y = 4. 








ALGEBRAIC SOLUTIONS. 





52 -+- 49 == 58) Multiplying tho first equation by 3, and the second by 5, 
32 -+ Ty = 67 I there results 
. 15a +4 12y = 174 
15z + 35y = 335 


° a re 


2. 


161 














Subtracting, 23y = 161, .. y= 3 > 7@ 
And since from the first cquation x = eg ie z os 6. 
Otherwise, thus: multiplying the first equation by 2, we have 
10z +- 8y = 116 
382 -- 7y = 67 
Subtracting, Te+ ys 49, 2. y= 49 — Tx 
Multiplying by 3, 212 -+ 3, = 147 
First equa. Sr -+-4y= 58 
Subtracting, — 16x + y= — 89, . y = 162 — 89 
., 162 — 89 = 49 — 7x, .°, 23x = 138, ., x = 6, 
“ym 49 — Tez 49 — 42 = 7, 
au aon 
3. 8 Se oe 194) Clearing fractions, these equations become 
y = | x + 64y = 1552 
g 7 Se = 181 y + 642 = 1048 
By adding these, 652 + 65y = 2600, . ya = ct 240 
And by subtracting, 63y — 632 = 604, ,.y—a2= xii = & 
.. adding and substracting, 2y == 48, and 27 = 32, 


“yc , anda = 16. 


Norrt.—The rule has been departed from in the preceding solution; and you 
perceive that considerable advantage on the score of noatness and simplicity has been 
gained in consequence. By the rule we should have proceeded thus : 


From the first equation x == 1552 — 64y 
Substituting in the second, y 4- 64(1552 — 64y) = 1048; 

That is, 64 x 1652 — 1048 = (64? — 1)y 

__ 64  1552— 1048 64 &K 1552 — 1048 


6427 — 1 — 65 xX 63 
_ 98280 __ 
™~ 6.9.7.138 


And 2 == 1552 — 64y == 1552 -— 64 x 24 = 16. 
4% +y _ 5) Clearing, these equations become 








3 0 gy ld 
\ ae | y—ae= 7 
7 7 Adding and subtracting, we get 


zy = 22, and 27 = 8, .. y= ll,w = 4, 
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ALGEBRAIC SOLUTIONS. 








5. Ba — 7y eds dats Clearing fractions, we have 
$ — 152 — 35y == 6x ++ By + 3 ; 
a 5 = 0 10—z2+y=0 
Or, transposing, 947 — 38y¥== 3... (1) . 


2—y 10... (2) 

°, 92 — 9y = 90... (3) 

Subtracting (1) from (3), 29y = 87, .. y= 3 
“210 +¥=13 


6. 2 as 2 + 8y = 31 Clearing the fractions, we have 
P x 2 -+ 24y = 93 
vt + 10z= 192) y+ 5 + 402 = 768 
Or, « + 24y = 91 
40a +- y = 763. 





Multiplying tho first by 40, 
40x + 9607 —= 3640 





: 2877 _ « 
Subtracting, 959y = 2877, vy = a = 
763—y 760 
| t= 40 = 40 == 19. 
i os as A = ; ; Equalizing the coefficients of 7, we have 


aa’ +- aby == a 
aaz + ab'y=a 
Subtracting, (ab’ — a’djy==a—a’ 
oo ad 
~~ ab” 
In like manner equalizing the coefficients of y, 
ab’z + Vbyyz Y 
abe + by = 6b 
Subtracting, (ab — al’)z—b—VU 


py Pd = ot Equalizing the coefficients of z, we have 


aa’ + a'by = a'e 
aa’e + al/y = ac’ 

Subtracting, (ab’ — a’b)jy = ac —a'e 
_ atl — ae 
-o= oy —a'd 

In like manner equalizing the coefficients of y, we have 

abc + Uby == Oe 
abs + Uby = be’ 

Subtracting, (ab — ab’)z = bc’ — Ue 

be — Uo 











ALGEBRAIC SOLUTIONS. 








1 1 
9———-= 12 are . 
zy Multiplying the first equation by 3, and then subtracting the 
3 4 5 2g second, we have, 
ely 
8 
—— = 36 — 2h = 33%, 
; f = 339 
ai 2 7y, — 56 = 238y, .. y= — 2, ; 
233 439 56 
= —~m12—~-— = —,: nn ge 
Also, — 12 +5 5G 52° * = Tae 
10 xe+2 or pet 
5 BB A Clearing fractions, these equations 
Qiy+2) why or 13 become, 


ig re eee 


ae ei ome eee = 0 
l6y + 32 — 67 — 3y —6x% — 78 = 0. 
Transposing, 32x — lby = 74 
— 122 +13y = 46. 
Multiplying the first by 3, and the second by 8, we have, 
962 — 45y = 222 
— 96z + 104y = 368 
Adding, 59y =< 6590, ., y= 10 
and since 18y — 46 =: 12z, .°, 180-—46 = 12%, ..% = =i, 
u, 2 z+ 6 Oi. dan val +2 
" gta y—2 Applying to these fractions the general principle at page 
z+3  y—7 | 103, we have 


——=- 


2-1 = y—13 








r+ 5 
tS Y + wt Way 








1 
on OE nek -, 829 my —~ 10. 
Equating the two expressions for y, we have 
82-19 = +10, 2 = —9 
y — Ww +10=—184+10 = —8. 
sc ad A =a 5 ; Dividing the second equation by the first, we have 
= a—yums 
Also, + y = 19 





“, adding and subtracting, 2x = 24, and Qy = 14 
“, eo 12, andy = 7. 


Questions In Srupte Eavations, Pace 207. 
1. Find a number such that if it be increased by one-half. one-third, and one- 
fourth of itself, the sum shall be 50. 








ALGEBRAIC SOLUTIONS. 





Let 2 be the number; then by the question, 
©, , @ 

Multiplying by 12, to clear the fractions, 

122 + 62 + 42 + 3x = 600 

that is, 252 = 600, .°. # == 24. 
Otherwise.—To avoid fractions, put 12x for the number; then by the question, 

122 + 6x + 4x + 374 = 50, 
that is, 252 = 60, °, e== 2, °, 12% = 24. 
9. There is a fraction such that if 4 be added to the denominator, the value is 4; 
and if 3 be added to the numerator the value is 3: required the fraction. 








Let the fraction be 7 ; then by the question, Vie i and a+ 8 = 3 | 
y y+4 4 y 4 | 
therefore clearing the fractions, 4e =y+4 | 
4n+12—= 3y 
Subtracting 12 == 2y— 4, °°, 2y=— 16, y= 8 


Also z= : + 1= 3, .:. the fraction is - 


3. What number is that, such, that if it be increased by 7, the square root of the 
sum shall be equal to the square root of the number itself and 1 more? 

Let x be the number, then the condition is that 

V(ietD)=v2z+1 
Squaring, et-7T met 2yYVze+1 
Transposing, 6=- 2a, -.8= Ya, «. 9 = 2; hence the number is 9. 

4, Fifty labourers are engaged to remove an obstruction on a railway; some of 
thom are, by agrecment, to receive ninepence each, and the others fifteen pence. Just 
£2 are paid to them; but, no memorandum having been made, it is required to find 
how many worked for 9d., and how many for 16d. 

Suppose there are x workmen at 9d., and y at 15d., then the number of pence 
received by the former is 9.1, and the number received by the latter loy; and sinco by 
the question the number of pence paid altogether is 2 x 20 x 12 = 480, we must 
have the equation 

9x + ldy = 480 
Morcover, x-+-y = 50 by the question 
“92 + 9y == 450 





Subtracting, 6y = 30, .. y= 5, w. w= 46 
Consequently, 5 of the labourers received 15d., and 46 received 9d. 

Otherwise.—Let x be the number of labourers at 9d., then by the question 50 — x 
was the number at 16d.; consequently the former received 9x pence, and tho latter 
15(50 — z) pence; hence, as they received together 480 penco, we must have the 
equation 

15(50 — x) + 9x == 480 
That is, 750 — lbz + 97 == 480 
Transposing, 270 = 62, «, = 45, and 60 —a = 6 
Consequently 45 received 9d. each, and 5 received 16d. - 
5. A person ordered a quantity of rum and brandy, for which he paid £19 48.; 
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the brandy was 9s. a quart and the rum 6s. He has, however, forgotten the exact 
number of each which he has to receive; but he remembers that if his brandy had 
been rum, and his rum brandy, his outlay would havo been £1 13s. less. How many 
quarts of each did he buy ? 

Suppose he bought a quarts of rum and y quarts of brandy, then by the question 
the number of shillings paid for the two was 6z -+- 9¥; but if the brandy had been 
6s. a quart and the rum 9s., the number of shillings paid would have been 97 + 6y. 
The actual price paid was 384s.; the sum that would have been paid in tho latter casc, 
we are told, is 33s. less than this, that is 351s.; hence we have these two equations— 
viz. 

6c + 9y == 384 2x + By = 128 

92 + 6y = 351 °° Be 4 2y=— 117 

By adding these two equations, we have 

ba + by = 245 yy t+ xem 49 
By subtracting, y—-<e= 11 





Therefore adding and subtracting, 2y == 60, 2x = 38, 
- 2-19, and y = 30; so that he had 19 quarts of rum and 30 quarts of brandy. 
Otherwise.—Suppose he had x quarts of rum; for this he paid 6w shillings by the 
question; therefore 384 — 6 is the number of shillings paid for the brandy ; and as 
384 — 62 128 — 27 
Par ge Oke 
Now, by the question, if these quarts had cost 6s. each, and the x quarts 9s. each, the 
number of shillings paid would have been only 351. hence wo have the equation 
aad x 6 + 9x = 35], 
or, 256 — 42 + 92 = 351, 
- 6g == 95, , 2 == 19, quarts of rum, 
128—2z 128 — 38 


and sce iia Vala 30, quarts of brandy. 


It is plain that the former is the casicr mode of solution; and it will usually be found 
that both thought and work are diminished when as many unknown symbols are 
employed in the solution of a question as there aro distinct conditions embodicd in that 
question. It is a mistake to suppose that it is always easicr to solve a question with 
only one unknown quantity than with two, when two are implied in the conditions ; 
the contrary is more frequently true. Some of the present examples will sufficiently 
show this. 

6. A person has spirits at 12s. a gallon, and at £1 a gallon; how much of cach 
must he take to make a gallon worth 14s.? Let the fractional part of a gallon at 12s 
be represented by z, and that of a gallon at 20s. by y; then 

e+y=l, 
and the price of the mixture = 12x + 20y = 14, by the question. 
Multiplying the first of these equations by 12, and subtracting 


1 quart of brandy cost 9s., the number of quarts must have been 


by = 2. y= 43 and y= 1 y =. 


Consequently the mixture must consist of } gallon at 20s., and # gallon at 12s. 
Otherwise.—Suppose he takes x gal. at 12s.; then he must take 1 — x at 20s. ; tho 


od 
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price of the former is 12z shillings, and that of the latter 20 (1 — 2) shillings ; there- 
fore the price of the whole gallon of the mixture is 
12z + 20 — 20x = 14, by the quastion. 
Transposing, 6 = 82, .°, =r; .y=l—z =i 
so that there must be } gal. at 12a. and 4 gal. at 20s, 

7. A merchant has spirits at a shillings a gallon, and at d shillings a gallon ; how 
much of cach must he take to make a mixture of d gallons worth ¢ shillings a gallon ? 
Suppose he takes z gallons at @ shillings, and y at 4 shillings; then the worth of the 
mixture of 7 -+- y gallons—that is, of d gallons—is 

az +- by = od, by the question ; 
also z+- y= d. 
Mult. by a, ax + ay = ad 





Subtract, (a— b)y=(a—e)d, y= = 


In like manner, multiplying by 4, and subtracting, . 
(a — b)x == (¢ — Ad, oS | 
Otherwise.—Suppose he take « gallons at a shillings, then by the question he must 
take @ — x gallons at d shillings: the price of the mixture is, 
az + 6(d¢ — x) = cd, by the question ; 





! that is, (a — d)z = (ec — 4)d, em = gals. at a shillings, 
ida yd a 2 Se ia ats haliaes, 


a—b~ a—b’ 
8. Ina composition of a certain quantity of gunpowdcr, two-thirds of the whole 
-+- 10lbs. was nitre ; one-sixth of the whole — 4}lbs. was sulphur, and the charcoal 


was one-seventh of the nitre, all but 2 lbs. How many Ibs. of gunpowder were there > 
: lbs. 
Suppose there were x of gunpowder. 


then there were -+ 10 of nitre 


- s — 44 of sulphur 
49 He + 10) —2 of charcoal; 
consequently, adding the ingredients, we have 


8 2 
gta F+0b=2 


or, multiplying by 6, 
a(t + 60) + 2+ 39 = Ge 


oy (ae -+- 60) — 39 = 6z. 
: . 827 + 480 +- 273 — 352 
. 207 = 32, .. = 69. 
Consequently there were 69 lbs. of gunpowder. 
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9. A farmer wishes to mix 28 bushels of barley, at 28. 4d. a bushel, with rye at 
3s. a bushel, and wheat at 48. a bushel, so that the whole may make 100 bushels worth 
3s. 4d. a bushel: how much rye and wheat must he use ? 

Suppose az bushels of rye, and y of whcat ; then x + y + 28 must make 100. 

Now the price of x bushels of rye is 36x pence 
5 Y 55 Wheatis48y ,, 
. 28 ~=,, ~+barley is 28 28 pence 
.. the price of the + y -++ 28 bushels is 36x +- 48y + 28 & 28 pence; which by thé 
question is cqual to 100 x 40: hence we have 
2+y + 28==100.... (1) 
36x + 48y 4+ 28 XK 28 = 100 X 40 
or, dividing the latter cquation by 4, 
92 + 12y + 28 x 7 = 100 X10 
that is, 9r-—-+-1lay+ 196 = 1000.... (2). 
Multiplying (1) by 9, 9x 4- 9y + 252 = 900 


ae 


Subtracting, 8y— 56 =100 
156 
ig 


+, (1), oz 100 — 28 — y = 72 — 52 = 20. 

Hence there must be 20 bushels of ryc, and 52 bushels of wheat. 

Otherwise.—Suppose there were x bushels of rye ; then there must have been 100 
— 28 — 2 bushels of wheat. The worth of the z bushels of rye is 862 pence, and thc 
worth of the 72 — «x bushcls of wheat is 48(72 — x) pence; also the worth of the 28 
bushels of barley is 28 x 28 pence. Hence, because the 100 bushels is worth 4000 
pence, by the question, we have 

36x + 48(72 — z) + 28 X 28 = 4000 
Dividing by 4, 9x4 12(72 —7)+ 28 x 7 = 1000 
that is, — 34+ 864 + 196 = 1000 
7, ~ 382 = 1000 — 1060 = — 60, ., x = 20, bushels of ryc 
”. 100 -— 28 — a = 72 — 20 = 52, bushels of wheat. 

This latter solution is perhaps somewhat easier than the former: you may vary 
both by employing shillings throughout instead of pence ; representing the 2s. 4d. and 
the 3s, 4d. by 24s., and 34s. respectively. 

10. Two persons, A and B, arc engaged on a work which they can finish in 
16 days; but after working together 4 days, A is called off; and B alono finishes it in 
36 daysmore. In how many days could cach do it separately? Suppose A can do it 


in x days, and B in y days: then in one day they can do the : and the ; part respec- 


: 16 1 
tively, and consequently in 16 days they can do ea + = which by the question, is the 
whole. 


, : 
Also in 4 days they do the : + : part, that is, the } part; so that after that time the 
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2 part remains to be done by B. Now in 1 day B does the ~), part of this; that is 
the +3, = 7; of the whole; but he does the 7 of the whole in 1 day; hence 


1 1 
—-=--,..ym4 
Pie y= 48 
Substituting this value of y in the former equation, we have 
16 16 
zt ig? 
Pe gee SR ae ee eee 


% oa haar 


Hence A can finish the work in 24 days, and B in 48 days. 

Otherwise, without Algebra.—Since A and B have worked together 4 days, they can 
complete what is left in 12 days; and, therefore py of it in 1 day, while B alone can 
do only the », in 1 day; so that the part of it done by A in 1 day is 

a ee 

12° 36” «18 
hence A is twice as good a workman as B, so that A and B together are as good as 3 
B’s; and, therefore, since 3 B’s would do the whole in 16 days, one B would take 
3 times as long, or 48 days; and, consequently, A would take 24 days—half the time. 

Again, with one unknown quantity.—By the question A and B have done } of the 
work before they separate, hence 3 of it remains to be donc. Suppose A can do the 


whole in « days, then in 1 day he can do : of it; but A and B together do 7 ina 
day ; hence B’s part in a day is x = ; but B’s part is also x, of $; hence 
[ce See f 
16° 2 — 48 
eee 
z ~ 167 48 924? 
And since B does the #; part in 1 day, he can do the whole in 48 days. 


“, © == 24, A’s days. 


11. A composition of copper and tin containing 100 cubic inches, weighed 505 
ounces; how many ounces of each metal did it contain, supposing a cubic inch of 
copper to weigh 5} oz., and a cubic inch of tin to weigh 4} 0z.? 

Suppose there were x ounces of copper and y ounces of tin: then + y = 605, 
Also by the question, 


\ 


yy #2 ye V 2 6 
5p t gy = 100 oy Ty = 


1. 172 + Qly = 8925 
Mult. Ist equa. by 17, 172 + 17y = 8585 


Subtracting, 4y== 340, 1. y == 85 
“, a@ = 605 —y = 505 — 85 = 420 


Hence there were 4200z. of copper and 85oz. of tin. 
This is solved with only onc unknown quantity, by putting x for the numbcr of 
ounces of copper, and 605 — x for the number of ounces of tin. 
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12, A cask is supplied by three spouts, which can fill it in @ minutes, 5 minutes, 
and c minutes, respectively ; in what time will it be filled if all flow together ? 
Let x be the number of minutes, then the part of the whole supplied in 1 minute is 


1 ‘ 
2 — : 4+. ; + ? by the question, 


Clearing, abe = (ab + ae +- be)z 
Beet abe 
se 7 = ab + ao + be 


Questions of this kind may be treated rather differently, thus: since the first spout 
can fill the cask in @ minutes, it can fill d¢ such casks in abe minutes. In like manner 
the second spout can fill ae such casks in adc minutes, and the third aé such casks in 
the same time; so that when all flow together, they can fill ab +- ac +- de casks in | 
abc minutes, and, consequently, one cask in | 


abe 


ab -+- ac + be 


minutes. 


Quapratic Equations. Exampbes ror Exercisr. Paces 212. 


1, w?— 422245, Completing the square, 
x — 47 -+- 4 = 49, 
Extracting the root, e—-2=+ 7, 
“ose 2+ 7 = 9 or— 5. 


2. a? + 82 = 33. Completing the square, 


a + 82 -+- 16 = 49 
Extracting the root, est4=t7, 
3. a? — 82 == 9. Completing the square, 


“ase —4t+7>3 or— 11. 
x? — 82 + 16 = 25. 
Extracting the root, e—4—+ 5, 
,@me4t+5=9 or—l, 
- 2 
4, 3x2 ++ 22 = 161. Dividing by 3, 274+ 5 4 = -~. 
Completing the square, ie i 5 a: +5= 5c 


Extracting the root, spe=ets 


Or, by Rule IT., page 213, 
B22 + I= 161, 7, 6x + 2 = 1/ (1982 4 4) = 7°1936 = + 44, 


; ee 
ne gre oe 3° 
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5 Ax? — 20e = 32. — ne—e “ 
Completing the square, * 2’ — % aes + a= = , ay = ye 
Extracting the root, tL— - = v3 oe = +0. 

<= i + ; == 4 or — 1}. 


Oy, by Rule II, page 213, 
Tat — 200 == 32, °, 14 — 20 = 4/(82 K 28 +4 WOO) ox + 36, 


4 





20 + 36 
_ Sa == 4, or — If. 
6 2° —~—27— 170 = AO, ae herd er aii eats 
Porp] = Mops ee 
841 5 
Lxtracting the root, 15 = Vs came 


at p= ws, or— 14. 


Or, by Rule IL, page 213, 
gma = 210, > 2r—1 = 1 (840 4+ 1) = + 29, 


pete ee 15, or — 14. 
2 
Land - on @ e o 218 
(0 ot’ + 4x = 273 ~=©Dividing by 5, c? + : r=, 
z 4 4 273 4 1369 
» ° -L. ee bo = — — ne e 
Completing the square, 2° + 57 +56 5 + 05 5 
‘ a $369, 37 
Extracting the root, 2 +4 3—-V em + F 


ey | 
: ps 6a ir th 


Ox, by Rule IT., page 213, 


5a? + 42 = 273, °. 107-4 (273 X 20 + 16) = y 5476 = + 74 


_—4t74 


jo” = 7, or—~—~ ¢4 
8 oe rd = 11. Multiplying by 3, 42° —¢ = 33 
. Dividing by 4, ao 2 = . 
Completing the square ot c + gg = . + : 4 = 
Extracting the root, tm os Va ee +. 
ne st * = 8, or — 23. 


Or, by Rule IT., page a 
4x22 — ¢ = 83, -, 8 —1= Y (33 K 1641) = 629 = + 23, 





. 


rr ee ener nero rn 


ase! aint Ae eg Oe ea 


U 
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9 ro = 9. Multiplying by +, 2? + 72 —~ B = 92, °, et — 22 = 8. 


Completing the square, g2 —— 27 "1 = 9, 
Extracting the root, e—-1lomt3, «= 4,"or — 2. 
10 5a? + 3 = 4 + 159, *, 5g? — 4x = 156. Dividing by 5, 
: 4 156 


—sfm-s 
5) 5° 


Rg cr 
to 


Completing the square, 
4. 4 784 
O— Gre os = 5 hed 
Iixtracting the root, = =VY 5 ie 
9 , 28 
OS 5 = 6, or — 5}. 
Or, by Rule IT., page 213, 
br” — 4x7 = 156, °, 10r — Lom Vy (156 & 20 +16) — yY 3136 = + 56. 
4 -+- 56 


ee ae = 6, or — 5}. 


ee ae an 


30 — 3 35 ; 
| 1H. 62+ a "44 = 0, oF 6 +344 = 0; that is, 


Ge + : -~47=0. Multiplying by a, G2? 4+ 35 —47r= 9. 


* Gre — 474 = — 35, Dividing by 6, 
4 44 34 
aaa ca 6. 
Completing the square, 
4" 72 2209 «335 1369 
a vet Ge) = 144 6 ~ 144" 
Mixtracting the root, 


owe wees ek 


47 1369 a + 37 
uae I 114 12’ 
37 5 

=i it: “7g = 7, OF g. 


Or, by Rule IL., page 213, 
Gr’ — 47.2 == — 35, +, 12r — 17 = (mw 85 X 24 + 477) = Y 1369 = + 37, 





ee eee 
t= 13 = 4) 01 6 
« — 2 2 
2 7 a5 yo 5 = oT Ll. Clearing the fractions, 


Loo sheaetenre bemerineeceimaearenmnenetiemtmneeamie emt entemen pee een eee nate aed 


win 4y 4 4 deg? be de + 4m 14(2 — 4). 


, 64 CA A, 
Collecting and transposing, 64 = 1222, °,2= 1 > 12 Y3- 3 1’ a 
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2 11, 

13, 482-2? -+- 3822~!=11. Dividing by 48, 2 —? ++ gr-9 = rt 
2 1. 11 , 1 49 

i — 2d ~y-lt — = + 

Completing the square, 2 + rad + a= ; “a 5 ia 


Extracting the root, 27! + = sets 


roe 1 
z—', thatis= =— + = =U 8 FT, 


Or, by Rule II., page ais, 
82-2 + 3822 -—1 == HW, .*, 96e—- 1 + 82 = 4/ (48 KX 44 + 32") — y 3136 = + 56, 
1 — 32 + 56 I ll 
os ee em ope ee < 
2 == 96 =>) ig? 4, OF ly. 
14, rt — 402? + 39 = 0, or (2%)? — 40(22) = — 39, 
Completing the square,  (a”)? — 40(x*) +- 400 = 361. 
Extracting the root, x? — 20 = ff 361 = + 19, 
* 2? =— 20419 = 1lor39, sea tilort y39. 


15. + axr+b=0, «a? 4 or = 
‘ 1 1 a? — 4) 
Completing the square, = a? + uz + >= = 7a —b= — ? 


Extracting the root, r+ sas viens al 
2, | 

—at ‘ve — 48) 

2 
This may be regarded as a general formula for the solution of any quadratic cquation 
whatever ; for by putting particular values for a and 6 in this result, we shall have the 
proper values of x in the quadratic to which those particular values of the coefficients 
belong. We further learn from this formula a fow general principles well worthy of 
notice: thus, 


1. In every quadratic, put into the form 2? -++ az + d = 0, if a? = 42, the two 
roots, must be equal ; since, in this case, the general form for the roots is 2 == aot 


2 ’ 
so that each root is half the coefficient of 2, taken with changed sign. 
2. If a? is greater than 44, the two roots are uncqual and real; for a? — 45, under 
the radical, is in this case positive. 
3. If a? is less than 4), the two roots must bo imaginary ; for then a? — 4), under 
the radical, is nogative. 


Hence, by examining the coefficients of a quadratic, we may ascertain the character 
of its roots without actually solving the equation. 


“eae 


7+a , ie ‘ ‘ 
16. oe + peers 6. Clearing fractions, 


(x + a)? +. (4 —~ a)? = b(2? — a?) 


t] at ir, 22? + Qa? = bx? — 07 
Transposing, (b — 2)a? = a2(2 +- 3), ' 
‘ a*{b 2 h 2 
eC o= wt) ) wemtay it) 
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i 17. , Put y for yz, then multiplying by 6, we have 
3y? — 2y = 133, 
Dividing by 3, y*—2y = “y 
400 


Completing the square, : “ a a a ane =" 
20 
3° 


+ 
Extracting the root, 3=V eS : =+ 


a 1 
= at a rn 


: — = x = 49, or 40}. 
Or, by Rule II., page 213, 
5b 3y? — Qy = 133, *, by — 2 = 4/(1696 + 4) = 7/1600 = + 40, 


2 + 40 
\ Comaa - == 7, or — 64, 


*y? = aw = 49, or 40}. 





18. (3¢—2)(1—7) = 4; that is, — 324+ 2—-2—=— 4, », 82° —-e = — 2, 


Dividing by 3, 2? a == 
nT, Wek en 
Completing the square, 27 — gt + 36 = 56 3 36 
, 1 J 
Extracting the root, = = + 6 Y — 23, 
ye es —~ 28 
19. 1522 — 48x + 45 = 0, or 152? — 48x == — 40. Dividing by 15, 
16 
2 eae a eS oe 
x ih 
, 16 , 64 _ 64 _ ou 
Completing the square, a — FE 95 = 2b 3 = — 5. 
Extracting the root, z— : = : Of ede V5 8 ee soya n 


We might have known, without actually solving cither of the two equations in 
Examples 18 and 19, that the roots were imaginary, for these equations being 
32? — x +2 = 0, and 162° — 48x + 45 = 0, we see at once that four times the 


product of the extreme terms exceeds the square of the middle term. (See the 
principle 3, page 36.) 


tum 2 2 
20. Vepstyetg=+ Squaring, “S542 


et ce ede oe 
pag ee 
and this equation has already been solved in Example 12. 
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QUESTIONS REQUIRING QuaDRATIC Equations. Pace 216, 


1. Divide the number 33 into two such parts, that7thcir product may be 162. 


Let x be one part, then 33 — « is the other; and by the question, 


3a — wv? = 162; or r’? — 332 = — 162, 
‘ Rule IT, Qe —~ 88 = (1089 — 648) = 1/441 = + 21, 
4, 
38 + 21 
t= J == 27, or 6. 


/, 838 — 4 = 6, or 27. 
Tlence the parts arc 6, and 27. 
Other ise.—T.et the two parts be x and y; then by the question 
z+ y= 33, and zy = 162 
“t,t + Qry + 4% = 1089 
And 4zy = 618 


Subtracting, 2° — 2ry fy? 442 
That is, (7 — y)? = 441, .. ¢7—y = +21 
Andsince a+y= 33 





eres 


*. adding and subtracting, 22x = * 33 +21, ° 2 = 27 or6 
2y = [83 4 21, 7. xy = 6 or 27 


~~? 


2, Find two numbers whose difference is 9, and which are also such that their sum 


ultiplied by the greater gives 266 for the product. 


Tet ¢ be the greater number, then 7 — 9 is ane less, and by the question, (24 — 9 


== 266; that is, 
22° — 9x = 266 
* Rule IL, 47y—9 = 7 (2128 + 81) = 7/2209 = +47 
9+ 47 19 
ee a po a 14, or — x = = —9} 
J. &—9= +5, or — 184; 
henee the numbers are either 5 and 14, or — 94 and ~,18}, 


‘a 


Ctherwise.—-Let x and y be tho numbers ; “han by the question, + — y —= ie ans! 


(2 +--+ y)z = 266. 


From the first of these equations, z= y+ 9, .. by substitution in the seeon:. 


(2y +> 9)(y 9) == 266; or 
Oy? + 27y + 81 == 266, .*, 2y%-f 27y — 185 
+, Rulo TL, 4y 27 = 9/(1480 + 729) = 9/2209 ae + 47 


— 21 + 4? 


“y= ay a = 5 ox — 18} 
} ', Baz we As 14, or —_ BH 
Or thus: L— y= Id 
266 


-_ 


& EY 


eel 


, Adding, | Qo = 94+ mia J, 22? — Or = 266, 
| and the remaining steps a a8 in the Set pero 
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3. A compaay at a tavern had £7 4s. to pay; but two of them having left, the ; 
others had cach 14. more to pay than his fair share: how many persons were there at 
flist ? 


Suppose there were x persons, then the fair share of cach was ~ shillings ; but 


after two had left, the share to be paid by cach of the others was ene ; ,and by 


the question, 
144 = 144 ae 
xr 2 x 

Clearing fractions, lddc = 14442 — 288 +- x? — 22 

“, & — 2x = 288, .., completing the square 

i — In ++ 1 = 289, .°, extracting, s—1—= +17, >, c= 18, or — 16. 

Conscquently there were 18 persons at first. The share of each was therefore 88.; but 
when two had left, the share of each of the remaining 16 was 9s, 


4. \ purse contains 24 coins of silver and copper; cach copper coin is worth as 
many pence as there are silver coins, and cach silver coin is worth as many pence as 
there are copper coins; and the whole is worth 18s. how many are there of cach ? 

Suppose there were x of one sort, and therefore 24 — x of the other : thon the worth 
of the whole in pence is 

(24 — x)x + (24 — xv = 216, or 2(24 — we = 216 
-, Qa? — 482 =o — 216, ., a7 ~ 247 == — 108. 
(‘ompleting the square, 2? —- 247 +- 144 = 86, -. c— 12 = +6, .°, r= 18, or — 6, 
“,24—2==6 hence there were 18 silver coins and 6 copper coins, or 6 silver and 
18 coppcr. 


Other wise.—Let the number of coins be and y: then 
za-+y = 24, and 2ry = 216 | 
. (+ y)*? = 576, and 4zy = 432. | 
Hence by subtraction, (x — y)? == 144, ..2—~—ymti2. 
.. by adding to and subtracting from the first équation, we have 27 = 36, 2y = 12; 
12 = 18, y= 90; 
The negative valucs are suppreascd, because they are inadmissible, from the nature 
of the question. a 


eee 


5. Two messengers, A and B, were despatched to the same plaec, 90 miles distant. 
A, by riding one mile an hour more than B, arrives at his destination an hour before 
him. JIow many miles did each travel ? 


Suppose A travels 2 miles an hour, then he rcaches his destination in a hours ; and 
B, by travelling 1 mile an hour more—that is, +1 miles an bopr—reaches it in 





ob : hours. And, by the question, 
96" 90 90 91+ x 
— lor —— = —_ 
£ c+ gt x a1 . ed! 
Clearing fractions, 90a -- 90 = Bla +-'s* 
ransposing, +? + 2 = 90 ; 





A ee ee 





ALGEBRAIC SOLUTIONS. 


“. Rule IL, 22 + 1 = 1/(360 + 1) = 7361 = + 19, 

tm a = 9,-.¢+1—10. 

Hence A travels 9 miles an hour, and B 10 miles an hour. The negative value of z is 
suppressed, as it is excluded by the conditions of the question. You will observe that 
algebra gives all the values of the unknown quantity that can satisfy the equation: if 
there are any restrictions in the question embodied in that equation, the final results 
must, of course, conform to those restrictions. 

6. A grocer sold 80 lbs. of mace and 100 lbs. of cloves for £65 ; but he sold 60 lbs. 
more of cloves for £20, than he did of mace for £10. What was the price of 1b. of 
each ? 

Suppose the price of the mace per Ib. was x pounds, and that of the cloves y pounds ; 
then by the question, 80x -+- 100y == 65. Also, the number of lbs. of cloves for £20 is 


i and of mace for £10 is Y and by the question, a = + 60: hence, the two 
equations are 
80x + 1007 — 65, .-, 16x + 20y = 13... (1) 
20 10 2 1 
and “— — — 0°.-—-- = ove (G 
a a ee rr) 


Clearing the last of fractions, .°, 22 — y = 6ay ... (3) 
Substituting in (3) the expression for x given by (l)—viz.,2 = sts it 
becomes 
" 13—20y — _ 39y — 60y? 
ie ia ee ae 
Multiplying by 8, .-. 18 — 20y — 8y = 39y — 60y? 
‘Transposing, 60y? — 67y = — 13 
>, Rule II., 1209 — 67 = of (— 13 K 240 + 67°) = 1369 — + 37 
67 + 37 1 13 
ie dena © ama Vas 








won ; a = = os 3 ; the other value of x is negative : hence the price 
of 1 lb. of mace was £4, or 10s., Be of 1 1b. of cloves £4, or 5s. 
Otherwise. Multiply (1) and (2) together; we then have 


32— — 20” —16 + 40 = 78, ., 32— — 20% = 54, 
y x y x 
16— —10% — 27. 
y « 


Multiplying (2) by 82, = 8 = 48z 


Subtracting, 10% — 8 = 48x — 27 
Dividing (1) by 27, 8 + io! = = 1 * 
c= £2 
Hence, by substitution in the preceding aa od 
13 16 = 482 — 27, or — iy = 4827 — 11. 
22 Qz 





40 








Clearing the fraction, 
0622 — 29a = 13, *, Rule IL, 192% — 22 = 1/(96 x 52 4 22!) = + 74 


22+74 1 13 


ve E192” OF ae 
and, rejecting the negative valuc of z, we have from (1) 


, mee ee 
a 
ee —— 


Therefore, the price of 1 lb. of mace was £}, or 10s.; and of 1 1b. of cloves £}, or 5s., 
as before. 

7. The product of two numbers is 240, and they are such that if ono of them be 
increased by 4, and the other diminished by 3, the product of the results is still 240. 
Find the numbers. 

Let 2 and y represent the numbers; then by the question, 

xy = 240, and («x + 4)(y— 3) = 240 
That is, zy — 37 + 4y — 12 = 240 
_ 4y— 12 


Subtracting this from the first cquation, 3x — 4y-++- 120, ..7= F 


“yo ws == 240, *, 4y? — 12y = 720 
oy? — 8y == 180, .. Rule IL, 2y — 3 = (720 + 9) = + 27 


got Ts, or — 12 
240 


== 16, or — 20. 


Hence the numbers are either 16 and 15, or — 20 and — 12. 

8. Aand B set out at the same time for a place 150 miles distant. A travels 
3 miles an hour faster than B, and arrives at the place 8} hours before him. How 
many miles did each travel per hour? 

Suppose A travels x miles per hour, then B travels 2 — 3 miles an hour; and the 


150 
23) but by 


ALGEBRAIC SOLUTIONS. 
| 
I 





number of hours occupied by A is = the number occupied by B is 


the question, this latter number exceeds the former by 84, 
. 160 150 
Cary £ + 84 = z—3 
Clearing fractions, 4502 — 1350 + 252? — 75x == 450x 
Transposing, 25x? — 75x = 1360, .°. 2? — 82 — 44, 
“, Rule IL, 22 ~ 3 = (216 + 9) = 226 = + 10 
8+ 15 
“8 =~5— = 9, or — 6, 


ace ete re ee 


ae cae 

Iience, A travels at the rate of 9 miles an hour, and B at the rate of 6 miles an hour, 

9. What number is that the eum of whose digits is 15, and if 31 be added to their 
product, the digits will be transposed ? 

Let z and y denote the two digits; then the number is 10x -{- y; and by the 
question 

z+ y= 16, and zy + 381 = l0y + 2, 
From the first, x == 15 —y, .°, (15 —y)y + 31 = 10y + 15 — y, 





4\ 


_ 
| 


i a ln a ee ee ee ee ee 





ee em ae em, 


ALGEBRAIC BOLUTIONS. 


That is, ly — y? + 31 = 9y + 15, », y? — by = 16. 
Completing the square, 


y—b6y +9 ya 38ati,. 
Meni 


r 
w 
I 


Ilence the numbor is 78. 


lransposing, 3a? — 3le = — 





3 = 8,0or— 2 


$ 


10. There is a cetain number consisting of two digits. The Icft-hand digit is 
, equal to three times tho right-hand one; and if 12 be subtracted from the number, 
the remainder will be equal to the square of the Icft-hand digit, What is the number? 
Let x and y represent the two digits; then the number is 10r-+y. And by the 
question, 


a == 3y, and 10x + y — 12 = a" 
.. by substitution, 30y + y — 12 = 9y? 
Transposing, 9y? ~ 3ly == — 12 


, Rule IL, 18y — 31 = (36 & 12 + 31-) = 7/529 = + 23 


31 + 25 4 
Of as er eee a 
y= "18 a 
The fractional value must bo rejected, .*. r= 8y = 9; hence 


Otherwise.—As above, 10x 4- y — 12 = 2%, and « — dy = 0, 


the number is 93. 


Multiplying the first by 3, 302 + 28y — 36 = 32° 


Adding the second, e— by — 





ene 


dlea— 36 = 32° 


a 23 if 
= = os a oe 35 








hence the number is 93. 


2 ee 


0 





, Rule IL., 6x — 31 = 1/(— 36 x 124-31) = + 23 


ARITHMETICAL PrRoGRESSION. EXAMPLES FoR Exuncinse, Pace 222. 


1. Find the sum of sixteen terms of the series 1 -+- 2 + 3-4 4 + &. 
By the formula, S = jn{2a + (n — 1)d}, where a= 1,d = 1, andn = 16. 
Consequently § == 8{2 -+ 15} = 136, the sum required. 


2, Find the sum of fourteen terms of the series 4-+-3-+4-2+1+0—1-—2—&c. 
Were a = 4, d== — 1, and n= 14: hence 


8 = yn {2a + (nm — 1)a} 
= 7{8 — 13} = — 86, the sum. 
3. Sum the series 4 -+ 14-4 24-+ &. to twenty terms, 
Here a = 4, d= 1, and x = 20: therefore 
S = 4n{2a + (n — 1)d} 
: == 10{1 -+- 19) = 200, the sum, 


4, Insert three arithmetical means between 2 and 6. 


By the fermula, J = # +- (n — 1}, where « = 2, » c= 5, = 0. 


On 2+4d,..d=—2=——}f. 


Hence, when the means are inserted, the sories is 


2,14, 1, 4, 8 





Ne er ed 
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ALGEBRAIC SOLUTIONS. | 


5. Insert five arithmetical means between 4 and — 4. 
i=a + (n — 1)d, 
SN —boett 6g dh 
Tence, when the moans are inserted, the serias is 
4, 4) 4) 9, — 3, -~- 1, —- 4 

6. The first term is 5, and the fiftecnth 47: what is the eommon differonce ? 
i=a+ (n— 1d, ‘ 
42 
STS6- Ua SS, 


7. Wow many terms of the scrics 12 + 11} -- 11 + 10} + &c., must be taken to 
make 65° 


= 3. 


S= yr [2a + (n — 1)a} 
A. Sos yn {24 — (n— 1)}} == 18n — . + 


aoe ee iar ine Hien ee ne meetin te 


. 220 = 49n — m2, .. mn? — 49n == — 220 
“. Bule IL, p. 213, 20 ~ 49 = (49? — 880) = 1521 = + 99, 
C ‘ 
i es = 0, or 44. 
Hence, whether five terms or forty-four terms of the scries be taken, the sum'will be 45. 
8. The first term of an arithmctical progression is 7, and the common differencs 


— > required the ninth tcrm. 


b= a + (n — 1)d, 
' ¢=7—8*x ; = 7 — 12 = — 5, the ninth term. 

9. The sum of cight terms of an arithmetical serics is 2, and the common difference 

— 1} ;required the first term. 
= inl2a + (n — 1)d} 
de 4{2a—7 xX 14}, 0. 1 4a — 21, 
', 44 = 22, °, a = 54, the firat term. 

10. The firat term of an arithmetical series is — 3}, and the common difference } . 

required the sum of twenty-one terms, 


S = 4n{2a + (n —1)a} 
41 20 
1 B= 5 (- 6+ Fl=Ml(— 34 +3} 
a — 70 + 42 = — 28, the sum. 





GEOMETRICAL PROGRESSION. EXAMPLES FOR Exercise, Pace 22), 


1, Required the sum of five terms of the series, 


1 + 2? + 34 25 + &e. 
}=am—}, 324 whee a = 1r= 4, a= 4, 
b= 2656, .. § = Et = 1, the sum. 
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ALGEBRAIC SOLUTIONS. 


nner —mattnt men fer 


2. Required the sum of cight terms of 1 — = oe ee at &e. 


—_rt—.4 
—1_ 255 = 85 
a eee as 
py SEE ay = 356% 3 = 1ag oem. 


3. Icquired the sumfof ten terms of 1 +-2+4-+ 8 a &e. 


ae 
i= n—), an 
ar s= 4 


ve 
1 





aes y= 2,n = 10, 


t= 612, -, 8 = } 1023, the sum. 
4. What is the geometrical mean between 6 and 54? 
64 X 6 = 324, and 7/324 = + 18, mean. 
Hence when the mean is inserted, the progression is either 
_ 6, 18, 54 or 6, — 18, 54, 
the ratio in the former case being 3, and in the latter — 3. 

5. Insert two geometrical means between 2 and 54. When the two means are 
inserted, there will be four terms, therefore n = 4; also a — 2, and / = 64; and we 
have to findr. By tho formula, == ar"—1, +, 64 = 2r?, 

SP Si 27 = 3: 
Hence, supplying the mcans,"the ae is 2, 6, 18, 54, 


1 1 
6. Sum th — oe 
um the series is roach a + &c. to infinity. 
By the formula, § = =o ix : Bs a =, a VL. as =>. 


7. The first term of a geometrical series is 3, the common ratio 5, and the last 
term 375: find the sum. 


s= jag es Pee = les = 468, the sum. 
r—l 4 
8. The first term of a geometrical series is > andthe common ratio — 7 : find the 
sum to infinity. 
By the formula, 2= -"-, », = Ds $= 25, the sum. 
y the formula, == js 1. 2= gt g = Ai thes 
9. Insert three geometrical means between i and When the means are 


; ] 2 
inserted there will be five terms, therefore n = 5; also a = 7? and 7 = 9° and we 
have to find r. 


By the formula, ? = ar" — |, ,°, Se ort, 
Bee ges ee ee 2 
reg Poe ts rYt 3s 
ee ee | 2 1 1 2 2 
Hence the progression is 5, 5 ¥ + gtpragvtys 


ALGEBRAIC SOLUTIONS. 





10. Required the sum of the aie aaa 
i ce + at 5 ae &e., 


and then deduce & for x = 2, ne = 








a 1 x 
2=\[ >? “Z=1l+0—)=——;. When «= 2,2= 2; 


when ¢ = — 2, 2= 5. 


QUESTIONS IN WHICH PROPORTION AND PROGRESSION ARE CONCERNED. Pace 228. 


1. Divide 49 into two parts, such, that the greater increased by 6, may be to the 
less diminished by 11, as 9 to 2. 


Let # be the greater, then 49 — z is the less, and by the question 
c+6: 388—27::9: 2, 
Multiplying extremes and means, we have 
Qn + 12 = 342 —9z, *, lz = 330, -, = 30, 
“, 49 — a = 19: hence the two parts are 30 and 19. 
2, Two hundred stoncs are placed in a straight line, at intervals of 2 feet, the 
first stone being 20 yards in advance of a basket. Suppose a person, starting from the 


basket, collects the stones, and returns them, one by one, to the basket. How much 
ground does he go over? 


Upon returning the first stone, he will have gone 40 yards; upon returning the 
second, 40 yards and 4 feet ; upon returning tho third, 40 yards and 8 feet, and so on; 
hence we have to find the sum of the arithmetical progression, following, each term 


being feet. 
120 +- 124 + 128 + 132 + &c., to 200 terms. 
By the ee S = 4n{2a + (n — 1)d} 
. S = 100{240 + 199 x 4} = 103,600 feet, 
and 103,600 feet == 34,533} yards = 193 mikes 213} yards. 
3. 


The sum of eh numbers in geometrical progression is equal to 1 added to the 
common ratio; and A is the first term: required the numbers. 

Let r be the common ratio, then since 
See ss, wrtls fo ce Sees) Fen 


pi V(r 1) ~ * 17(r = 1) 
Thatiger pi= CNET), veep, ve r= te 
rae : 4 16 , 64 ; P 
Hence the progression is i7’ ‘ 1” 17? + 17? that is to say, either of the two pro- 
grossions, following, will fulfil the conditions, namely, 
1 4 16 64, 
17’ 17’ 17’ 7° 
aby ee TO 
"17 a7 Pa 


4) 
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ALGEBRAIC SOLUTIONS, 








4. From two towns, 165 miles apart, A and B set out to moot each other, A 
travels 1 mile the first day, 2 the second, 3 the third, and so on; B travels 20 miles 
the first day, 18 the second, 16 tho third, and so on: in how many days will thoy 
mect ? 

Suppose they meet in » days, then 

1+2-+3 + &., to” terms = info + (# — 1)} = A’s distance 
and 20 +- 18 +16-++ &., ton terms == jn[40 — 2(0-—1)} = Bs, 





.*. the sum of the distances = jn{42 — n + 1} = 165 


2, 422 — a? + = 330, 2°. vn? — 4382 = — 330, 
Rule II., page 213, 20 — 43 = 4/(43? -— 1320) = 1/520 = + 23 
13 23 
NEE = 10, or 33. 


Hence they meet in 10 days. If it were a condition that B is to continue travelling 
after he meets and passes A, diminishing his distance by two miles daily, he will on 
the eleventh day travel 0 milcs, and therefore on tho twelfth duy — 2 miles; that is, he 
will return back 2 milcs, on the thirteenth day 4 milcs, and soon, The second value of # 
above, shows that in 33 days B will in this way again come up with A, by overtaking him. 
In these 33 days A will have procceded directly onwards to a distance of 561 miles, 
while B will have been following him for a distance of 396 miles, for B's whole 
distance is exprossed by — 396; and 661 — 396 = 165: 50 that tho algebraic sum of 
the two distances still makes 165 miles; and the only condition implied in the alge- 
braical statement of the question is, that the sum of tho two distances shall bo 
165 miles. 

6. The sum of the firat and second of four numbers in geometrical progression 
is 15, and the sum of the third and fourth 60; what are tho numbors ? 

Let the gcomctrical progression be 


a ae 
y? y? v, ZY; 
then, by the question, the ccnditions are 
r x 
+ -=2 15... (i), 
yo" y a 
and a2-+-svy=60.. . (3), , 
and since 4 times tho first is equal to the secon, we havo, after dividing cach by 2, 
4,4 a4 4 
git yz lth lyn), 
or, which is the samc thing, Tacs ees v(' oe 1), 
i y 


; ' 4 
that is, transposing, (y+ 1) es —1) =O ., . (8). 
Now a product is 0, whichceer of the factors is 0; hcnec we must havo either 
4 
y+ 10,07 .— 1°90. 
The first of these conditions carmot be admitted, booause it is plain that, for 


4y==— 1, the equation (2), becoming 0 == 60, is impossible: hence the condition 
which is to satisfy (3) is 
4 


poe eS 4—.y? = 9, “yan 4, “ys $2, 
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ALGEBRAIC SOLUTIONS. 





re ue ey 


* (2), 222: OO se 
Ee ides be er aes Oe 
Uence the progression is either 
5, 10, 20, 60, or — 15, 30, — 60, 120. 
6. The sum of three numbers in geomctrical progression is 35; and the mean 
term is to the difference of the extremes as 2 to 3; what are the numbers? 


== 20, or — 60. 





Let the three numbers be y x, and ry; then by the question 


ore ty = 86 see 28); 


L La » J a8 ae a . — 2 ‘ 
{ ante aay a, ate ° Sem Oty —1), a: mec ae” ete, DDS 
{ . Ud ? ‘ 
YOY = 2y* — 2, 2, Qy* — by = 2, 


., Rule IL, page 213, 4y —-3 = Y (16 + 9) = 26 = + 5, 


Ilence, (1) becomes 
ot 9 ++ 2 == 35, or — We + o— 5 = 36, 
that is, 317 = 36, or — 14x = 35, 
“. # = 10, or — 234. 
YWence the numbers arc either 
5, 10, and 20; or 462, — 234, and 114, 
Loth of which sets satisfy the conditions of the question. 





Extraction oF THE SQUARE Root, ExampiFs ror Exgroiss. Paor 231. 


1. rib Aba + 4b(t 4 26 
2 


| 2.49) 4dr 4-40 
Abr 4+- 10°. ; 


avn sepa. 


en 





9 9.4L Loe + 102? 4 4x + 1(82? 4+ 22 4 


Yart 


Ge? + Or) 1203 + 1027 





122° + 4, 
Ga? + 4r 4+ 1) 6r?7 +47 +1 
Gx? + 47 + 1 
a Dat + 1223 + 3427 4+ 207 4 26(82? 4 2x + 5 
9x4 





Ga +22) 1223 + 342° : 


Gx> +- 4a + 5) 30a? -+- 2x + 25 
302? ++ 202 ++ 2 
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ALGEBRAIC SOLUTIONS. 








4. ah be dad Le Qzt fe 0x3 + On? — 4 te 4(0) + Qe — x 2 
ze 
Qe + Oz?) 4a 2a 
Aad Le dns 
On? 4g? — 2) — Qrt + 028 + 92? 
— Ir4 — 475 4+ x? 


225 +- 427 — 2x + 2) 423 +- §2?9 — 47 +4 
4x5 4+- 82? — 47 +- 4 


5. aS — 40° + 1004 — 493 — 72? + 242 + 16(2? — 2x? + dr +4 


PA 


273 — 22") — 4x5 + 10x* 


—4r5 + 474 
27) — 427 + 32) 624 — 423 — 7xt 


62+ — 1223 + 923 


243 — 42? + 6x ++ 4) 825 — 162? + 242 + 16 
8x5 — 1622 + 247 + 16 


rs en a et 


6. da* $62? Oa? 4 def 25(20% Sa 4 5 


4x4 


3 89 
4a° 4 | 2) 6x9 2? 


623 +- ie 


42° + 32 + 5) ie + Lldx 4+ 25 
202? + 1lixr + 20 


Otherwise.—16x* 4 242° +- 892? + 60x + 100(4x? 4 32/+ 10 
3 Lad 
16x .. Root = 22° + or +4 
8x? + 3r) 2423 + 892° 
2423 +- 92° 


827 + 6x + 10) 80.c? +- 602 + 100 
802? +- 60% + 100 


terres ~ aww oe 








ALGEBRAIC SOLUTIONS. 


Sevarg Root er a Binomiat SurnD. Exampries ror Exercisz. Paap 234. 


1. Paty (19+ 8¥3)=a2+y, ». Y(19 —8V3)—=2—y. Taking the product, 
1/ (861 — 192) = 2? — ¥?; that is, 18 = 2? —y?. Also, 
19 4 8/3 = 2? + 2ay ty’, 19> etsy? 
7,82 == 2x2, 6 = 2? 
2 16 oo ee 4; YS Ly = 3 
- ¥(19 + 873) = 44+ 73. 


2. ¥(12— 140) = a2—y,  V02+ 7140) =2+y. Taking the product, 
Vv (144 — 140) = 2? — y?; that is, 2 = 2? — x’. 
Also, 12 — yY 140 =a2*—2ry + yw 12= e+ y 
14= 2a%, 10 = 2! 
is or ee VA ie ee ae VS) 
(12 — Y/140) = V7 — 5. 


3 (7 —2Y10) =e — yy, WT 2V10) = 2+. Taking the product, 
vy (49 — 40) = 2? —y’; that is, 3= 2? — y? 
Also, 7 — 2710 = 2? — Qry + yy’, tatty 
10 = — 227, 4 = 2y? 
oe rays; f= % oy = V2 
= 2Y10) = V5 V2 


4. V(8+ 739) matty... ¥(8— 739) = 24+ y. Taking the product, 
y (64 — 39) = a? — y*; that is, 6 = 2*— y* 


Also, 8+ Y39 = e+Qayty,..8S=rty? 





ner 4 


om S, eee M263 97 : “y¥=ty6 
~V(8 + 39) = 426 + V6). 
5. (76 ~ 3273) = a—y, 7 V(76 + 82y3)=a2+y. Taking tho product, 
Y (5776 — 3072) = 2? — y*; that is, 52 = aw — x”. 


Also 76 — 3278 = 2 — Qay+t y7,.°. 76 = 2? + 
128 = 222, 24 = 2; 
ge? = 64, ...¢2=8; Y= 12,..¥y=2 73, 
V (16 — 32/3) =8 — 27/38. 
6 V(3l+ ly —5)=2+y, 0. V(31 — Ly —5) =«—y. Taking the 
product, Y(961 ++ 720) = 22 — y*; that is, 4,=2°—y*, 
Also 81 +12 V —5 =u? + Qry + y?, o8ls= att y 


18 = Qx ae 
3. 








(2 = 36,..¢%=6; Y= bys 
Sey ee 
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| ALGEBRAIC SOLUTIONS. 


To Rartonatize Brnomrat Surnns. Exampies ror Exercisr. Pace 235, 


1. Prove that a (277 + 34/2). 


3 ~~ 
977 —3Y2 
Multiplymg numerator and denominator by 24/7 + 31/2, 
3 = 3(2Y7 + 3V2) _ Bs QT + 372). 


27—3y2 28—18 


a ee 


2. Prove that ee = ae Multiplying the terms by 3 — 1/3, 


2+V73 _ 2+ 73)3—V73) _ 34+V3 
8+ 73 6 6 








| 
v6 4y 8 — 3y2 
| 3. Prove that Jee Us —— 
! V6 _ V8X(V8—Y3) _ y48—yI8 _ 473-382 
V8+V3 (¥8 + ¥3)(¥8 — 3) 5 5 


4. Prove that ae ae = 2(V9 +V6+4 4). 
V3 — v2 


| 

| 

: es ee V9 + V6 + V4) = 2 (y'9 +76 + V4) 

| V3~V2 (V8 —2)(V9 + V6 +4) 32 
=2UV9 + 6 + V4). 








| 
Fs) 6.3 3 8 
5. Prove that , 7- = - 49 +- 4/35 25). 
| r Jinws 9 (V49 + 35 + 25) 


Multiplying numerator and denominator by Vy 49 V 35 + Vv 25, we have 
3 3 3 
6 _ BYAI + 8544/25) 65 ‘ ; 
qo EEE = 9 + 36 + 728), 
vi—ys 
’ 


6 Prove that ui nr = lly2 — 47/15. Multiplying numerator and 
denominator by f6 — 5, 
YiI2— 710 _ (Y12— Y/10)(¥6 — Yd) _ 2 —24/6 
V6+V5 £66 SEVENTY OR 
= O6YI—4YI +6 V2 V2—4 yb. 


— 
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0 

x 
2? 
x? 


— 


22% 


z? 


Bx? 
Sx" +- 3x 


5a? 4-62 


PF, Ppilae 


9x? 4-92* 


tee 
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Exreaction oF THE Cuse Roor. Paar 240. 


49x51 Get 9923 — 4992+ 441¢—343(e2-b 82—7 
- 


923 4+ 624 — 9923 
9.05 4- 27 x4 4- 27x* 


— Qat— 12623 — 427 + 4417 — 343 
— Q2t— 12623— 4222-4 4412 — 343 


ee ere cn rt 


3rt-973 4-92? 


3x 


3x 


ox 


32? -4- 9x 


—7 





32° +92 —7 





2. 


Bet + 1823 + 6x? — 632+ 49 


973 +4- 1822 





3ct-+ 1823-4274? 


—21x2*— 63x 4-49 (See the Nors appended to the 


last example in this Key). 


Hence the cube-root of the proposed polynomial is x? +- 3s — 7. 


0 
x 
Fo 
2 


” 
« 


x" 
3x? 
2x 


32? +- 2x 


2x 


32" + 4x 


2x 


3z? 4- 6z 


0 x + 625 + Ox* — 4025 +- 0x? + 962 — 64(2? 4+ Ie — A 
x* x 


xz* 
2x* 


6x5 + Ort — 4053 
6x5 + 1224 + 823 





3x4 — 1224 — 4823 + Ox? + 960 — 64 


6x7 ++ 402 — 122+ — 4823 + 02? + 962 — 64 


32% + 6x3 + 42? 
625 +- 82? 
32% + 1223 +- 122? 
— 12x27 — 244 4+- 16 


saamnnemenne 





32¢ + 1223 4+ Or? — 242 + 16 


— 4 


37 + 6x — 4 


Hence the cube root is 2? 4+ 2x — 4. 
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3. 0 0 12,994,449,551(2351, the cube-root 
2 4 8 
2 4 4994 
2 8 4167 
x —_ 8 2 
4 12 827449 
2 189 810875 
ae =e Lie, <6 
6. 1389 16574651 
8 198 16574551 
— osc 2 eee 
63 1587 
3 3475 
66 162175 
3 3500 
oe: 3 
69 165675 
5 705) 
695 16574551 
5. poeenene creer 
700 
5 
— 38 
705 
l 
7051 


In this method of extracting the cube root, all abridgment of the work has been 
disregarded, in order that the operation may be exhibited in the fullest detail. Those 
who are desirous of seeing it in a more compact form, may consult the author’s 
‘ Analysis and Solution of Cubic and Biquadratic Equations.” 

In the example next following, the decimals of the root are interminable, since 2 is 
not an exact cube; it is required to approximate to the cube root as far as eleven or 
twelve places of decimals only ; so that there is no necessity, in carrying on the work 
of development, to make any provision for decimals beyond this prescribed limit; and, 
accordingly, in the operation on next page, the decimals in the several columns have 
been restrained from accumulating to an unnecessary extent. You will, of course, 
remember that in multiplying a number abridged of final decimals, the carryings 
from the rejected decimals are to be taken account of, as noticed at page 240, 
ALGEBRA. 
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4, 0 0 2 (1'25992104989 .., the cube-root. 
1 1 1 
= as - | 
] 1 l 
1 2 ‘728 
ae - 1. Te 
2 3 272 _ 2 
1 64 "225125 
ae | aeeeae 3 
3 3:64 46875 
"2 "68 42491979 
bee one Semen ierl 
32 4°32 4383021 
2 "1825 4282778799 
vee pete oO 
3°4 4°5025 100242201 
2 1850 95242392 
— 9 ——— 3 paerscimeces 
3°6 4°6875 4999809 
5) 33831 4762199 
3°65 4:721331 237610 
9) 33912 190488 
———e nes 4 ——— en 
3°70 4°755243 47122 
5 : 340011 42860 
3°75 475864311 4262 
9 340092 3810 
ataSS pe eee. 1 a 
3°759 4°76204403 452 
9 1959 429 
3°768 4°7621196,2 23 
9 756 
aay | Saprnratie 
3°777 4°7621952 
9 38 
37779 4°762199,0 
9 4 
3°7788 4°7,6,2,2,03 
9 
5 
3°7,7,9,7 


Hence the cube-root of 2, true as far as eleven places of decimals, is y = 
1:25992104989. In the third column of the work, the decimals have not been allowed 
to accumulate after the step marked §, since more decimals, to the right of those fur- 
nished at that step, would have been superfluous, if only eleven or twelve decimals are 
required in the root; and, in order to provide against this unnecessary increase of 
decimals, the two preceding columns are curtailed of the decimals which are foreseen 
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to contribute only to that portion of the third column thus rejected. Another decimal 
—viz., 4, or 5 very nearly—might obviously have been added to those already in the 


root; so that we may with safety affirm that / 2 == 1'259921049896 is true, to the 
nearest unit, in the twelfth place of decimals. Had the suppression of additional 
decimals been postponed till another step of the work had been reached, we should have 
found 


4/2 = 1:259921049894873 ... . 


which is true as far as fifteen places of decimals. 

Such an extent of figures is very rarely, if ever, required in actual practice, and 
they have been given here merely to show the accuracy with which a cube root may 
be extracted by the foregoing contracted method. 

















5. 6 oO 0 959(9°8614218 .... 
9 81 729 
9 81 230 
9 162 212°192 
18 243 17'808 
9 29:24 17'393256 
A pee. og 
27 265°24 414744 
8 22°88 291688 
pice 2 
27°8 288'12 "123056 
8 1:7676 "116692 
28:6 289-8876 6364 
"8 1:7712 6836 
ceniicciis 2 paleo cre een 8 ‘ction 
29°4 291:6588 §29 
6 296 292 
29°46 291°688,4 237 
6 30 233 
29°52 291718 4 
6 12 
ey 3 onan 
2,9,°5,8 291:73,0 
1 
29,1°,7,4 


Hence, the cube-root of 959 is 98614218, true to seven places of decimals. 
6. To find the cube root of 
as — 1l5aey + 69x44? — 1382°y4 — 60zy? — B28 
From this expression a term was accidentally omitted; but as it is instructive to 


deal with it as it is, the wanting term is purposely left unsupplied, and the work 
carried on as in next page. 
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off — 165y + 6924y?— 13827y4 — 60zy — 82°(a? — 5 ay — 2y? 
x x a 

2? x —Ldzty +- 6974y?-+- 02543 

x 2x4 ~ L5xty + 764y?— 1252%y8 


2x2 824 — 624y? +-1252y3 — 1382294 — 60zy5 — S28 


x — 152*y + 262742 —6r4y?+- 6023 —13827y4 — 60zy — 8x8 
32? 324 — 1b z%y + 25x2y? 6bx%y3 
— bry — 152x"y + 502*y? —_—— 




























32°—Sary 824—30x°y+ 752792. 


— 5xy — 6x*y? +- 30ry3 + 4y4 
822—l0zy 32*—30z'y+ 69r2y?-+ 30243 + 4y4 
ee: I ee en ee eee 





322 — lbxy 
os 2y? 





822 — lbay —2y? 


Hence the cube-root of the proposed polynomial is #? — dzy — 2y?, with 652°y3 for 
remainder; so that the expression proposed differs by 652°y3 from the complete cube 
of 2° — 5ay — 2y’. If the remainder be introduced, with changed sign, into the 
polynomial, it will then become a complete cube: that is, 

 — liry + 69x4y" — 6525y3 — 1382°y* — 60xy — 8x 
= (x? — bay — 2y*)s. 

And in this way we may always ascertain what expression must be introduced 
into a proposed polynomial, in order to render it a complete cube. 

Norr.—The process adopted above, in imitation of that at page 237 of the Algebra, 
occupics a good deal more space than the work by the old method; but it must be 
observed that here there are no bye-operations: the whole is placed fairly before the 
eye, and every step may be performed with great ease and rapidity, and may bo readily 
revised jn case of mistake, advantages not to be overlooked. 


[End of the Solutions to the Examples for Exercise.] 
—--—__-——_ 


The solutions now completed will, I think, afford to the learner all tho aid he can 
reasonably expect in his efforts to make himsclf acquainted with the PrrnciPizs or 
AucEBkA. Wherever his own attempts to accomplish tho satisfactory solution of a 
question fail, he will find it of much servico to him to have at his command the 
assistanco here offered; and cyen when his endeavours are successful, he will often 
gain instruction by comparing his own work with the details thus given. In the 
expectation that the present collection of solutions will be consulted with a view to 
such instruction, I have frequently given different methods of working out the same 
example, and of thus exhibiting certain algebraical artifices and expedients—familiar 
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enough to proficients, but which can be acquired by a learner only by practice, and 
the careful examination of illustrative models. No one can become an algebraist by 
Rule: all that rules can do is to dictate the mode of applying general principles ; 
while, in many special cases, independent judgment and ingenuity must be exercised, 
in reference to the particular circumstances of the inquiry, in order to avoid an un- 
necessary accumulation of symbols, and a needless outlay of time and trouble :—in fact, 
in order to give to the algebraic process that compactness of form, and neatness of 
finish, which constitute what is called an elegant solution. This mastery over his 
subject the student can acquire only by consulting the best models, and by cultivating 
the power, himself, of proceeding under the guidance of his own free judgment and 
penetration, unfettered by the shackles of rudes. A learner should always be on the 
look-out for those facilitating expedients, which are often to be brought into operation 
in cases, in reference to which rules can afford but imperfect guidance; he would do 
well, however, to keep in remembrance that a short solution is not necessarily the 
dest solution: what looks short upon paper may be the result of more mental exertion 
than what looks long; the art is so to manage that the expenditure of time, and 
thought, may be reduced to the smallest possible amount: a solution thus cheracterized 
is entitled to be called an elegant solution. To those merely mechanical operations— 
the performance of which it is the business of the early parts of Algebra to teach— 
these remarks do not, of course, apply; they refer exclusively to the subject of 
problem-solving, and to the more advanced portions of algebraical research. 


J. R. YOUNG. 


Errata IN THE SOLUTIONS. 


Example 13, page 7, for 1,3, read 24. 
¥5 5, 5, 10, in the first term, for n° read 2+. 
- fy. op 20, - - for 8 read — 8. 


53 6, ,, 11, the answer is 823 +- 10az? — 13a®’x — 152°. 
3 ae P 
‘3 5, ,, 16, for ye read Qty. 
5, 15, ,, 19, supply the index 3 over y. 
» 1%, ,, 19, for a—* read ad.* 


5» Wy yy 21, for (ey) (a + 2) read (@ + a)(y + 2). 
21, for 2° read ax. 
» 11, ,, 28, for — 3a read 8a. 


% % 
” 7, 5, 48, for = £ read -}- re 


® This correction should also be made in the Algebra, page 195. 





